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  Ó˚yçƒ !¢«˛y àˆÏÓ£Ïîy G ≤Ã!¢«˛î ˛õ£Ï≈òñ !e˛õ%Ó˚y–
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x«˛Ó˚ !Ólƒy§ ı ~§ !§ •z xyÓ˚ !ê˛ñ !e˛õ%Ó˚y
§• Ï̂Îy!àï˛yÎ˚ ̂ ç°y !¢«˛y xy!ôÜ˛yÓ˚#ˆÏÜ˛Ó˚ Ü˛yÎ≈y°Î˚ñ
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Óyï≈̨ y

!¢«˛yÓ˚ ≤ÃÜ,̨ ï˛ !ÓÜ˛y Ï̂¢Ó˚ çlƒñ !¢«˛y Ï̂Ü˛ Î%̂ Ïày˛õ Ï̂Îyà# Ü˛ Ï̂Ó˚ ˆï˛y°yÓ˚ çlƒ ≤Ã Ï̂Î˚yçl !¢«˛y§ÇÜ ̨ yhs˝

!lÓ˚hs˝Ó˚ à Ï̂Ó£Ïîy– ≤Ã Ï̂Î˚yçl !¢«˛y §Ç!Ÿ’T˛ §Ü˛° Ï̂Ü˛ §Ù Ï̂Î˚Ó˚ § Ï̂Aà § Ï̂Aà ≤Ã!¢!«˛ï˛ Ü˛Ó˚y ~ÓÇ ≤Ã Ï̂Î˚yçl#Î˚

!¢ál §yÙ@˝Ã#ñ ˛õyë˛ƒÜ ̨ Ù G ˛õyë˛ƒ˛õ%hflÏ̂ ÏÜ˛Ó˚ !ÓÜ˛y¢ §yôl Ü˛Ó˚y– ~§ !§ •z xyÓ˚ !ê˛ !e˛õ%Ó˚y Ó˚y Ï̂çƒÓ˚ !¢«˛yÓ˚

!ÓÜ˛y Ï̂¢ ~§Ó Ü˛yç §%ly Ï̂ÙÓ˚ § Ï̂Aà Ü˛ Ï̂Ó˚ xy§ Ï̂SÈ– !¢«˛yÌ#≈Ó˚ Ùyl!§Ü˛ñ ̂ ÓÔ!ÂôÜ˛ G §yÙy!çÜ˛ !ÓÜ˛y Ï̂¢Ó˚ çlƒ

~§ !§ •z xyÓ˚ !ê˛ ̨õyë˛ƒÜ ̨ Ù Ï̂Ü˛ xy Ï̂Ó˚y !ÓK˛yl§¡øï˛ñ ly®!lÜ˛ ~ÓÇ Ü˛yÎ≈Ü˛Ó˚ Ü˛Ó˚ÓyÓ˚ Ü˛yç Ü˛ Ï̂Ó˚ ã˛ Ï̂° Ï̂SÈ– Ü˛Ó˚y

• Ï̂FSÈ §%!l!ò≈T˛ ̨õ!Ó˚Ü˛“lyÓ˚ xô# Ï̂l–

~•z ˛õ!Ó˚Ü˛“lyÓ˚ xyGï˛yÎ˚ ˛õyë˛ƒÜ ̨ Ù G ˛õyë˛ƒ˛õ%hflÏ̂ ÏÜ˛Ó˚ ˛õy¢y˛õy!¢ !¢¢%̂ ÏòÓ˚ !¢ál §«˛Ùï˛y Ó,!ÂôÓ˚

çlƒ ̃ ï˛!Ó˚ Ü˛Ó˚y • Ï̂Î˚̂ ÏSÈ GÎ˚yÜ≈̨  Ó%Ü˛ Óy xl%¢#°l ̨õ%hflÏÜ˛– ≤Ã§Aàï˛ í ẑ̨ ÏÕ‘áƒñ SÈyeÈüÈSÈye# Ï̂òÓ˚ §Ù§ƒyÓ˚ §Ùyôyl Ï̂Ü˛

§•çï˛Ó˚ Ü˛Ó˚yÓ˚ ° Ï̂«˛ƒ ~ÓÇ ï˛y Ï̂òÓ˚ !¢ál Ï̂Ü˛ xy Ï̂Ó˚y §•ç G §yÓ°#° Ü˛Ó˚yÓ˚ çlƒ Ó˚yçƒ §Ó˚Ü˛yÓ˚ ~Ü˛!ê˛

í ẑ̨ Ïòƒyà @Ã̋•î Ü˛ Ï̂Ó̊ Ï̂SÈñ ÎyÓ̊ lyÙ Ú≤ÃÎ̊y§Û– ~•z ≤ÃÜ˛ Ï̂“Ó̊ xô# Ï̂l ~§ !§ •z xyÓ̊ !ê˛ ~ÓÇ ̂ ç°y !¢«˛y xy!ôÜ˛y!Ó̊Ü˛Ó̊y

!Ó!¢T˛ !¢«˛Ü˛ Ï̂òÓ˚ §•yÎ˚ï˛y @˝Ã• Ï̂îÓ˚ Ùyôƒ Ï̂Ù ≤ÃÌÙ ̂ Ì Ï̂Ü˛ myò¢ ̂ ◊!îÓ˚ SÈyeÈüÈSÈye# Ï̂òÓ˚ çlƒ GÎ˚yÜ≈̨  Ó%Ü˛à%̂ Ï°y

§%ã˛yÓ%̊Ë˛y Ï̂Ó ̃ ï˛!Ó˚ Ü˛ Ï̂Ó˚̂ ÏSÈl– £Ï¤˛ ̂ Ì Ï̂Ü˛ xT˛Ù ̂ ◊!î ̨õÎ≈hs˝ !ÓK˛ylñ à!îï˛ñ •zÇ Ï̂Ó˚!çñ ÓyÇ°y G §Ùyç!ÓòƒyÓ˚

GÎ˚yÜ≈̨  Ó%Ü˛ ˜ï˛!Ó˚ • Ï̂Î˚̂ ÏSÈ– lÓÙ ò¢Ù ˆ◊!îÓ˚ çlƒ • Ï̂Î˚̂ ÏSÈ à!îï˛ñ !ÓK˛ylñ §Ùyç!Óòƒyñ •zÇ Ï̂Ó˚!ç G ÓyÇ°y–

~Ü˛yò¢ myò¢ ̂ ◊!îÓ˚ SÈyeÈüÈSÈye# Ï̂òÓ˚ çlƒ •zÇ Ï̂Ó˚!çñ ÓyÇ°yñ !•§yÓ¢yflfñ ̨õòyÌ≈!Óòƒyñ Ó˚§yÎ˚l!Óòƒyñ xÌ≈l#!ï˛

~ÓÇ à!îï˛ •zï˛ƒy!ò !Ó£Ï̂ ÏÎ˚Ó˚ çlƒ ˜ï˛!Ó˚ • Ï̂Î˚̂ ÏSÈ GÎ˚yÜ≈̨  Ó%Ü˛– ~•z§Ó GÎ˚yÜ≈̨  Ó%̂ ÏÜ˛Ó˚ §y•y Ï̂Îƒ SÈyeÈüÈSÈye#Ó˚y

K˛ylÙ)°Ü˛ !Ó!Ë˛ß¨ Ü˛yÎ≈ §¡õyòl Ü˛Ó˚̂ Ïï˛ ̨õyÓ˚̂ ÏÓ ~ÓÇ ï˛y Ï̂òÓ˚ !ã˛hs˝y ≤Ã!Ü ̨ Î˚yÓ˚ ̂ Î fl∫yË˛y!ÓÜ˛ SÈ® Ó˚̂ ÏÎ˚̂ ÏSÈñ ï˛y Ï̂Ü˛

ÓƒÓ•yÓ˚ Ü˛ Ï̂Ó˚ !Ó!Ë˛ß¨ §Ù§ƒyÓ˚ §Ùyôyl Ü˛Ó˚̂ Ïï˛ ˛õyÓ˚̂ ÏÓ– ÓyÇ°y G •zÇ Ï̂Ó˚!ç í z̨Ë˛Î˚ Ë˛y£ÏyÎ˚ !°!áï˛ ~•z§Ó

xl%¢#°l ̨õ%hflÏÜ˛ SÈyeÈüÈSÈye# Ï̂òÓ˚ Ù Ï̂ôƒ !ÓlyÙ)̂ Ï°ƒ !Óï˛Ó˚î Ü˛Ó˚y • Ï̂Ó–

~•z í ẑ̨ Ïòƒy Ï̂à §Ü˛° !¢«˛yÌ#≈ x!ï˛¢Î˚ í z̨̨ õÜ,̨ ï˛ • Ï̂Ó– xyÙyÓ˚ !ÓŸªy§ñ xyÙy Ï̂òÓ˚ §Ü˛ Ï̂°Ó˚ §!Ü ̨ Î˚ ~ÓÇ

!lÓ˚°§ xÇ¢@˝Ã• Ï̂îÓ˚ Ùyôƒ Ï̂Ù !e˛õ%Ó˚yÓ˚ !¢«˛yçà Ï̂ï˛ ~Ü˛!ê˛ lï%̨ l !òà Ï̂hs˝Ó˚ í ẑ̨ Ïß√£Ï âê˛ Ï̂Ó– Óƒ!=˛àï˛ Ë˛y Ï̂Ó xy!Ù

ã˛y•z ÎÌyÎÌ K˛y Ï̂lÓ˚ § Ï̂Aà § Ï̂Aà !¢«˛yÌ#≈Ó˚ §yÙ!@˝ÃÜ˛ !ÓÜ˛y¢ âê%̨ Ü˛ ~ÓÇ ï˛yÓ˚ xy Ï̂°y Ó˚y Ï̂çƒÓ˚ ̨ ≤Ã!ï˛!ê˛ ̂ Ü˛y Ï̂î

SÈ!í ¸̨̂ ÏÎ˚ ̨õí Y̨Ü˛–

Ó˚ï˛l °y° lyÌ
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◊# Ü˛yç° Ü%˛ÙyÓ˚ ˆË˛Ô!ÙÜ˛
åòy!Î˚c≤ÃyÆ xy!ôÜ˛y!Ó˚Ü˛ñ ̨õ!Ÿã˛Ù !e˛õ%Ó˚y ̂ ç°y !¢«˛y xy!ôÜ˛y!Ó˚ˆÏÜ˛Ó˚ Ü˛yÎ≈ƒy°Î˚ä

◊# í˛z_Ù Ü%˛ÙyÓ˚ ˆòÓlyÌ
åòy!Î˚c≤ÃyÆ xy!ôÜ˛y!Ó˚Ü˛ñ ̨õ!Ÿã˛Ù !e˛õ%Ó˚y ̂ ç°y !¢«˛y xy!ôÜ˛y!Ó˚ˆÏÜ˛Ó˚ Ü˛yÎ≈ƒy°Î˚ä

◊# ˆòÓÓ ï˛ §Ó˚Ü˛yÓ˚
åˆ˛õí˛yˆÏày!ç ˆÜ˛yÈüÈx!í≈˛ˆÏlê˛Ó˚ñ ˛õ!Ÿã˛Ù !e˛õ%Ó˚y ˆç°y !¢«˛y xy!ôÜ˛y!Ó˚ˆÏÜ˛Ó˚
Ü˛yÎ≈ƒy°Î˚ä

ˆ°áÜ˛ ıˆ°áÜ˛ ıˆ°áÜ˛ ıˆ°áÜ˛ ıˆ°áÜ˛ ı ◊# §%Ùl òy§ñ !˛õ!ç!ê˛ åà!îï˛ä
≤Ã¢yhs˝ §Ó˚Ü˛yÓ˚ñ !˛õ!ç!ê˛ åà!îï˛ä
ˆ§ÔˆÏÙl ˆòÓlyÌñ !˛õ!ç!ê˛ åà!îï˛ä
Ùô%!Ùï˛y ˆã˛Ôô%Ó˚#ñ !˛õ!ç!ê˛ åà!îï˛ä

˛õ!Ó˚Ùyç≈lyÎ˚ ı˛õ!Ó˚Ùyç≈lyÎ˚ ı˛õ!Ó˚Ùyç≈lyÎ˚ ı˛õ!Ó˚Ùyç≈lyÎ˚ ı˛õ!Ó˚Ùyç≈lyÎ˚ ı ◊# Ù,îy° Ü˛y!hs˝ ˜Óòƒñ !¢«˛Ü˛–
◊# çÎ˚ò#˛õ ˆã˛Ôô%Ó˚#ñ !¢«˛Ü˛–
◊# x!Ùï˛yË˛ Ùç%ÙòyÓ˚ñ !¢«˛Ü˛–
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§¡∫¶˛ G x Į̈̂ õ«˛Ü˛
(Relations and Functions)

=Ó˚&c˛õ)î≈ !Ó£ÏÎ˚ G Ê˛°yÊ˛° ≠

§¡∫¶˛ ≠

● A ˆ§ê˛ ˆÌˆÏÜ˛ B ˆ§ˆÏê˛ ~Ü˛!ê˛ §¡∫¶˛ •° A×B ˆ§ˆÏê˛Ó˚ ˆÎÈüÈˆÜ˛yˆÏly í˛z˛õˆÏ§ê˛–

● p §ÇáƒÜ˛ ˛õò !Ó!¢‹T ~Ü˛!ê˛ ˆ§ê˛ ˆÌˆÏÜ˛ q §ÇáƒÜ˛ ˛õò!Ó!¢‹T xyˆÏÓ˚Ü˛!ê˛ ˆ§ˆÏê˛ ˆÙyê˛ §¡∫ˆÏ¶˛Ó˚ §Çáƒy •° 2pq–

● ˆÜ˛yˆÏly ˆ§ê˛ A ˆï˛ §¡∫¶˛ •° A×A ~Ó˚ ˆÎÈüÈˆÜ˛yˆÏly í˛z˛õˆÏ§ê˛–

● ˆÜ˛yˆÏly ˆ§ê˛ AÈüÈˆï˛ §ÇK˛y!Î˚ï˛ §¡∫¶˛ R ˆÜ˛
i) fl∫§Ù §¡∫¶˛ Ó°y •ˆÏÓ Î!ò §Ó a∈AÈüÈ~Ó˚ çlƒ (a,a)∈R •Î˚–
ii) ≤Ã!ï˛§Ù §¡∫¶˛ Ó°y •ˆÏÓ Î!ò §Ó a,b∈A ~Ó˚ çlƒ (a,b)∈R ⇒ (b,a)∈R •Î˚–
iii) §Çe´Ùî §¡∫¶˛ Ó°y •ˆÏÓ Î!ò §Ó a,b,c∈R ~Ó˚ çlƒ (a,b)∈R ~ÓÇ (b,c)∈R ⇒ (a,c)∈R •Î˚–
iv) !Ó≤Ã!ï˛§Ù §¡∫¶˛ Ó°y •ˆÏÓ Î!ò §Ó a,b∈A ~Ó˚ çlƒ (a,b)∈R ~ÓÇ (b,a)∈R ⇒ a=b •Î˚–
v) §Ùï%˛°ƒ §¡∫¶˛ •ˆÏÓ Î!ò ~!ê˛ ~Ü˛•z §ˆÏD fl∫§Ùñ ≤Ã!ï˛§Ù G §Çe´Ùî §¡∫¶˛ •Î˚–

● !Ü˛S%˛ Ê˛°yÊ˛° ≠

i) ˆÜ˛yˆÏly ˆ§ê˛ AÈüÈˆï˛ §ÇK˛y!Î˚ï˛ ò%!ê˛ §Ùï%˛°ƒ ˆ§ˆÏê˛Ó˚ ˆSÈò ˆ§ê˛ AÈüÈˆï˛ §Ùï%˛°ƒ–

ii) ˆÜ˛yˆÏly ˆ§ê˛ AÈüÈˆï˛ §ÇK˛y!Î˚ï˛ ò%!ê˛ §Ùï%˛°ƒ ˆ§ˆÏê˛Ó˚ ˆÎyà ˆ§ê˛ AÈüÈˆï˛ §Ùï%˛°ƒ lyG •ˆÏï˛ ˛õyˆÏÓ˚–

iii) ˆÜ˛yˆÏly §Ùï%˛°ƒ §¡∫ˆÏ¶˛Ó˚ !Ó˛õÓ˚#ï˛ §¡∫¶˛ ~Ü˛!ê˛ §Ùï%˛°ƒ §¡∫¶˛–

iv) ˆÜ˛yˆÏly xÈüÈ¢)lƒ ˆ§ê˛ÈüÈ~ §ÇK˛y!Î˚ï˛ xˆÏË˛ò §¡∫¶˛!ê˛ §Ó≈òy §Ùï%˛°ƒ §¡∫¶˛–

v) ˆÜ˛yˆÏly xÈüÈ¢)lƒ ˆ§ê˛ÈüÈ~ §ÇK˛y!Î˚ï˛ xˆÏË˛ò §¡∫¶˛!ê˛ §Ó≈òy !Ó≤Ã!ï˛§Ù §¡∫¶˛–

vi) ˆÜ˛yˆÏly xÈüÈ¢)lƒ ˆ§ê˛ÈüÈ~ §ÇK˛y!Î˚ï˛ §y!Ó≈Ü˛ §¡∫¶˛!ê˛ §Ó≈òy §Ùï%˛°ƒ §¡∫¶˛–

vii) Î!ò X, Y, Z !ï˛l!ê˛ xÈüÈ¢)lƒ ˆ§ê˛ ~ÓÇ R ⊆ X×Y, S ⊆ Y×Z •Î˚ñ ï˛ˆÏÓ R G S §¡∫ˆÏ¶˛Ó˚ §ÇˆÏÎyçlˆÏÜ˛
SoR ⊆ X×Z myÓ˚y §)!ã˛ï˛ Ü˛Ó˚y •Î˚–

viii) Î!ò ˆ§ê˛ X ˆÌ Ï̂Ü˛ ˆ§ê˛ YÈüÈ̂ ï˛ §¡∫¶˛ R ~ÓÇ ˆ§ê˛ Y ˆÌ Ï̂Ü˛ ˆ§ê˛ ZÈüÈ̂ ï˛ §¡∫¶˛ S •Î̊ñ ï˛̂ ÏÓ (RoS)–1=S–1oR–1–

ix) n §ÇáƒÜ˛ ˛õò!Ó!¢‹T ˆÜ˛yˆÏly ˆ§ê˛ A ˆÌˆÏÜ˛ ˆ§ê˛ AÈüÈˆï˛ ˆÙyê˛ §¡∫ˆÏ¶˛Ó˚ §Çáƒy •° 2nxn =
2

2n –
x) ôÓ˚y ÎyÜ˛ ò%!ê˛ xÈüÈ¢)lƒ ˆ§ê˛ A G BÈüÈˆï˛ n §ÇáƒÜ˛ §yôyÓ˚î ˛õò xyˆÏSÈ– ï˛ˆÏÓ A×B ~ÓÇ B×A ˆ§ˆÏê˛ §yôyÓ˚î

˛õˆÏòÓ˚ §Çáƒy  n×n=n2 •ˆÏÓ–

xˆÏ˛õ«˛Ü˛ ≠

● ôÓ˚y ÎyÜ˛ñ A G B •° ò%!ê˛ x¢)îƒ ˆ§ê˛– ï˛y•ˆÏ° A×B ˆ§ˆÏê˛Ó˚ ~Ü˛!ê˛ í˛z˛õˆÏ§ê˛ f ˆÜ˛ ˆ§ê˛ A ˆÌˆÏÜ˛ ˆ§ê˛ BÈüÈˆï˛
§ÇK˛y!Î˚ï˛ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ Ó°y •ˆÏÓ Î!ò ÈüüüÈ

i) ≤Ã!ï˛!ê˛ a∈A ~Ó˚ çlƒ ~Ùl ~Ü˛!ê˛ b∈BÈüÈ~Ó˚ x!hflÏc ÌyˆÏÜ˛ ˆÎáyˆÏl (a,b)∈f

ii) (a,b)∈f  ~ÓÇ (a,c)∈f ⇒ b=c

● Î!ò fñ A ˆÌˆÏÜ˛ B ˆ§ˆÏê˛ ~Ü˛!ê˛ !ã˛eî Óy xˆÏ˛õ«˛Ü˛ •Î˚ ï˛ˆÏÓ xyÙÓ˚y !°!áñ f : A→B–

xôƒyÎ˚ÈüÈ 1
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A ˆ§ê˛ˆÏÜ˛ Ó°y •Î˚ f  xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §ÇK˛yÓ˚ xMÈ˛° ~ÓÇ B ˆ§ê˛ˆÏÜ˛ Ó°y •Î˚ f xˆÏ˛õ«˛ˆÏÜ˛Ó˚ í˛z˛õ xMÈ˛°– A ˆ§ˆÏê˛Ó˚
í˛z˛õyòyl=ˆÏ°yÓ˚ ≤Ã!ï˛!ÓˆÏ¡∫Ó˚ ˆ§ê˛ˆÏÜ˛ füÈ~Ó˚ ≤Ã§yÓ˚ Ó°y •Î˚–

● Î!ò f : A→B ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ •Î˚ñ ï˛ˆÏÓ x = y ⇒ f(x) = f(y)ñ §Ó x, y∈A ~Ó˚ çlƒ–

● Ùhs˝Óƒ ≠

i) xyÙÓ˚y ˆÜ˛yˆÏly xˆÏ˛õ«˛Ü˛ˆÏÜ˛ f, g, h, φ, ψ, ζ •zï˛ƒy!ò ≤Ãï˛#Ü˛ myÓ˚y §)!ã˛ï˛ Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚–

ii) ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ˆÏÜ˛ !ã˛eî !•§yˆÏÓG lyÙÜ˛Ó˚î Ü˛Ó˚y •Î˚–

iii) xˆÏ˛õ«˛Ü˛ •° ~Ü˛!ê˛ !ÓˆÏ¢£Ï ≤ÃÜ˛yˆÏÓ˚Ó˚ §¡∫¶˛–

● !Ü˛S%È !ÓˆÏ¢£Ï ≤ÃÜ˛ˆÏÓ˚Ó˚ xˆÏ˛õ«˛Ü˛ ≠

i) ~Ü˛ÈüÈ~Ü˛ xÌÓy •zlˆÏçÜ˛!ê˛Ë˛ xˆÏ˛õ«˛Ü˛ ≠
~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ f  ̂ Ü˛ A ̂ ÌˆÏÜ˛ B ̂ §ˆÏê˛ ~Ü˛ÈüÈ~Ü˛ !ã˛eî Ó°y •ˆÏÓ Î!ò A ̂ §ˆÏê˛Ó˚ ≤Ã!ï˛!ê˛ ̨ õˆÏòÓ˚ çlƒ B ̂ §ˆÏê˛
~Ü˛!ê˛ xllƒ å~Ü˛!ê˛ ~ÓÇ ˆÜ˛Ó°Ùye ~Ü˛!ê˛ä ˛õò ÌyˆÏÜ˛–

x˛õÓ˚˛õˆÏ«˛ñ B ~Ó˚ ˆÜ˛yˆÏly í˛z˛õyòyl ˆl•z ˆÎ!ê˛ A ~Ó˚ ~Ü˛y!ôÜ˛ ˛õˆÏòÓ˚ ≤Ã!ï˛!Ó¡∫ xÌ≈yÍ A ˆ§ˆÏê˛Ó˚ !Ó!Ë˛ß¨
˛õˆÏòÓ˚ çlƒ B ˆ§ˆÏê˛ !Ó!Ë˛ß¨ ≤Ã!ï˛!Ó¡∫ ÌyˆÏÜ˛–

~Ü˛ÈüÈ~Ü˛ !ã˛eî ~Ü˛ÈüÈ~Ü˛ !ã˛eî lÎ˚

ày!î!ï˛Ü˛Ë˛yˆÏÓñ ~Ü˛!ê˛ !ã˛eî  f : A→B ÈüÈˆÜ˛ ~Ü˛ÈüÈ~Ü˛ xÌÓy •zlˆÏçÜ˛!ê˛Ë˛ Ó°y •Î˚ Î!òñ  f(x) = f(y) ⇒

x=y,  §Ó x, y∈A ~Ó˚ çlƒ

xÌÓy

x≠y ⇒ f(x)≠f(y), §Ó x, y∈A ~Ó˚ çlƒ

o‹TÓƒ ≠ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ ÎÌyÌ≈ xyˆÏÓ˚y•# Óy ÎÌyÌ≈ xÓˆÏÓ˚y•# •ˆÏ° ~!ê˛ ~˜ÏÜ˛Ü˛ Óy ~Ü˛ ~Ü˛ •Î˚–

ii) Ó‡ÈüÈ~Ü˛ÈÈ!ã˛eî Óy xˆÏ˛õ«˛Ü˛ ≠

~Ü˛!ê˛ !ã˛eî f : A→B ˆÜ˛ Ó‡ÈüÈ~Ü˛!ã˛eî Ó°y •Î˚ Î!ò A ˆ§ˆÏê˛Ó˚ ò%•z Óy ï˛ˆÏï˛y!ôÜ˛ ̨ õˆÏòÓ˚ çlƒ B ̂ §ˆÏê˛ ~Ü˛•z
≤Ã!ï˛!Ó¡∫ ÌyˆÏÜ˛–

xÌ≈yÍ, f : A→B ˆÜ˛ Ó‡ÈüÈ~Ü˛!ã˛eî Ó°y •ˆÏÓ Î!ò ~Ó˚*˛õ x,y∈A ~Ó˚ x!hflÏc ÌyˆÏÜ˛ ˆÎáyˆÏl x≠y !Ü˛v f(x)

= f(y)–
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x˛õÓ˚˛õˆÏ«˛ñ  f : A→B ÈüÈˆÜ˛ Ó‡ÈüÈ~Ü˛ !ã˛eî Ó°y •ˆÏÓ Î!ò ~!ê˛ ~Ü˛ÈüÈ~Ü˛ !ã˛eî ly •Î˚–

Ó‡ÈüÈ~Ü˛ !ã˛eî

iii) í˛z˛õ!Ó˚!ã˛eî xÌÓy §yÓ˚ˆÏçÜ˛!ê˛Ë˛ ≠

~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ f : A→B ÈüÈˆÜ˛ í˛z˛õ!Ó˚!ã˛eî Óy §yÓ˚ˆÏçÜ˛!ê˛Ë˛ Ó°y •ˆÏÓ Î!ò ≤Ã!ï˛!ê˛ b∈B ~Ó˚ çlƒ a∈A

~Ó˚ x!hflÏc ÌyˆÏÜ˛ ˆÎáyˆÏl f(a)=b–

x˛õÓ˚˛õˆÏ«˛ñ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ f : A→B ÈüÈˆÜ˛ §yÓ˚ˆÏçÜ˛!ê˛Ë˛ Ó°y •ˆÏÓ Î!ò f ÈüÈ!ã˛eˆÏîÓ˚ ≤Ã§yÓ˚ G í˛z˛õxMÈ˛°
§Ùyl •Î˚–

í˛z˛õ!Ó˚!ã˛eî

iv) xhs˝/ !ã˛eî ≠

~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛  f : A→B ÈüÈˆÜ˛ xhs˝/!ã˛eî Ó°y •ˆÏÓ Î!ò B ̂ §ˆÏê˛ xhs˝ï˛ ~Ü˛!ê˛ ̨ õˆÏòÓ˚ x!hflÏc ÌyˆÏÜ˛ ÎyÓ˚ A
ˆ§ˆÏê˛ ˆÜ˛yˆÏly ≤Ãyà‰!Ó¡∫ ˆl•z xÌ≈yÍ f ÈüÈ~Ó˚ ≤Ã§yÓ˚ ⊂ f ÈüÈ~Ó˚ í˛z˛õxMÈ˛°–

x˛õÓ˚˛õˆÏ«˛ñ f : A→B ÈüÈˆÜ˛ xhs˝/!ã˛eî Ó°y •ˆÏÓ Î!ò ~!ê˛ í˛z˛õ!Ó˚!ã˛eî ly •Î˚–

xhs˝/!ã˛eî

•>
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v) Óy•zˆÏçÜ˛!ê˛Ë˛ å~Ü˛ÈüÈ~Ü˛ ~ÓÇ í˛z˛õ!Ó˚!ã˛eîä

~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ f : A→B ÈüÈˆÜ˛ Óy•ẑ ÏçÜ˛!ê˛Ë˛ Ó°y • Ï̂Ó Î!ò x Į̈̂ õ«˛Ü˛!ê˛ ~Ü˛•z§ Ï̂D ~Ü˛ÈüÈ~Ü˛ ~ÓÇ í z̨̨ õ!Ó˚!ã˛eî
•Î˚–

x˛õÓ˚˛õˆÏ«˛ñ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛  f : A→B ÈüÈˆÜ˛ Óy•zˆÏçÜ˛!ê˛Ë˛ Ó°y •ˆÏÓñ Î!ò

a)  f(x) = f(y) ⇒ x = y, ∀ x, y∈A

b)  §Ó y∈B ~Ó˚ çlƒñ ~Ùl ~Ü˛!ê˛ x∈A ~Ó˚ x!hflÏc ÌyˆÏÜ˛ ˆÎáyˆÏl f(x)=y •Î˚–

o‹TÓƒ ≠  Î!ò  f : A→A ~Ü˛!ê˛ ~Ü˛ÈüÈ~Ü˛ !ã˛eî •Î˚ ï˛ˆÏÓ ~!ê˛ xÓ¢ƒ•z í˛z˛õ!Ó˚!ã˛eî •ˆÏÓ–

● Î!ò ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛  f : A→B í˛z˛õ!Ó˚!ã˛eî ly •Î˚ñ ï˛ˆÏÓ f : A→f(A) §Ó≈òy í˛z˛õ!Ó˚!ã˛eî •ˆÏÓ–

● ôÓ˚y ÎyÜ˛ñ A G B •° ò%!ê˛ §§#Ù ˆ§ê˛ ~ÓÇ f : A→B •° ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛–

i) Î!ò f  !ã˛eî!ê˛ •zlˆÏçÜ˛!ê˛Ë˛ •Î˚ñ ï˛ˆÏÓ n(A)≤n(B)

ii) Î!ò  f  !ã˛eî!ê˛ §yÓ˚ˆÏçÜ˛!ê˛Ë˛ •Î˚ñ ï˛ˆÏÓ n(A)≥n(B)

iii) Î!ò f  !ã˛eî!ê˛ Óy•zˆÏçÜ˛!ê˛Ë˛ •Î˚ñ ï˛ˆÏÓ n(A)=n(B)

● Î!ò  A G B ò%!ê˛ xÈüÈ¢)lƒ §§#Ù ˆ§ê˛ ~Ó˚*˛õ ˆÎ n(A)=m ~ÓÇ n(B)=n •Î˚ñ ï˛ˆÏÓ

i) A ˆÌˆÏÜ˛ B ˆ§ˆÏê˛ !ã˛eˆÏîÓ˚ §Çáƒy = nm

ii) A ˆÌˆÏÜ˛ B ˆ§ˆÏê˛ ~Ü˛ ~Ü˛ !ã˛eˆÏîÓ˚ §Çáƒy  = 

n

mc m

i

×



!,

,0

iii) A ˆÌˆÏÜ˛ B ˆ§ˆÏê˛ í˛z˛õ!Ó˚!ã˛eˆÏîÓ˚ §Çáƒy  = 
−( )






−

=
∑ 1

0

1

n r n

r

m

r

n

c r

i

,

,

iv) A ˆÌˆÏÜ˛ B ˆ§ˆÏê˛ ~Ü˛ÈüÈ~Ü˛ ~ÓÇ í˛z˛õ!Ó˚!ã˛eˆÏîÓ˚ §Çáƒy  = 
n!,

,
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● §ÇÎ%_´ xˆÏ˛õ«˛Ü˛ xÌÓy xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xˆÏ˛õ«˛Ü˛ ≠

ôÓ˚y ÎyÜ˛ f : A→B ~ÓÇ g : B→C •° ò%!ê˛ xˆÏ˛õ«˛Ü˛– ï˛y•ˆÏ°ñ §Ó x∈A ~Ó˚ çlƒ gof : A→C ÈüÈˆÜ˛

(gof )(x) = ( ))(xfg  myÓ˚y §ÇK˛y!Î˚ï˛ Ü˛Ó˚y •Î˚ñ ÎyˆÏÜ˛ f G g ~Ó˚ §ÇˆÏÎyçl Ó°y •Î˚–

o‹TÓƒ ≠ f G g ~Ó˚ §ÇˆÏÎyçl xÌ≈yÍ  gof  ~Ó˚ x!hflÏc ÌyÜ˛ˆÏÓÏ Î!ò f ~Ó˚ ≤Ã§yÓ˚ xÓ¢ƒ•z g ~Ó˚ §ÇK˛yÓ˚ xMÈ˛ˆÏ°Ó˚
í˛z˛õˆÏ§ê˛ •Î˚– xl%Ó˚*ˆÏ˛õñ fogÈüÈ~Ó˚ x!hflÏc ÌyÜ˛ˆÏÓ Î!ò g ~Ó˚ ≤Ã§yÓ˚ xÓ¢ƒ•z  f ÈüÈ~Ó˚ §ÇK˛yÓ˚ xMÈ˛ˆÏ°Ó˚ í˛z˛õˆÏ§ê˛ •Î˚–

xÌ≈yÍ n

mP   Î!ò n≥m •Î˚

                 Î!ò n<m •Î˚

Î!ò m≥n •Î˚

Î!ò m<n •Î˚

Î!ò m=n •Î˚
Î!ò m≠n •Î˚
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!Ü˛S%È Ê˛°yÊ˛° ≠
i) fog ≠ gof

ii) (fog)oh = fo(goh)

iii) ò%!ê˛ Óy•zˆÏçÜ˛!ê˛Ë˛ÈüÈ~Ó˚ §ÇˆÏÎyçl •° ~Ü˛!ê˛ Óy•zˆÏçÜ˛!ê˛Ë˛–

iv) Î!ò f : A→B •Î˚ñ ï˛ˆÏÓ foI
A
 = I

B
of = f

v) ôÓ˚y ÎyÜ˛ñ f : A→B, g : B→A •° ò%!ê˛ xˆÏ˛õ«˛Ü˛ ˆÎáyˆÏl gof = I
A

vi) ôÓ˚y ÎyÜ˛ñ  f : A→B ~ÓÇ  g : B→C •° ò%!ê˛ xˆÏ˛õ«˛Ü˛– ï˛y•ˆÏ°ñ

a)  gof : A→C ~Ü˛!ê˛ í˛z˛õ!Ó˚!ã˛eî ⇒ g : B→C ~Ü˛!ê˛ í˛z˛õ!Ó˚!ã˛eî–

b)  gof  : A→C ~Ü˛!ê˛ ~Ü˛ÈüÈÈ~Ü˛ !ã˛eî ⇒ f : A→B ~Ü˛!ê˛ ~Ü˛ÈüÈÈ~Ü˛ !ã˛eî–

c)  gof  : A→C ~Ü˛!ê˛ í˛z˛õ!Ó˚!ã˛eî ~ÓÇ g : B→C •° ~Ü˛ÈüÈÈ~Ü˛ !ã˛eî ⇒ f : A→B •° í˛z˛õ!Ó˚!ã˛eî–

d)  gof  : A→C •° ~Ü˛ÈüÈÈ~Ü˛ !ã˛eî ~ÓÇ f : A→B •° í˛z˛õ!Ó˚!ã˛eî ⇒ g : B→C •° ~Ü˛ÈüÈÈ~Ü˛ !ã˛eî–

● ˆÜ˛yˆÏly xˆÏ˛õ«˛ˆÏÜ˛Ó˚ !Ó˛õÓ˚#ï˛ xˆÏ˛õ«˛Ü˛ ≠

ôÓ˚y ÎyÜ˛ f : A→B xˆÏ˛õ«˛Ü˛!ê˛ Óy•zˆÏçÜ˛!ê˛Ë˛– ï˛y•ˆÏ°ñ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ g : B→A ˆÎ!ê˛ ≤Ã!ï˛!ê˛ ˛õò y∈B ÈüÈˆÜ˛
~Ü˛!ê˛ xllƒ ˛õò x∈A ÈüÈ~Ó˚ §yˆÏÌ ~ÙlË˛yˆÏÓ §ÇÎ%_´ ÎyˆÏï˛ f(x)=y •Î˚ñ ï˛yˆÏÜ˛ f ÈüÈ~Ó˚ !Ó˛õÓ˚#ï˛ xˆÏ˛õ«˛Ü˛ ÓˆÏ°–

xÌ≈yÍñ  f(x) = y ⇔ g(y) = x– f ÈüÈ~Ó˚ !Ó˛õÓ˚#ï˛ xˆÏ˛õ«˛Ü˛ˆÏÜ˛ §yôyÓ˚î  f –1 myÓ˚y §)ã˛#ï˛ Ü˛Ó˚y •Î˚– xÌ≈yÍñ Î!ò
f : A→B ~Ü˛!ê˛ Óy•zˆÏçÜ˛!ê˛Ë˛ !ã˛eî •Î˚ñ ï˛ˆÏÓ  f –1 : B→A •ˆÏÓ ˆÎáyˆÏl  f(x) = y ⇔ f –1(y)=x.
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● !Ü˛S%È Ê˛°yÊ˛° ≠

i) ˆÜ˛yˆÏly Óy•zˆÏçÜ˛!ê˛Ë˛ !ã˛eˆÏîÓ˚ !Ó˛õÓ˚#ï˛ !ã˛eî!ê˛ xllƒ–

ii) ˆÜ˛yˆÏly Óy•zˆÏçÜ˛!ê˛Ë˛ !ã˛eˆÏîÓ˚ !Ó˛õÓ˚#ï˛ !ã˛eî Óy•zˆÏçÜ˛!ê˛Ë˛ •Î˚–

iii) Î!ò f : A→B ~Ü˛!ê˛ Óy•zˆÏçÜ˛!ê˛Ë˛ !ã˛eî ~ÓÇ g : B→Añ fÈüÈ~Ó˚ !Ó˛õÓ˚#ï˛ !ã˛eî •Î˚ñ ï˛ˆÏÓ fog = I
B
 ~ÓÇ

gof = I
A
, ˆÎáyˆÏl I

A
 G I

B 
 •° ÎÌye´ˆÏÙ ˆ§ê˛ A G ˆ§ê˛ BÈüÈ~Ó˚ xˆÏË˛ò xˆÏ˛õ«˛Ü˛–

iv) Î!ò f : A→B  G g : B→C ò%!ê˛ Óy•zˆÏçÜ˛!ê˛Ë˛ !ã˛eî •Î˚ñ ï˛ˆÏÓ gof : A→C !ã˛eî!ê˛ Óy•zˆÏçÜ˛!ê˛Ë˛ ~ÓÇ
(gof )–1=f –1og–1 –

v) ôÓ˚y ÎyÜ˛ñ f : A→B ~ÓÇ g: B→A xˆÏ˛õ«˛Ü˛ ò%!ê˛ ~Ùl ˆÎ gof = I
A
 ~ÓÇ fog = I

B
– ï˛yˆÏ•°, f G g

Óy•zˆÏçÜ˛!ê˛Ë˛ !ã˛eî ~ÓÇ g=f –1–

vi) ôÓ˚y ÎyÜ˛ñ f : A→B •° ~Ü˛!ê˛ !Ó˛õÓ˚#ï˛Ü˛Ó˚îˆÏÎyàƒ xˆÏ˛õ«˛Ü˛– ï˛y•ˆÏ° f f− −( ) =1
1

–

!m˛õò ≤Ã!e´Î˚y ≠

ˆÜ˛yˆÏly ˆ§ê˛ SÈüÈ~ ~Ü˛!ê˛ !m˛õò ≤Ã!e´Î˚y •° S×S ˆÌˆÏÜ˛ S ˆ§ˆÏê˛ §ÇK˛y!Î˚ï˛ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ xÌ≈yÍñ f : S×S → S–
ˆÜ˛yˆÏly ˆ§ê˛ SÈüÈ~Ó˚ G˛õÓ˚ §ÇK˛y!Î˚ï˛ ~Ü˛!ê˛ !m˛õò ≤Ã!e´Î˚y Ú*Ûñ SÈüÈ~Ó˚ ˆÎÈüÈˆÜ˛yˆÏly ò%!ê˛ ˛õˆÏòÓ˚ ÙˆÏôƒ ≤ÃˆÏÎ˚yà •ˆÏÎ˚ G•z
ˆ§ˆÏê˛Ó˚•z ~Ü˛!ê˛ xllƒ ˛õò í˛zÍ˛õß¨ Ü˛ˆÏÓ˚ xÌ≈yÍ a, b∈S ⇒ a*b∈S–

● ˆÜ˛yˆÏly ˆ§ê˛ SÈüÈ~Ó˚ G˛õÓ˚ §ÇK˛y!Î˚ï˛ ~Ü˛!ê˛ !m˛õò ≤Ã!e´Î˚y Ú*Û ˆÜ˛

i) !Ó!lÙÎ˚ˆÏÎyàƒ Ó°y •ˆÏÓñ Î!ò §Ó a,b∈S ~Ó˚ çlƒ a*b = b*a •Î˚–

ii) §ÇˆÏÎyçƒ Ó°y •ˆÏÓñ Î!ò §Ó Èa,b,c∈SüÈ~Ó˚ çlƒ (a*b)*c = a*(b*c) •Î˚–

iii) Órê˛lˆÏÎyàƒ Ó°y •ˆÏÓñ Î!ò SÈüÈ~ xyˆÏÓ˚Ü˛!ê˛ !m˛õò ≤Ã!e´Î˚y ‘o’ ÈüÈ~Ó˚ x!hflÏc ÌyˆÏÜ˛ñ ˆÎáyˆÏl
a*(boc) = (a*b)o(a*c) ~ÓÇ (boc)*a = (b*a)o(c*a)ñ §Ó a,b,c∈S ~Ó˚ çlƒ–

● !m˛õò ≤Ã!e´Î˚y * ~Ó˚ çlƒ ~Ü˛!ê˛ ˛õò e∈S ˆÜ˛ ~Ü˛§Ù í˛z˛õyòyl Ó°y •Î˚ñ Î!ò ∀ a∈S,  a*e = a = e*a •Î˚–

● ôÓ˚y ÎyÜ˛ñ SüÈˆ§ˆÏê˛Ó˚ G˛õÓ˚ ~Ü˛!ê˛ !m˛õò ≤Ã!e´Î˚y •° * ~ÓÇ e∈S •° SüÈ~Ó˚ ~Ü˛§Ù í˛z˛õyòyl– ï˛y•ˆÏ° ~Ü˛!ê˛ ˛õò
a∈SÈüÈˆÜ˛ !Ó˛õÓ˚#ï˛Ü˛Ó˚îˆÏÎyàƒ Ó°y •Î˚ñ Î!ò ~Ùl ~Ü˛!ê˛ ˛õò Èb∈SüÈ~Ó˚ x!hflÏc ÌyˆÏÜ˛ ˆÎáyˆÏl a*b = e = b*a˚–

● ˚≤Ã!e´Î˚y ï˛y!°Ü˛y ≠

˚ˆÜ˛yˆÏly §§#Ù ˆ§ˆÏê˛Ó˚ G˛õÓ˚ §ÇK˛y!Î˚ï˛ ~Ü˛!ê˛ !m˛õò ≤Ã!e´Î˚yˆÏÜ˛ ˆÎ ï˛y!°Ü˛yÓ˚ ÙyôƒˆÏÙ §¡õ)î≈Ë˛yˆÏÓ Óî≈ly Ü˛Ó˚y ÎyÎ˚
ï˛yˆÏÜ˛ ≤Ã!e´Î˚y ï˛y!°Ü˛y ÓˆÏ°–

ôÓ˚y ÎyÜ˛ñ S = {a
1
, a

2
, .........., a

n
}  •° ~Ü˛!ê˛ §§#Ù ˆ§ê˛ ~ÓÇ Ú*Û •° S ~Ó˚ G˛õÓ˚ §ÇK˛yÎ˚ï˛ ~Ü˛!ê˛ !m˛õò

≤Ã!e´Î˚y– ï˛y•ˆÏÏ° Ú*Û ~Ó˚ çlƒ ≤Ã!e´Î˚y ï˛y!°Ü˛y!ê˛ •ˆÏÓ !l¡¨Ó˚*˛õ ≠

* a
1

a
2

a
3

.......... a
n

a
1

a
1*a

1
a

1*a
2

a
1*a

3
.......... a

1*a
n

a
2

a
2*a

1
a

2*a
2

a
2
*a

3
.......... a

2*a
n

M M M M M M

M M M M M M

a
n

a
n*a

1
a

n*a
2

a
n*a

3
......... a

n*a
n
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í˛z˛õˆÏÓ˚Ó˚ ≤Ã!e´Î˚y ï˛y!°Ü˛y ˆÌˆÏÜ˛ xyÙÓ˚y !lˆÏ¡¨Ó˚ ˜Ó!¢‹Tƒ=!° xl%Ùyl Ü˛Ó˚ˆÏï˛ ˛õy!Ó˚–

i) *   !Ó!lÙÎ˚ˆÏÎyàƒ •ˆÏÓ Î!ò ≤Ã!e´Î˚y ï˛y!°Ü˛y!ê˛ Ù%áƒ Ü˛ˆÏî≈Ó˚ §yˆÏ˛õˆÏ«˛ ≤Ã!ï˛§Ù •Î˚–

ii) Î!ò ~Ü˛!ê˛ í˛z˛õyòyl e ÓÓ˚yÓÓ˚ §y!Ó˚!ê˛ §ÓˆÏÌˆÏÜ˛ í˛z˛õˆÏÓ˚Ó˚ §y!Ó˚Ó˚ §ˆÏD ~Ü˛•z •Î˚ ~ÓÇ e ÓÓ˚yÓÓ˚ hflÏΩ˛!ê˛ §ÓˆÏÌˆÏÜ˛
ÓyˆÏÙÓ˚ hflÏˆÏΩ˛Ó˚ §yˆÏÌ ~Ü˛•z •Î˚ñ ï˛ˆÏÓ e üÈˆÜ˛ ~Ü˛§Ù í˛z˛õyòyl Ó°y ÎyˆÏÓ–

iii) Î!ò ≤Ã!ï˛!ê˛ §y!Ó˚ å§ÓˆÏÌˆÏÜ˛ í˛z˛õˆÏÓ˚Ó˚ §y!Ó˚ ÓyˆÏòä xÌÓy ≤Ã!ï˛!ê˛ hflÏΩ˛ å§ÓˆÏÌˆÏÜ˛ ÓyˆÏÙÓ˚ hflÏΩ˛ ÓyˆÏòäÈüÈˆï˛
~Ü˛§Ù í˛z˛õyòyl!ê˛ ÌyˆÏÜ˛ ï˛ˆÏÓ ≤Ãò_ !m˛õò ≤Ã!e´Î˚yÓ˚ §yˆÏ˛õˆÏ«˛ ˆ§ˆÏê˛Ó˚ ≤Ã!ï˛!ê˛ í˛z˛õyòyl !ÓˆÏ°yÙˆÏÎyàƒ •ˆÏÓ–

● n §ÇáƒÜ˛ ˛õò!Ó!¢‹T ˆÜ˛yˆÏly ˆ§ˆÏê˛Ó˚ G˛õÓ˚ §ÇK˛y!Î˚ï˛ ˆÙyê˛ !m˛õò ≤Ã!e´Î˚yÓ˚ §Çáƒy •° n
n2

–

● n §ÇáƒÜ˛ ˛õò!Ó!¢‹T ˆÜ˛yˆÏly ˆ§ˆÏê˛ ˆÙyê˛ !Ó!lÙÎ˚ˆÏÎyàƒ !m˛õò ≤Ã!e´Î˚yÓ˚ §Çáƒy •° n

n n( )−1

2 –

● nüË˛yçÜ˛ !lË˛≈Ó˚ ˆÎyàÈ :

ôÓ˚y ÎyÜ˛ n •° 1 xˆÏ˛õ«˛y Óí˛¸ ~Ü˛!ê˛ ôlydÜ˛ xá[˛ §Çáƒy ~ÓÇ a,b∈Z
n
, where Z

n
 = {0,1,2,......,(n–1)}–

ï˛y•ˆÏ°ñ n Ë˛yçÜ˛ !lË˛≈Ó˚ ˆÎyàÈ xÌ≈yÍ +
n
 ÈüÈˆÜ˛ xyÙÓ˚y !l¡¨!°!áï˛Ó˚*ˆÏ˛õ §ÇK˛y!Î˚ï˛ Ü˛!Ó˚ È:È

a + 
n
b = §ÓˆÏÌˆÏÜ˛ ˆSÈyˆÏê˛y xÈüÈ}lydÜ˛ Ë˛yàˆÏ¢£Ïñ Îál (a+b) ˆÜ˛ n myÓ˚y Ë˛yà Ü˛Ó˚y •ˆÏÓ–

● nÈüÈË˛yçÜ˛ !lË≈˛Ó˚ =î :

ôÓ˚y ÎyÜ˛ n •°1 xˆÏ˛õ«˛y Óí˛¸ ~Ü˛!ê˛ ôlydÜ˛ xá[˛ §Çáƒy ~ÓÇ a,b∈Z
n
, ˆÎáyˆÏl Z

n
 ={0,1,2,....(n–1)} –

ï˛y•ˆÏ°, nÈüÈË˛yçÜ˛ !lË≈˛Ó˚ =î xÌ≈yÍ ×
n
ÈüÈˆÜ˛ xyÙÓ˚y !l¡¨!°!áï˛Ó˚*ˆÏ˛õ §ÇK˛y!Î˚ï˛ Ü˛!Ó˚ ÈüüüÈ

a ×
n
b = §ÓˆÏÌˆÏÜ˛ ˆSÈyˆÏê˛y xÈüÈ}îydÜ˛ Ë˛yàˆÏ¢£Ï Îál ab ˆÜ˛ n.myÓ˚y Ë˛yà Ü˛Ó˚y •ˆÏÓ–

xl%¢#°l# ≠ 1
Ü˛ÈüÈ!ÓË˛yà

˜lÓƒ≈!_´Ü˛ ≤ÃŸ¿yÓ°# : [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 1 xÌÓy 2 ]

1. Ó‡ !ÓÜ˛“!Ë˛!_Ü˛ ≠

i) ˆ§ê˛ A = {1,2,3,4} ÈüÈˆï˛ §ÇK˛y!Î˚ï˛ ~Ü˛!ê˛ §¡∫¶˛ R •° !l¡¨Ó˚*˛õ ÈüüüÈ

R={(1,2),(2,2),(1,1),(4,4),(1,3),(3,3),(3,2)}
ï˛y•ˆÏ° ÈüüüÈ

a)  R •° fl∫§Ù G ≤Ã!ï˛§Ù !Ü˛v §Çe´Ùî lÎ˚–

b)  R •° fl∫§Ù G §Çe´Ùî !Ü˛v ≤Ã!ï˛§Ù lÎ˚–

c)  R •° ≤Ã!ï˛§Ù G §Çe´Ùî !Ü˛v fl∫§Ù lÎ˚–

d)  R •° §Ùï%˛°ƒ §¡∫¶˛

ii) C ˆÌˆÏÜ˛ R ˆ§ˆÏê˛ ~Ü˛!ê˛ §¡∫¶˛ ψ !l¡¨Ó˚*ˆÏ˛õ §ÇK˛yï˛ ≠

xψy ⇔ |x|=y – !lˆÏ¡¨Ó˚ ˆÜ˛yl‰!ê˛ §!ë˛Ü˛ ?
a) (2+3i) ψ 13 b) 3 ψ (–3) c) (1+i) ψ 2 d) i ψ 1
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iii) ˆÜ˛yˆÏly §Ùï˛ˆÏ° §Ü˛° §Ó˚°ˆÏ°áyÓ˚ ˆ§ˆÏê˛Ó˚ G˛õÓ˚ ~Ü˛!ê˛ §¡∫¶˛ R ~Ó˚*˛õ ˆÎ l
1
Rl

2
 ⇔ l

1
⊥l

2
– ï˛y•ˆÏ° R •°

a) ≤Ã!ï˛§Ù b) fl∫§Ù c) §Çe´Ùî d) §Ùï%˛°ƒï˛y

iv) Î!ò ˆ§ê˛ AüÈˆï˛ §ÇK˛y!Î˚ï˛ Ó,•_Ù §¡∫¶˛ R ~ÓÇ S •° AÈüÈˆï˛ §ÇK˛y!Î˚ï˛ ˆÎÈüÈˆÜ˛yˆÏly ~Ü˛!ê˛ §¡∫¶˛– ï˛y•ˆÏ°

a) R⊂S b) S⊂R c) R=S d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚

v) ˆ§ê  A ={1,2,3} üÈˆï˛ ~Ü˛!ê˛ §¡∫¶˛ !l¡¨Ó˚*ˆÏ˛õ §ÇK˛yï˛ ≠

R ={ (1,1),(2,2),(3,3)} , ï˛y•ˆÏ° R •°

a) fl∫§Ù b) ≤Ã!ï˛§Ù c) §Çe´Ùî d) ~ˆÏòÓ˚ §Ó=!°

vi) N×N ~Ó˚ G˛õÓ˚ ~Ü˛!ê˛ §¡∫¶˛ !l¡¨Ó˚*ˆÏ˛õ §ÇK˛yï˛ ≠

(a,b)R(c,d) ⇔ a+d=b+c ñ  ï˛y•ˆÏ° R •° ÈüüüÈ

a) fl∫§Ù !Ü˛v ≤Ã!ï˛§Ù lÎ˚ b) fl∫§Ù G §Çe´Ùî !Ü˛v ≤Ã!ï˛§Ù lÎ˚
c) ~Ü˛!ê˛ §Ùï%˛°ƒ §¡∫¶˛ d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚

vii) !lˆÏ¡¨Ó˚ ˆÜ˛yl‰!ê˛ ˆ§ê˛ ZÈüÈ~Ó˚ G˛õÓ˚ §Ùï%˛°ƒ §¡∫¶˛ lÎ˚ ?

a) aRb ⇔ a+b •° Î%@¬ xá[˛ §Çáƒy b) aRb ⇔ a–b •° Î%@¬ xá[˛ §Çáƒy
c) aRb ⇔ a<b d) aRb ⇔ a=b

viii) §Ó ÓyhflÏÓ §ÇáƒyÓ˚ ˆ§ê˛ RÈüÈˆï˛ ~Ü˛!ê˛ §¡∫¶˛ S !l¡¨Ó˚*ˆÏ˛õ §ÇK˛yï˛ ≠

(a,b) ∈ S⇔ ab≥0 –  ï˛y•ˆÏ°ñ S •°

a) ˆÜ˛Ó°Ùye ≤Ã!ï˛§Ù G §Çe´Ùl b) ˆÜ˛Ó°Ùye fl∫§Ù G ≤Ã!ï˛§Ù
c) ~Ü˛!ê˛ xyÇ!¢Ü˛ e´Ù §¡∫¶˛ d) ~Ü˛!ê˛ §Ùï%˛°ƒ §¡∫¶˛

ix) xá[˛ §ÇáƒyÓ˚ ˆ§ê˛ ZÈüÈˆï˛ ~Ü˛!ê˛ §¡∫¶˛ R !l¡¨Ó˚*˛õ ≠

(x,y)∈R⇔|x–y|≤1 – ï˛y•ˆÏ°ñ R •Ï° ÈüüüÈ

a) fl∫§Ù G §Çe´Ùî b) fl∫§Ù G ≤Ã!ï˛§Ù c) ≤Ã!ï˛§Ù G §Çe´Ùî d) ~Ü˛!ê˛ §Ùï%˛°ƒ §¡∫¶˛

x) f : R→R !ã˛eî f(x)= x x+ 2  myÓ˚y §ÇK˛yï˛– ï˛y•ˆÏ° f •° ÈüüüÈ

a) •zlˆÏçÜ˛!ê˛Ë˛ b) §yÓ˚ˆÏçÜ˛!ê˛Ë˛ c) Óy•zˆÏçÜ˛!ê˛Ë˛ d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

xi)  f : R→R xˆÏ˛õ«˛Ü˛ f x x x
( ) = +2 2  myÓ˚y §ÇK˛yï˛ ï˛y•ˆÏ° f  •° ÈüüüÈ

a) ~Ü˛ÈüÈ~Ü˛ G í˛z˛õ!Ó˚!ã˛eî b) Ó‡ÈüÈ~Ü˛ G í˛z˛õ!Ó˚!ã˛eî
c) ~Ü˛ÈüÈ~Ü˛ G xhs˝/!ã˛eî d) Ó‡ÈüÈ~Ü˛ G xhs˝/!ã˛eî

xii)  f(x)=–x2+6x–8 myÓ˚y §ÇK˛y!Î˚ï˛  f : A→B !ã˛eî!ê˛ Óy•zˆÏçÜ˛!ê˛Ë˛ •ˆÏÓ Î!ò

a)
 
A B= −∞( ] = −∞( ], ,3 1 b)

 
A B= − ∞[ ) = −∞( ]3 1, ,

c) A B= −∞( ] = ∞[ ), ,3 1 d) A B= ∞[ ) = ∞[ )3 1, ,

xiii) ôÓ˚y ÎyÜ˛ f : R→R !ã˛eî!ê˛  f(x) = [x]2+[x+1]–3 myÓ˚y §ÇK˛y!Î˚ï˛ñ ˆÎáyˆÏl [x] ~Ü˛!ê˛ Ó,•_Ù xá[˛
§Çáƒy ~ÓÇ ~Ó˚ Ùyl x ~Ó˚ §Ùyl Óy ï˛yÓ˚ ˆÌˆÏÜ˛ ˆSÈyˆÏê˛y– ï˛y•ˆÏ°, f(x) •°

a) Ó‡ÈüÈ~Ü˛ G í˛z˛õ!Ó˚!ã˛eî b) Ó‡ÈüÈ~Ü˛ G xhs˝/!ã˛eî
c) ~Ü˛ÈüÈ~Ü˛ G xhs˝/!ã˛eî d) ~Ü˛ÈüÈ~Ü˛ G í˛z˛õ!Ó˚!ã˛eî

~ÓÇ ~ÓÇ

~ÓÇ ~ÓÇ
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xiv) fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ˆ§ê˛ ˆÌˆÏÜ˛ xá[˛ §ÇáƒyÓ˚ ˆ§ˆÏê˛ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛  f  !l¡¨Ó˚*ˆÏ˛õ §ÇK˛yï˛ ≠

f ( )

,

,

n

n

n
=

−

−










1

2

2

ï˛y•ˆÏ° f •° ÈüüüÈ

a) ~Ü˛ÈüÈ~Ü˛ G í˛z˛õ!Ó˚!ã˛eî ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

b) ~Ü˛ÈüÈ~Ü˛ !Ü˛v í˛z˛õ!Ó˚!ã˛eî lÎ˚–

c) í˛z˛õ!Ó˚!ã˛eî !Ü˛v ~Ü˛ÈüÈ~Ü˛ lÎ˚–

d) ˛~Ü˛ÈüÈ~Ü˛ G í˛z˛õ!Ó˚!ã˛eî

xv) ôÓ˚y ÎyÜ˛ñ  f(x)=x2 ~ÓÇ g(x)=2x– ï˛y•ˆÏ° fog(x)=gof(x) ÈüÈ~Ó˚ §Ùyôyl ˆ§ê˛!ê˛ •ˆÏÓ

a) R b) {0} c) {0,2} d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚

xvi) f : R→{x∈R : x<1}  xˆÏ˛õ«˛Ü˛!ê˛ !l¡¨Ó˚*ˆÏ˛õ §ÇK˛yï˛ ≠

f x
e e

e e

x x

x x
( ) =

−
+

−

−

ï˛y•ˆÏ° fÈüÈ~Ó˚ !Ó˛õÓ˚#ï˛ xˆÏ˛õ«˛Ü˛!ê˛ •ˆÏÓ

a) 
1
2

1
1

log +
−

x

x
b) 

1
2

2
2

log +
−

x

x
c) 

1
2

1
1

log −
+

x

x
d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚

xvii) ôÓ˚y ÎyÜ˛ñ f x
x

( ) =
−
1

1
– ï˛y•ˆÏ°ñ fo fof x( ){ }( )•° ÈüüüÈ

a) x, ∀x∈R b) x, ∀x∈R–{1} c) x, ∀x∈R–{0,1} d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚

xviii) ôÓ˚y ÎyÜ˛ñ f x
x

x
( ) =

+
α

1
, x≠−1– ï˛y•ˆÏ°ñ  α ÈüÈ~Ó˚ ˆÜ˛yl‰ ÙyˆÏlÓ˚ çlƒ f f x x( )( ) =  •ˆÏÓ⁄

a) 2 b) − 2 c) 1 d) –1

xix)  f(x)=x3 xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §ÇK˛yÓ˚ xMÈ˛° {0,1,2,3}  •ˆÏ° f –1 ÈüÈ~Ó˚ §ÇK˛yÓ˚ xMÈ˛° •ˆÏÓ ÈüüüÈ

a) {3,2,1,0} b) {0,–1,–2,–3} c) {0,1,8,27} d) {0,–1,–8,–27}

xx) Î!ò g(x) = x2+x–2 ~ÓÇ 
1

2
gof(x) =2x2–5x+2 •Î˚ñ ï˛ˆÏÓ f(x) = ⁄

a) 2x–3 b) 2x+3 c) 2x2+3x+1 d) 2x2–3x–1

xxi) Î!ò f(x) = sin2x ~ÓÇ g f x x( ) sin( ) =  •Î˚ñ ï˛y•ˆÏ° g(x) = ⁄

a) x −1 b) x c) x +1 d) − x

xxii) Î!ò  f : R→R xˆÏ˛õ«˛Ü˛!ê˛ f(x)=x3+3 myÓ˚y §ÇK˛yï˛ •Î˚ñ ï˛ˆÏÓ f–1(x) = ⁄

a) x
1

3 3− b) x
1

3 3+ c) x −( )3
1

3 d) x + 3
1

3

Îál n xÎ%@¬

Îál n Î%@¬
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xxiii) Î!ò a*b=a2+b2 •Î˚ñ ï˛y•ˆÏ° (4*5)*3 ~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ
a) (42+52)+32 b) (4+5)2+32 c) 412+32 d) (4+5+3)2

xxiv) §Ó ôlydÜ˛ Ù)°ò §ÇáƒyÓ˚ ̂ §ê˛ˆÏÜ˛ Q+ myÓ˚y §)ã˛#ï˛ Ü˛Ó˚y •Î˚– Î!ò Q+ ̂ §ˆÏê˛ !m˛õò ≤Ã!e´Î˚y ?ñ a?b=
ab

2
myÓ˚y

§ÇK˛y!Î˚ï˛ •Î˚ñ ï˛ˆÏÓ 3üÈ~Ó˚ !Ó˛õÓ˚#ï˛ í˛z˛õyòyl •ˆÏÓ ÈüüüÈ

a) 
4

3
b) 2 c) 

1

3
d) 

2

3

xxv) ôÓ˚y ÎyÜ˛  Q–{1}  ˆ§ˆÏê˛ Ú*Û !m˛õò ≤Ã!e´Î˚y!ê˛ a*b=a+b–ab !lÎ˚Ù myÓ˚y §ÇK˛y!Î˚ï˛– ï˛y•ˆÏ°È Ú*ÛüÈ~Ó˚

xˆÏË˛ò í˛z˛õyòyl!ê˛ •° ÈüüüÈ

a) 1 b) 
a

a

−1
c) 

a

a −1
d) 0

xxvi) §Ó a,b∈Z ~Ó˚ çlƒñ Z ˆ§ˆÏê˛ Ú*Û !m˛õò ≤Ã!e´Î˚y!ê˛ a*b=a2+b2 myÓ˚y §ÇK˛yï˛– ï˛y•ˆÏ° Ú*Û ÈüüüÈ

a) !Ó!lÙÎ˚ˆÏÎyàƒ G §ÇˆÏÎyçƒ b) §ÇˆÏÎyçƒ !Ü˛v !Ó!lÙÎ˚ˆÏÎyàƒ lÎ˚
c) §ÇˆÏÎyçƒ lÎ˚ d) !m˛õò ≤Ã!e´Î˚y lÎ˚

xxvii) Q+ ˆ§ˆÏê˛ Ú*Û !m˛õò ≤Ã!e´Î˚y!ê˛ a b
ab

* =
100

 myÓ˚y §ÇK˛yï˛ñ §Ó a,b∈Q+ ~Ó˚ çlƒ– ï˛y•ˆÏ° 0.1ÈüÈ~Ó˚ !Ó˛õÓ˚#ï˛

í˛z˛õyòyl!ê˛ •ˆÏÓ ÈüüüÈ
a) 105 b) 104 c) 106 d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚

xxviii) G •° 
x x

x x









 xyÜ˛yˆÏÓ˚Ó˚ §Ó Ùƒy!ê˛∆ˆÏ:Ó˚ ˆ§ê˛ñ ˆÎáyˆÏl x ∈ −{ }R 0 – ï˛y•ˆÏ° !m˛õò ≤Ã!e´Î˚y !•§yˆÏÓ

Ùƒy!ê˛∆ˆÏ:Ó˚ =îÈüÈ~Ó˚ §yˆÏ˛õˆÏ«˛ ~Ü˛§Ù í˛z˛õyòyl!ê˛ •ˆÏÓ ÈüüüÈ

a) 
1 1

1 1









 b) 

− −

− −



















1

2

1

2

1

2

1

2

c) 

1

2

1

2

1

2

1

2



















d) 
− −
− −











1 1

1 1

xxix) 2!ê˛ í˛z˛õyòyl !Ó!¢‹T ˆÜ˛yˆÏly ˆ§ˆÏê˛ §ÇK˛y!Î˚ï˛ !m˛õò ≤Ã!e´Î˚yÓ˚ §Çáƒy •° ÈüüüÈ

a) 8 b) 4 c) 16 d) 64

xxx) ôÓ˚y ÎyÜ˛ñ A ={a,b,c,d,e} , B={p,q}, ï˛y•ˆÏ° A ˆÌˆÏÜ˛ B ˆ§ˆÏê˛ §ÇK˛y!Îï˛ í˛z˛õ!Ó˚!ã˛eˆÏîÓ˚ §Çáƒy

•ˆÏÓüüüÈ

a) 8 b) 6 c) 30 d) 32

2. x!ï˛ §Ç!«˛ÆôÙ#≈ ≠

i) ÓyhflÏÓ §ÇáƒyÓ˚ ˆ§ˆÏê˛ §ÇK˛y!Î˚ï˛ §¡∫¶˛ ˆ§ê˛ ( ){ }babaR <= :,  ~Ü˛!ê˛ §Çe´Ùî §¡∫¶˛ !Ü˛ly Îyã˛y•z Ü˛ˆÏÓ˚y–
ii) Î!ò f : A g B ~Ü˛!ê˛ Óy•zˆÏçÜ˛!ê˛Ë˛ !ã˛eî •Î˚ ˆÎáyˆÏlñ ï˛ˆÏÓ n (A) = 10 ?

iii) f : R→R !ã˛eî  f(x)=x3 myÓ˚y §ÇK˛yï˛ •ˆÏ°ñ f  !ã˛eî!ê˛ ~Ü˛ÈüÈ~Ü˛ !ã˛eî !Ü˛ly Îyã˛y•z Ü˛ˆÏÓ˚y–
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iv) ~Ü˛!ê˛ ˆ§ê˛ A ÎyÓ˚ n(A)=3– AÈüÈˆ§ˆÏê˛ §Ω˛yÓƒ fl∫§Ù §Çáƒy Ü˛Î˚!ê˛⁄

v) S={1,2,3}   ˆ§ˆÏê˛ R §¡∫¶˛!ê˛ !l¡¨Ó˚*ˆÏ˛õ §ÇK˛yï˛ ≠

R={(1,1),(1,2),(2,2),(3,3)} .

ˆÜ˛yl‰ ˛õò Óy ˛õò=!° R ˆÌˆÏÜ˛ Óyò !òˆÏ° ˆ§!ê˛ ~Ü˛!ê˛ §Ùï%˛°ƒ §¡∫¶˛ •ˆÏÓ⁄

vi) ÓyhflÏÓ §ÇáƒyÓ˚ ˆ§ˆÏê˛ §ÇK˛y!Î˚ï˛ §¡∫¶˛ ˆ§ê˛ R a b a b= ( ) ={ }, :   ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ !Ü˛ly Îyã˛y•z Ü˛ˆÏÓ˚y–

vii) X ˆ§ˆÏê˛ §ÇK˛y!Î˚ï˛ ~Ü˛!ê˛ §Ùï%˛°ƒ §¡∫¶˛ Rñ XüˆÜ˛ §Ùï%˛°ƒï˛y ˆ◊!î X
1
, X

2
, X

3
 üˆï˛ !ÓË˛_´ Ü˛ˆÏÓ˚ˆÏSÈ–

ï˛y•ˆÏ° X
1
4X

2
4X

3
 ~ÓÇ X

1
3X

2
3X

3 
Ü˛ï˛ •ˆÏÓ ⁄

viii) Î!ò f(x)=x+7 ~ÓÇ g(x)=x–7, x∈R •Î˚ñ ï˛ˆÏÓ (fog)(x) ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

ix) ~!ê˛ !Ü˛ §ï˛ƒ ˆÎ ≤Ã!ï˛!ê˛ §¡∫¶˛ Îy ≤Ã!ï˛§Ù G §Çe´Ùî ˆ§ˆÏê˛ fl∫§ÙG •ˆÏÓ⁄ Ü˛yÓ˚î ˆòáyG–

x) ÓyhflÏÓ §ÇáƒyÓ˚ ˆ§ˆÏê˛ §ÇK˛yÎ˚ï˛ §¡∫¶˛ ˆ§ê˛ R a b a b= ( ) ≤{ }, : 3
 §Çe´Ùî §¡∫¶˛ !Ü˛ly Îyã˛y•z Ü˛ˆÏÓ˚y–

xi) ~Ùl ~Ü˛!ê˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ í˛zòy•Ó˚î òyG ˆÎ!ê˛ ~Ü˛ÈüÈ~Ü˛ !Ü˛v í˛z˛õ!Ó˚!ã˛eî lÎ˚–

xii) Î!ò n (A) = 5 •Î˚ñ ï˛ˆÏÓ A  ˆÌˆÏÜ˛ A ÈüÈˆï˛ ~Ü˛ÈüÈ~Ü˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §Çáƒy !°á–

xiii) Î!ò A={1,2,3}  ~ÓÇ B={a,b}  •Î˚ñ ï˛ˆÏÓ A ˆÌˆÏÜ˛ B ˆ§ˆÏê˛ §ÇK˛y!Î˚ï˛ ˆÙyê˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §Çáƒy !°á–

xiv) A={1,2,3,4}  ˆ§ˆÏê˛ §ÇK˛yï˛ ~Ü˛!ê˛ §¡∫¶˛ ˆ§ê˛ R a b b a= ( ) = +{ }, : 1  !Ü˛ ~Ü˛!ê˛ fl∫§Ù §¡∫¶˛⁄

xv) Î!ò n(A)=n(B)=3 •Î˚ñ ï˛ˆÏÓ A ˆÌˆÏÜ˛ BÈüÈˆ§ˆÏê˛ Ü˛Î˚!ê˛ Óy•zˆÏçÜ˛!ê˛Ë˛ xˆÏ˛õ«˛Ü˛ ˜ï˛Ó˚# •ˆÏÓ⁄

áÈüÈ!ÓË˛yà

3. §Ç!«˛ÆôÙ≈# ≠ å≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 3 l¡∫Ó˚ä

i) Î!ò f : , , ,1 3 1 2 5{ } → { }  ~ÓÇ g : , , , , ,1 2 5 1 2 3 4{ } → { }  xˆÏ˛õ«˛Ü˛ ò%!ê˛ !l¡¨Ó˚*ˆÏ˛õ §ÇK˛yï˛ •Î˚ ÈüÈ

f = ( ) ( ){ }1 2 3 5, , , , g = ( ) ( ){ }1 3 2 3 5 1, , , , ( , )  ï˛ˆÏÓ gof  !°á–

ii) Î!ò  f : R→R !ã˛eîñ ˆÎ!ê˛ f ( )x
x

=
−2 1

5
 myÓ˚y §ÇK˛yï˛ñ ~Ü˛!ê˛ !Ó˛õÓ˚#ï˛Ü˛Ó˚îˆÏÎyàƒ xˆÏ˛õ«˛Ü˛ •Î˚ñ ï˛ˆÏÓ

f–1(x) !°á–

iii) ôÓ˚y ÎyÜ˛ R ˆ§ˆÏê˛ §ÇK˛yï˛ ~Ü˛!ê˛ !m˛õò ≤Ã!e´Î˚y •° *– Î!ò a*b=
( )a b+ 2

3
 •Î˚ñ ï˛ˆÏÓ (2*3)*4 !lî≈Î˚

Ü˛ˆÏÓ˚y–
iv) Î!ò f : R→A !ã˛eî ˆÎ!ê˛ f(x)=x2–2x+2 myÓ˚y §ÇK˛yï˛ñ ~Ü˛!ê˛ í˛z˛õ!Ó˚!ã˛eî •Î˚ ï˛ˆÏÓñ ˆ§ê˛ A !lî≈Î˚ Ü˛ˆÏÓ˚y–

v) Î!ò f (x) = 
4 3

6 4

x

x

+
−

, x ≠
2

3
 •Î˚ñ ï˛ˆÏÓ f −1 !lî≈Î˚ Ü˛ˆÏÓ˚y–

vi) Î!ò f : R→R  ~ÓÇ g : R→R ÎÌyÜ ˛ˆÏÙ f (x) = 2x + x2 ~ÓÇ g(x) = x3 myÓ˚y §ÇK˛y!Î˚ï˛ •ˆÏ° fog ~Ó˚
Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–
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vii) Î!ò f ( ) logx
x

x
=

+
−









1

1
•Î˚ñ ï˛ˆÏÓ ˆòáyG ˆÎñ f f

2

1
2

2

x

x
x

+






 = ( ) –

viii) §Ó a,b∈N ~Ó˚ çlƒñ N ˆ§ˆÏê˛ Ú*Û !m˛õò ≤Ã!e´Î˚y!ê˛  a*b=a+ab myÓ˚y §ÇK˛yï˛ •ˆÏ°ñ Nüˆ§ˆÏê˛ñ Î!ò
x!hflÏc ÌyˆÏÜ˛ñ ~Ü˛§Ù í˛z˛õyòyl!ê˛ !°á–È

ix) f : R→R !ã˛eî ˆÎ!ê˛ f(x)=|x–1| myÓ˚y §ÇK˛yï˛ !Ü˛ ~Ü˛!ê˛ ~Ü˛ÈüÈ~Ü˛ !ã˛eî⁄ Ü˛yÓ˚î ˆòáyG–

x) A={3,7,8}  ˆ§ˆÏê˛ §ÇK˛yï˛ §¡∫¶˛ ˆ§ê˛ R={(7,8),(8,3)} ≤Ãò_– §ÓˆÏã˛ˆÏÎ˚ Ü˛Ù Ü˛Î˚!ê˛ e´ÙÎ%à° §¡∫¶˛

ˆ§ê˛ RÈüÈ~ Î%_´ Ü˛Ó˚ˆÏ° ~!ê˛ ~Ü˛!ê˛ §Ùï˛%°ƒ §¡∫¶˛ ˆ§ˆÏê˛ Ó˚*˛õyhs˝!Ó˚ï˛ •ˆÏÓ⁄ Ü˛yÓ˚î ˆòáyG–

xi) f ( ) log log logx x x= − −( )( )( )4 5 3

218 77  xˆÏ˛õ«˛Ü˛!ê˛Ó˚ §ÇK˛yÓ˚ xMÈ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

xii) f ( ) logx x x= + +( )2

2
1  xˆÏ˛õ«˛ˆÏÜ˛Ó˚ !Ó˛õÓ˚#ï˛ xˆÏ˛õ«˛Ü˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

xiii) ôÓ˚y ÎyÜ˛ f : R→R G g : R→R xˆÏ˛õ«˛Ü˛ ò%!ê˛ ÎÌye´ˆÏÙ f(x)=5x–4 ~ÓÇ g(x)=x3+7 myÓ˚y §ÇK˛yï˛–
ï˛y•ˆÏ° (fog)–1(x) = ?

xiv) ˆ§ê˛ S = { }1 2 3 12, , ,.........,  ˆÜ˛ §Ù§ÇáƒÜ˛ ˛õò!Ó!¢‹T !ï˛l!ê˛ ˆ§ê˛ A, B, C üˆï˛ ~ÙlË˛yˆÏÓ !ÓË˛_´ Ü˛Ó˚y
•ˆÏÎ˚ˆÏSÈ ÎyˆÏï˛ A4B4C=S, A3B=B3C=C3A=φ •Î˚– S ˆ§ê˛ˆÏÜ˛ Îï˛ ≤ÃÜ˛yˆÏÓ˚ ~•z ¢ˆÏï≈˛ !ÓË˛_´ Ü˛Ó˚y ÎyÎ˚
ï˛y !lî≈Î˚ Ü˛ˆÏÓ˚y–

xv) xÈüÈ~Ó˚ ÓyhflÏÓ ÙyˆÏlÓ˚ çlƒ f(x)=x3+5x+1 xˆÏ˛õ«˛Ü˛!ê˛ Óy•zˆÏçÜ˛!ê˛Ë˛ !Ü˛ly ˛õÓ˚#«˛y Ü˛ˆÏÓ˚y– ˆï˛yÙyÓ˚ í˛z_ˆÏÓ˚Ó˚
§yˆÏ˛õˆÏ«˛ Î%!_´ òyG–

àÈüÈ!ÓË˛yà

4. ò#â≈ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿yÓ°# ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 4 xÌÓy 6 ]

i) ôÓ˚y ÎyÜ˛ §Ó fl∫yË˛y!ÓÜ˛ §Çáƒyê˛Ó˚ ˆ§ê˛ÈˆÏÜ˛ N myÓ˚y §)ã˛#ï˛ Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ ~ÓÇ N×N ˆ§ˆÏê˛Ó˚ G˛õÓ˚ R §¡∫¶˛!ê˛
(a,b)R(c,d) ⇔ ad(b+c)=bc(a+d) myÓ˚y §ÇK˛yï˛– N×N ˆ§ˆÏê˛ R §¡∫¶˛!ê˛ §Ùï%˛°ƒ §¡∫¶˛ !Ü˛ly Îyã˛y•z
Ü˛ˆÏÓ˚y–

ii) ôÓ˚y ÎyÜ˛  f : N→N xˆÏ˛õ«˛Ü˛ !l¡¨Ó˚*ˆÏ˛õ §ÇK˛yï˛ ≠

f ( )
,

,
n

n

n
=

+
−





1

1
.

ˆòáyG ˆÎ f ~Ü˛!ê˛ Óy•zˆÏçÜ˛!ê˛Ë˛ !ã˛eî–

iii) ˆòáyG ̂ Î f : R→R !ã˛eî Îy f(x)=x–[x] myÓ˚y §ÇK˛yï˛ ̂ §!ê˛ ~Ü˛ÈüÈ~Ü˛ xÌÓy í z̨̨ õ!Ó˚!ã˛eî ~ Ï̂òÓ˚ ̂ Ü˛y Ï̂ly!ê˛•z
lÎ˚–

iv) ôÓ˚y ÎyÜ˛ñ { }10:RA ≤≤∈= xx – Î!ò f : A→A xˆÏ˛õ«˛Ü˛ !l¡¨Ó˚*ˆÏ˛õ §ÇK˛yï˛ •Î˚ñ

f
x

x
( )

,

,
x =

−


1

ï˛y•ˆÏ° ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎ fof(x)=x, ∀ x∈A–

Îál n xÎ%@¬

Îál n Î%@¬

Î!ò x∈Q

Î!ò x∉Q
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v) Î!ò f : ,−





 →

π π

2 2
R  ~ÓÇ g : [–1,1]→R ÎÌye´ˆÏÙ f(x)=tanx ~ÓÇ g x x( ) = −1 2

 myÓ˚y

§ÇK˛y!Î˚ï˛ •Î˚ñ ï˛y•ˆÏ° fog and gof !lî≈Î˚ Ü˛ˆÏÓ˚y–

vi) Î!ò f x a x
n n( ) = −( )

1

, ˆÎáyˆÏl a>0 ~ÓÇ n∈N •Î˚ñ ï˛ˆÏÓ ˆòáyG ˆÎ f f x x( )( ) = –

vii) Î!ò  f : Q→Q ~ÓÇ g :Q→Q xˆÏ˛õ«˛Ü˛ ò%!ê˛ ÎÌye´ˆÏÙ f(x)=2x G g(x)=x+2 myÓ˚y §ÇK˛yï˛ •Î˚ñ ï˛ˆÏÓ

ˆòáyG ˆÎñ f  ~ÓÇ g •° Óy•zˆÏçÜ˛!ê˛Ë˛ !ã˛eî– ~SÈyí˛¸yñ gof f og( ) =− − −1 1 1 ~Ó˚ ÎÌyÌ≈ï˛y Îyã˛y•z Ü˛ˆÏÓ˚y–

viii) xá[˛ §ÇáƒyÓ˚ ˆ§ˆÏê˛Ó˚ çlƒ 5 ÈË˛yçÜ˛ !lË≈˛Ó˚ =ˆÏîÓ˚ ï˛y!°Ü˛y!ê˛ !°á–

ix) S={0,1,2,3,4}  ˆ§ˆÏê˛ §ÇK˛yï˛ +
5 
ÈüÈ~Ó˚ ≤Ã!e´Î˚y ï˛y!°Ü˛y!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

x) ôÓ˚y ÎyÜ˛ +
6 
(6 Ë˛yçÜ˛ !lË≈˛Ó˚ ˆÎyà) •°  S = {0 ,1 ,2 ,3 ,4 ,5}  ˆ§ˆÏê˛ ~Ü˛!ê˛ !m˛õò# ≤Ã!e´Î˚y– ï˛y•ˆÏ°

2+
6
4–1+

6
3–1 ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

xi) !lˆÏ¡¨ ≤Ãò_ xˆÏ˛õ«˛Ü˛=!° ~Ü˛ÈüÈ~Ü˛ G í˛z˛õ!Ó˚!ã˛eî !Ü˛ly Îyã˛y•z Ü˛ˆÏÓ˚y ≠

a)  f : R→R, f x
x

( ) =
−2 3

7

b) f : R→R,  f(x) = |x+1|

c)  f : R–{2}→R, f x
x

x
( ) =

−
−

3 1

2
d) f : R→[–1,1],  f(x)=sin2x

xii) f : R→R, g : R→R ÎÌye´ˆÏÙ f (x)=[x] G g(x)=|x| myÓ˚y §ÇK˛yï˛ñ ï˛y•ˆÏ° fog( ) −







2

3

G gof( ) −







2

3
~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

xiii) R–{0}  ˆ§ˆÏê˛ Ú*Û !m˛õò ≤Ã!e´Î˚y!ê˛ a b
a

b
* =

2
2

 myÓ˚y §ÇK˛yï˛– ï˛y•ˆÏ° Ú*Û !Ó!lÙÎ˚ˆÏÎyàƒ G §ÇˆÏÎyçƒ

!Ü˛ly ˛õÓ˚#«˛y Ü˛ˆÏÓ˚y–
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í z̨_Ó˚Ùy°y

Ü˛ÈüÈ!ÓË˛yà

1. i) b ii) d iii) a iv) b  v) d vi) c

vii) c viii) d ix) b x) d xi) c xii) a

xiii) b xiv) d xv) c xvi) a xvii) c xviii) d

xix) c xx) a xxi) b xxii) c xxiii) c xxiv) a

xxv) d xxvi) c xxvii) a xxviii) c xxix) c xxx) c

2. i) R •° §Çe´Ùî ii) 10 iii) f  •° ~Ü˛ÈüÈ~Ü˛ !ã˛eî iv) 26

v) (1,2) vi) ˆÎˆÏ•ï%˛ a ∈ −∞( ), 0 ÈüÈˆï˛ a x§ÇK˛yï˛ §%ï˛Ó˚yÇ ~!ê˛ xˆÏ˛õ«˛Ü˛ lÎ˚–

vii) X
1
4X

2
4X

3
=X ~ÓÇ X

1
3X

2
3X

3 
= φ viii) x ix) ly x) §Çe´Ùî lÎ˚

xii)  120 xiii)  8 xiv) ly xv) 6

áÈüÈ!ÓË˛yà

3. i) { (1,3),(3,1)} ii) f x
x− =

+1 5 1

2
( ) iii) 

1369

27
iv) A= 1,∞[ )

v) f
y

y

− =
+

−
1 3 4

6 4
vi) 2x3 + x6 vii) ~Ó˚ x!hflÏc ̂ l•z

ix) ˆÎˆÏ•ï%˛  f(3)=f(–1)=2ñ ï˛y•z Èf È~Ü˛ÈüÈ~Ü˛ !ã˛eî lÎ˚ x) 7 xi) x∈(8,10)

xii) f x
x x− −= −( )1 1

2
2 2( ) xiii) 

x −







31

5

1

3

xiv) 
12

4 3

!

( !)

xv) f •° Óy•zˆÏçÜ˛!ê˛Ë˛

àÈüÈ!ÓË˛yà

4. i) •Ñƒyñ R ~Ü˛!ê˛ §Ùï%˛°ƒ §¡õÜ≈˛

v) fog : [–1,1]→Rñ fog(x)= tan 1 2− x myÓ˚y §ÇK˛yï˛–

gof : −





→
π π

4 4
,  Rñ gof(x) = 1

2− tan x  myÓ˚y §ÇK˛yï˛–

viii) ×5 0 1 2 3 4

0 0 0 0 0 0

1 0 1 2 3 4

2 0 2 4 1 3

3 0 3 1 4 2

4 0 4 3 2 1
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ix) +
5 0 1 2 3 4

0 0 1 2 3 4

1 1 2 3 4 0

2 2 3 4 0 1

3 3 4 0 1 2

4 4 0 1 2 3

x) 1

xi) (a) Óy•zˆÏçÜ˛!ê˛Ë˛  (b) ~Ü˛ÈüÈ~Ü˛ G í˛z˛õ!Ó˚!ã˛eˆÏîÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚  (c) ~Ü˛ÈüÈ~Ü˛ !Ü˛v í˛z˛õ!Ó˚!ã˛eî lÎ˚ñ

(d) ~Ü˛ÈüÈ~Ü˛ G í˛z˛õ!Ó˚!ã˛eˆÏîÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

xii) fog( ) −







2

3
= 0  ~ÓÇ gof( ) −








2

3
=1

xiii) !Ó!lÙÎ˚ˆÏÎyàƒ Óy §ÇˆÏÎyçƒ ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–
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!eˆÏÜ˛yî!Ù!ï˛Ü˛ !Ó˛õÓ˚#ï˛ Ó,_#Î˚ xˆÏ˛õ«˛Ü˛§Ù)•
(Inverse Trigonometric Functions)

=Ó˚&c˛õ)î≈ !Ó£ÏÎ˚Ó› ~ÓÇ Ê˛°yÊ˛° ≠

● sin–1x, cos–1x, tan–1x, cot–1x, sec–1x, cosec–1x ÈüüüÈ ~•z xˆÏ˛õ«˛Ü˛=!°ˆÏÜ˛ !eˆÏÜ˛yî!Ù!ï˛Ü˛ !Ó˛õÓ˚#ï˛ Ó,_#Î˚
xˆÏ˛õ«˛Ü˛ Ó°y •Î˚–

● °«˛ƒ Ü˛Ó˚ ˆÎ sin
sin

− ≠1 1
x

x
 ~ÓÇ sin sin− −( ) ≠1

2
2x x  ~ÓÇ sin–1x≠(sinx)–1–

● !Ó˛õÓ˚#ï˛ Ó,_#Î˚ xˆÏ˛õ«˛Ü˛=!°Ó˚ ˆ«˛e Óy xMÈ˛° ådomainä ≤Ã§yÓ˚ Óy ˛õyÕ‘y årangeä ~ÓÇ Ù%áƒÙyl åPrincipal

valueä (n∈Z)ÈüÈ~Ó˚ SÈÜ˛ ≠

x Į̈̂ õ«˛Ü˛ ˆ«˛e Óy xMÈ˛° ≤Ã§yÓ˚ Óy ˛õyÕ‘y Ù%áƒÙyl

(Function) (Domain) (Range) (Principal value)

sin–1x [–1,1] nπ+(–1)nα α, ˆÎáyˆÏl − ≤ ≤
π

α
π

2 2

cos–1x [–1,1] 2nπ±α α, ˆÎáyˆÏl 0≤α≤π

tan–1x (–∞, ∞) nπ+α α, ˆÎáyˆÏl − < <
π

α
π

2 2

cot–1x (–∞, ∞) nπ+α α, ˆÎáyˆÏl 0<α<π

cosec–1x |x|≥1 nπ+(–1)nα α, ˆÎáyˆÏl − ≤ ≤
π

α
π

2 2
, α≠0

sec–1x |x|≥1 2nπ±α α, ˆÎáyˆÏl 0≤α≤π, α
π

≠
2

● ˆÜ˛y Ï̂ly !e Ï̂Ü˛yî!Ù!ï˛Ü˛ !Ó˛õÓ˚#ï˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ Ùyl Îy Ù%áƒ ¢yáyÓ˚ xhs˝à≈ï˛ ï˛y Ï̂Ü˛ ̇  !e Ï̂Ü˛yî!Ù!ï˛Ü˛ !Ó˛õÓ˚#ï˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚
Ù%áƒÙyl Ó°y •Î˚–

● sin–1x xˆÏ˛õ«˛Ü˛!ê˛ §ÇK˛yï˛ •Î˚ñ Î!ò –1≤x≤1 •Î˚ È

sin–1x ü~Ó˚ Ù%áƒÙyl α •ˆÏ° − ≤ ≤
π

α
π

2 2
•Î˚–

● cos–1x xˆÏ˛õ«˛Ü˛!ê˛ §ÇK˛yï˛ •Î˚ñ Î!ò –1≤x≤1 •Î˚ È
cos–1x ü~Ó˚ Ù%áƒÙyl α •ˆÏ° 0≤α≤π •Î˚–

● tan–1x xˆÏ˛õ«˛Ü˛!ê˛ x ÈüÈ~Ó˚ ˆÎˆÏÜ˛yˆÏly ÓyhflÏÓ ÙyˆÏl §ÇK˛yï˛ xÌ≈yÍ –∝<x<∝; •ˆÏ° tan–1x §ÇK˛yï˛ •Î˚ tan–1x

xôƒyÎ˚ÈüÈ 2



23

ÈüÈ~Ó˚ Ù%áƒÙyl α •ˆÏ°  − < <
π

α
π

2 2
–

● cot–1x xˆÏ˛õ«˛Ü˛!ê˛ §ÇK˛yï˛ •Î˚ Î!ò –∝<x<∝ •Î˚

cot–1x ÈüÈ~Ó˚ Ù%áƒÙyl α •ˆÏ°  0<α<π •Î˚–

● sec–1x xˆÏ˛õ«˛Ü˛!ê˛ §ÇK˛yï˛ •Î˚ñ Î!ò |x|≥1 •Î˚

sec–1x ÈüÈ~Ó˚ Ù%áƒÙyl α •ˆÏ°  0≤α≤π ~ÓÇ α
π

≠
2

•Î˚–

● cosec–1x xˆÏ˛õ«˛Ü˛!ê˛ §ÇK˛yï˛ •Î˚ñ Î!ò |x|≥1 •Î˚ åxÌ≈yÍ x≥1 xÌÓy x≤ –1ä •Î˚–

cosec–1xÈ üÈ~Ó˚ Ù%áƒÙyl α •ˆÏ° − ≤ ≤
π

α
π

2 2
 ~ÓÇ α≠0 •Î˚–

● !eˆÏÜ˛yî!Ù!ï˛Ü˛ !Ó˛õÓ˚#ï˛ Ó,_#Î˚ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ôÙ≈yÓ°# ≠
i) sin–1(sinx) = x ; sin(sin–1x) = x

cos–1(cosx) = x ; cos(cos–1x) = x

tan–1(tanx) = x ; tan(tan–1x) = x

cosec–1(cosecx) = x ; cosec(cosec–1x) = x

sec–1(secx) = x ; sec(sec–1x) = x

cot–1(cotx) = x ; cot(cot–1x) = x

ii) sin cos ;
− −






 =1 11

x
ec x cos sec

− −





 =1 11

x
x

tan cot , ;− −





 = >1 11

0
x

x x cos sinec
x

x− −





 =1 11

sec cos ;− −





 =1 11

x
x cot tan− −






 =1 11

x
x

iii) sin–1(–x) = –sin–1x ; cosec–1(–x) = –cosec–1x

cos–1(–x) = π – cos–1x ; sec–1(–x) = π–sec–1x

tan–1(–x) = –tan–1x ; cot–1(–x) = π–cot–1x

iv) sin–1x+cos–1x = 
π

2

tan–1x+cot–1x = 
π

2

sec–1x+cosec–1x = 
π

2
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v) tan tan tan ,− − −+ = +
−

1 1 1

1
x y

x y

xy
  Îál  xy < 1

tan tan tan ,− − −− =
−

+
1 1 1

1
x y

x y

xy
 Îál  xy < −1

tan tan tan , , ,− − −+ = +
+

−








 > >1 1 1

1
1 0x y

x y

xy
xy x yπ

vi) sin cos tan t− − −

+






 =

−
+









 =

−






 =1

2

1
2

2

1

2

2

1

1

1

2

1
2

x

x

x

x

x

x
aan−1 x

vii) sin sin sin− − −+ = − + −( )1 1 1 2 21 1x y x y y x

sin sin sin− − −− = − − −( )1 1 1 2 21 1x y x y y x

cos cos cos− − −+ = − − −( )1 1 1 2 21 1x y xy x y

cos cos cos− − −− = + − −( )1 1 1 2 21 1x y xy x y

tan tan tan tan− − − −+ + =
+ + −

− − −










1 1 1 1

1
x y z

x y z xyz

xy yz zx

xl%¢#°l#Èüü2

Ü˛ÈüÈ!ÓË˛yà

˜lÓƒ!_´Ü˛ ≤ÃŸ¿yÓ°# :  [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 1/2 ]

Ó‡Ù%á# !lÓ≈yã˛lôÙ#≈ ≤ÃŸ¿ ≠ å§!ë˛Ü˛ í˛z_Ó˚!ê˛ !lÓ≈yã˛l Ü˛ˆÏÓ˚yä

1) cot− 









1 1

3
 ÈüÈ~Ó˚ Ù%áƒ Ùyl ÈüüüÈ

a) 
π

6
b) 

π

4
c) 

π

3
d) 

π

2

2) sin
− 









1 3

2
 üÈ~Ó˚ §yôyÓ˚î Ùyl ÈüüüÈ

a) n
n

π
π

− −( )1
3

b) n
n

π
π

+ −( )1
3

c) n
n

π
π

+ −( )1
6

d) nπ

3) cos sin
− 








1 3

5
üÈ~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ

a) 
5

4
b) 

4

5
c) −

5

4
d) −

4

5
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4) sin sin sec cos tan tan− − − −+





 + +








1 1 1 11

3
3

1

2
2 üÈ~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ

a) –1 b) 0 c) 1 d) 2

5) cot− −( )1 3  üÈ~Ó˚ §yôyÓ˚î Ùyl •ˆÏÓ ÈüüüÈ

a) nπ
π

+
5

6
b) nπ

π
−

5

6
c) nπ

π
+

6
d) nπ

π
−

6

6) Î!ò  2tan–1x = sin–1k •Î˚ ï˛ˆÏÓ k üÈ~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ

a) 
1

1

2

2

−
+

x

x
b) 

2

1
2

x

x−
c) 

2

1
2

x

x+
d) 

2

1

2

2

x

x+

7) l#ˆÏã˛Ó˚ ≤Ãò_ !ÓÓ,!ï˛=!°Ó˚ ˆÜ˛yl‰!ê˛ !ÙÌƒy ?

a) sec–1x+cosec–1x=
π

2
 §)e!ê˛ §ï˛ƒ •Î˚ Îál |x|≥1–

b) sin cos tan− −1 1 3  myÓ˚y ˆÜ˛yî §)!ã˛ï˛ •Î˚–

c)  cos− =1 1

5
θ  •ˆÏ° cos ec

−1
5  ÈüÈ~Ó˚ Ùyl •ˆÏÓ

π
θ

2
−






 –

d)  sin–1x=θ •ˆÏ° cos ec
−

−











1

2

1

1 x
 ÈüÈ~Ó˚ Ùyl θ •ˆÏÓ–

8) l#ˆÏã˛Ó˚ ˆÜ˛yl!ê˛ cos sin− −+





1 11

2
2

1

2
ÈüÈ~Ó˚ Ùyl ÓˆÏ°y ⁄

a) 
5

6

π
b) 

π

3
c) 

2

3

π
d) 

π

2

9) sec–1x=cosec–1y •ˆÏ° l#ˆÏã˛Ó˚ ˆÜ˛yl‰!ê˛ cos cos− −+










1 11 1

x y
ÈüÈ~Ó˚ Ùyl ÓˆÏ°y⁄

a) π b) 
2

3

π
c) 

5

6

π
d) 

π

2

10) sin cos− −− =1 1

6
x x

π
•ˆÏ° l#ˆÏã˛Ó˚ ˆÜ˛yl‰!ê˛ xÈüÈ~Ó˚ Ùyl ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚⁄

a) 1 b) 
1

2
c) 

1

2
d) 

3

2

x!ï˛ §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠

1) cos− −










1 3

2
ÈüÈ~Ó˚ Ù%áƒÙyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

2) sec–1(–2) !Ó˛õÓ˚#ï˛ Ó,_#Î˚ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆ«˛e Óy §yôyÓ˚î Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–
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3) cot tan− −−







 + ( )1 11

3
3  ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

4) sec cot tan cos2 1 2 11

3
2− −







 + ( )ec ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

5) cot sin sin− −+









1 11

5

2

5
 ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

6) ˆòáyG ˆÎñ cos cot tan− − −+ =1 1 14

5

5

3

27

11
–

7) Î!ò tan−1x + tan−1y = 
4

5

π
 •Î˚ñ ï˛ˆÏÓ cot−1x + cot−1y ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

8) Î!ò cot (tan−1x + cot−1 3 ) = 0  •Î˚ñ ï˛ˆÏÓ x ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

9) tan tan tan
1

3

11 1− −+





x

x
,  x>0 ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

10) tan cot− −







1 4

3
 ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

11) Î!ò  3tan–1x+cot–1x = π •Î˚ ï˛ˆÏÓ xÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

12) cos–1(2x–1) xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆ«˛e !lî≈Î˚ Ü˛ˆÏÓ˚y–

áÈüÈ!ÓË˛yà

§Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ å≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 3 l¡∫Ó˚ä

1) sin cos− 

















1 33

5

π
ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

2)  ≤ÃÙyî Ü˛Ó˚ ̂ Îñ sin−1cos(sin−1x) + cos−1sin(cos−1 x) = 
π
2

.

3) ˆòáyG ˆÎñ 4 2
1

3

1

3

1 1
( tan tan )

− −+ = π .

4) ˆòáyG ˆÎñ 
1

2

1 1

2 1

1 1
2

2
tan cos− −=

+ +

+
x

x

x
.

5) ˆòáyG ˆÎñ 2
1

1

1

1 2

1 1
2

2
tan cos− −+

−
−

−
+

=
x

x

x

x

π
.

6) ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ cos cos− −+ =1 11

5

2

5 2

π
–
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7) ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ sin sin sin− − −+ =1 1 13

5

8

17

77

85
–

8) ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ tan cot cot− − −+ =
−

+
1 1 1

1
a b

b a

ab
–

9) §Ùyôyl Ü˛ˆÏÓ˚y : 2sin–1x = cos–1x.

10) §Ùyôyl Ü˛ˆÏÓ˚y : 2
2

1 3

1

2
tan

−

−
=

x

x

π

àÈüÈ!ÓË˛yà

ò#â≈ í˛z_Ó˚ôÙ≈# ≤ÃŸ¿ ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 4/6 l¡∫Ó˚ ]

1) tan cot tan sin− − −−







 + 







 +

−

















1 1 11

3

1

3 2

π
ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

2) tan tan cos cos− −





 + 








1 15

6

13

6

π π
ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

3) ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ cot cot
π

4
2 3 71−






 =−

4) ˆòáyG ˆÎñ 2 3
2

4

3

1 1
tan ( ) tan

− −− = − +
−








π

5) ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ tan cos− −+ + −

+ − −









 = +1

2 2

2 2

1 21 1

1 1 4

1

2

x x

x x
x

π

6) ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ sin sin sin− − −+ =1 1 18

17

3

5

77

85

7) ˆòáyG ˆÎñ sin cos tan− − −+ =1 1 15

13

3

5

63

16

8) ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ tan tan sin− − −+ =1 1 11

4

2

9

1

5

9) §Ùyôyl Ü˛ˆÏÓ˚y :

sin sin− −+ =1 1 2

3
x y

π
 and cos cos− −− =1 1

3
x y

π

10) Î!ò tan–1x+tan–1y+tan–1z = 
π

2
 ~ÓÇ x y z+ + = 3  •Î˚ ï˛ˆÏÓ ˆòáyG ˆÎ x=y=z–

11) Î!ò sec cosθ θ− =ec
4

3
 •Î˚ ï˛ˆÏÓ ˆòáyG ˆÎ θ = −1

2

3

4

1sin –

12) ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ 
1

2

5 3

5 3

1

2 2

1 1cos
cos

cos
tan tan− −+

+






= 





x

x

x
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13) ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ tan tan sin− − −−
+

−
−
+

=
−

+( ) +( )
1 1 1

2 2

1

1

1

1 1 1

x

x

y

y

y x

x y

14) Î!ò 2cos4θ + 9cos2θ – 7 = 0 •Î˚ ï˛ˆÏÓ ˆòáyG ˆÎ θ = −1

2

3

4

1
cos .

15) §Ùyôyl Ü˛ˆÏÓ˚y : sin sin sin− − −+ =1 1 1ax

c

bx

c
x ,  ˆÎáyˆÏl a2+b2=c2 ~ÓÇ c ≠0–

í z̨_Ó̊Ùy°y

Ü˛ÈüÈ!ÓË˛yà

Ó‡Ù%á# !lÓ≈yã˛lôÙ≈# ≤ÃŸ¿ ≠
1) c 2) b 3) b 4) c 5) d 6) c

7) d 8) c 9) d 10) d

x!ï˛ §Ç!«˛Æ í˛z_Ó˚ôÙ≈# ≤ÃŸ¿ ≠

1) 
6

5π
2) 

3

2
2

π
±πn , ˆÎáyˆÏl n=0, ±1, ±2......... 3) π 4) 5

5) 0 7)  
π
5

8) x = 3 9) 
1

3
10) −

3

4
11) x=1

12) 0  ≤ x ≤       (xÌ≈yÍ x ε[0, 1])

á˛ÈüÈ!ÓË˛yà
§Ç!«˛Æ í˛z_Ó˚ôÙ≈# ≤ÃŸ¿ ≠

1) −
π

10
9) 

1

2
10) 2 3−

à˛ÈüÈ!ÓË˛yà
ò#â≈ í˛z_Ó˚ôÙ≈# ≤ÃŸ¿ ≠

1) −
π

12
2) 0 9) x =

1

2
 ~ÓÇ  y=1 15) 

π

4
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Ùƒy!ê ∆̨:
(Matrices)

=Ó˚&c˛õ)î≈ !Ó£ÏÎ˚ ~ÓÇ Ê˛°yÊ˛° ≠

● Ü˛ˆÏÎ˚Ü˛!ê˛ §y!Ó˚ ~ÓÇ Ü˛ˆÏÎ˚Ü˛!ê˛ hflÏˆÏΩ˛Ó˚ §y•yˆÏÎƒ §Çáƒy§Ù)ˆÏ•Ó˚ xyÎ˚ï˛Ü˛yÓ˚ §IyˆÏÜ˛ ~Ü˛!ê˛ Ùƒy!ê˛∆: åMatrixä Ó°y
•Î˚– m×n §ÇáƒÜ˛ §Çáƒy müÈ§ÇáƒÜ˛ §y!Ó˚ årowä ~ÓÇ nÈüÈ§ÇáƒÜ˛ hflÏΩ˛ åcolumnäÈüÈ~Ó˚ ÙyôƒˆÏÙ xyÎ˚ï˛yÜ˛yˆÏÓ˚
§yçyˆÏ° åarranged in a rectangularäñ ï˛yˆÏÜ˛ m×××××n e´ˆÏÙÓ˚ Ùƒy!ê˛∆: åmatrix of order m×××××nä Ó°y •Î˚–
~Ü˛!ê˛ m×××××n e´ˆÏÙÓ˚ Ùƒy!ê˛∆:ˆÏÜ˛ §yôyÓ˚îï˛ !l¡¨!°!áï˛ xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ ≠

a a a a

a a a a

a a a a

n

n

n

11 12 13 1

21 22 23 2

31 32 33 3

.......

.......

.......

M MM M

a a a a
m m m mn1 2 3.......























~áyˆÏl Ùƒy!ê˛∆: åmatrixäÈüÈ~Ó˚ xhs˝à≈ï˛ a
11

, a
12

 •zï˛ƒy!ò §ÇáƒyˆÏÜ˛ ï˛yÓ˚ ˛õò åelementä Ó°y •Î˚–

● l#ˆÏã˛Ó˚ ≤Ãò_ !ï˛l ôÓ˚ˆÏîÓ˚ ≤Ãï˛#ˆÏÜ˛Ó˚ ˆÎ ˆÜ˛yˆÏly ~Ü˛!ê˛ ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ˆÜ˛yˆÏly Ùƒy!ê˛∆ˆÏ:Ó˚ xhs˝à≈ï˛ ˛õò=ˆÏ°yˆÏÜ˛ ˆ°áy
•Î˚ ≠

( ) ; [ ]  ;  

● xyÎ˚ï˛yÜ˛yÓ˚ Ùƒy!ê ∆̨: åRectangular matrixä ≠

m.n §ÇáƒÜ˛ §Çáƒy m §ÇáƒyÜ˛ §y!Ó˚ G n §ÇáƒÜ˛ hflÏˆÏΩ˛Ó˚ ÙyôƒˆÏÙ xyÎ˚ï˛yÜ˛yˆÏÓ˚ §!Iï˛ •ˆÏ° ~ÓÇ m=n ly •ˆÏ°ñ
§Iy!ê˛ˆÏÜ˛ xyÎ˚ï˛yÜ˛yÓ˚ Ùƒy!ê˛∆: Ó°y •Î˚–

í˛zòy•Ó˚î ≠ 1 2

3 4

5 6

















● Óà≈ Ùƒy!ê ∆̨: åSquare matrixä :

m2 §ÇáƒÜ˛ §Çáƒy m §ÇáƒÜ˛ §y!Ó˚ G m §ÇáƒÜ˛ hflÏˆÏΩ˛Ó˚ ÙyôƒˆÏÙ Óà≈yÜ˛yˆÏÓ˚ §!Iï˛ •ˆÏ°ñ §Iy!ê˛ˆÏÜ˛ Óà≈Ùƒy!ê˛∆:
Ó°y •Î˚–
í˛zòy•Ó˚î ≠ 

1 3

2 4

1 4 7

2 5 8

3 6 9



























,

xôƒyÎ˚ÈüÈ 3
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● §y!Ó˚ Ùƒy!ê ∆̨: ~ÓÇ hflÏΩ˛  Ùƒy!ê ∆̨: åRow matrix and column matrixä :

Î!ò ˆÜ˛yˆÏly Ùƒy!ê˛∆ˆÏ:Ó˚ ~Ü˛!ê˛Ùye hflÏΩ˛ ÌyˆÏÜ˛ñ ï˛y•ˆÏ° ~!ê˛ˆÏÜ˛ hflÏΩ˛ Ùƒy!ê˛∆: Ó°y •Î˚–

ˆÎÙl ≠ 

1

2

3

















ˆÜ˛yˆÏly Ùƒy!ê˛∆ˆÏ:Ó˚ Î!ò ~Ü˛!ê˛ Ùye §y!Ó˚ ÌyˆÏÜ˛ñ ï˛ˆÏÓ ~!ê˛ˆÏÜ˛ §y!Ó˚ Ùƒy!ê˛∆: Ó°y •Î˚–

ˆÎÙl ≠ 1 2 3[ ]

● ¢)lƒ Ùƒy!ê ∆̨: åNull or zero matrixä :

~Ü˛!ê˛ Ùƒy!ê˛∆:ˆÏÜ˛ ¢)lƒ Ó°y •Î˚ñ Î!ò ~!ê˛Ó˚ §Ü˛° í˛z˛õyòyl=ˆÏ°y ¢)lƒ •Î˚–

ˆÎÙlÈ≠ 

0
0 0

0 0

0 0 0

0 0 0

0 0 0

[ ] 

























, ,

● Ü˛î≈ Ùƒy!ê ∆̨: åDiagonal matrixä :

ˆÎ Óà≈ Ùƒy!ê˛∆:ÈüÈ~ ≤ÃyÓ˚!Ω˛Ü˛ Ü˛î≈ ÓÓ˚yÓÓ˚ ˛õò=!° ¢)lƒ lÎ˚ !Ü˛v xlƒ §Ó ˛õˆÏòÓ˚ Ùyl ¢)lƒ ï˛yˆÏÜ˛ Ü˛î≈ Ùƒy!ê˛∆: ÓˆÏ°–

● ˆflÒ°yÓ˚ Ùƒy!ê ∆̨: åScalar matrixä :

ˆÎ §Ü˛° Ü˛î≈ Ùƒy!ê˛∆ˆÏ:Ó˚ ≤ÃyÓ˚!Ω˛Ü˛ Ü˛î≈ ÓÓ˚yÓÓ˚ ~Ü˛•z ˛õò ÌyˆÏÜ˛ñ ˆ§ §Ü˛° Ü˛î≈ Ùƒy!ê˛∆:ˆÏÜ˛ ˆflÒ°yÓ˚ Ùƒy!ê˛∆: ÓˆÏ°–

● ~Ü˛Ü˛ Ùƒy!ê ∆̨: åIdentity matrixä :

~Ü˛!ê˛ Óà≈ Ùƒy!ê˛∆: ÎyÓ˚ Ü˛ˆÏî≈Ó˚ ≤Ã!ï˛!ê˛ ˛õò 1 ~ÓÇ ˛xÓ!¢‹T §Ü˛° í˛z˛õyòyl=ˆÏ°y ¢)lƒñ ~!ê˛ˆÏÜ˛ ~Ü˛Ü˛ Ùƒy!ê˛∆: ÓˆÏ°–

ˆÎÙlÈ≠ 
1 0

0 1

1 0 0

0 1 0

0 0 1



























,

● Ùƒy!ê ∆̨̂ Ï:Ó˚ §Ùï˛y åEquality of matricesä :

ò%!ê˛ Ùƒy!ê˛∆:ˆÏÜ˛ ˛õÓ˚flõÓ˚ §Ùyl Ó°y •Î˚ Î!ò ï˛yÓ˚y ~Ü˛•z e´ˆÏÙÓ˚ •Î˚ ~ÓÇ ï˛yˆÏòÓ˚ xl%Ó˚*˛õ fliyˆÏl ~Ü˛•z ˛õò ÌyˆÏÜ˛– ò%!ê˛
Ùƒy!ê˛∆: A G BÈüÈ~Ó˚ §Ùï˛y A=B myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

● ˛õ!Ó˚Óï≈˛ Ùƒy!ê˛∆: åTranspose of a matrixä :

ÙˆÏly Ü˛ˆÏÓ˚y A  ~Ü˛!ê˛ ≤Ãò_ m×n e´ˆÏÙÓ˚ Ùƒy!ê˛∆:ó A Ùƒy!ê˛∆:ÈüÈ~Ó˚ §y!Ó˚ G hflÏΩ˛=!°Ó˚ ̨ õò=!° ÎÌye´ˆÏÙ hflÏΩ˛ G §y!Ó˚
ÓÓ˚yÓÓ˚ !°ˆÏá ˆÎ Ùƒy!ê˛∆: ˛õyGÎ˚y ÎyÎ˚ ï˛yˆÏÜ˛ A Ùƒy!ê˛∆: ~Ó˚ ˛õ!Ó˚Óï≈˛ åTransposeä Ùƒy!ê˛∆: Ó°y •Î˚ ~ÓÇ ï˛y A′ Óy
AT ≤Ãï˛#ˆÏÜ˛Ó˚ §y•yˆÏÎƒ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–
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● ≤Ã!ï˛§Ù ~ÓÇ !Ó≤Ã!ï˛§Ù Ùƒy!ê ∆̨: åSymmetric and Skew-symmetric matricesä :

~Ü˛!ê˛ Óà≈ Ùƒy!ê˛∆:ˆÏÜ˛ ≤Ã!ï˛§Ù Ó°y •ˆÏÓ Î!ò Ùƒy!ê˛∆:!ê˛ ï˛yÓ˚ ˛õ!Ó˚Óï≈˛ Ùƒy!ê˛∆: ~Ó˚ §ˆÏD §Ùyl •Î˚ xÌ≈yÍ AT= A–
~Ü˛!ê˛ Óà≈ Ùƒy!ê˛∆: AÈüÈˆÜ˛ !Ó≤Ã!ï˛§Ù Ó°y •ˆÏÓ Î!ò AT=–A •Î˚–

● ~Ü˛!ê˛ Ùƒy!ê ∆̨̂ Ï:Ó˚ ̂ flÒ°yÓ˚ =î åScalar multiplication of matrixä :

~Ü˛!ê˛ Ùƒy!ê˛∆: A ~ÓÇ ~Ü˛!ê˛ ˆflÒ°yÓ˚ küÈ~Ó˚ =îÊ˛° •° ~Ü˛!ê˛ Ùƒy!ê˛∆: ÎyÓ˚ ≤ÃˆÏï˛ƒÜ˛!ê˛ ˛õò A Ùƒy!ê˛∆: ~Ó˚

≤ÃˆÏï˛ƒÜ˛!ê˛ ˛õˆÏòÓ˚ k =îó ~Ü˛!ê˛ Ùƒy!ê˛∆: A =   ×
a

ij m n
 ~ÓÇ ~Ü˛!ê˛ ˆflÒ°yÓ˚ küÈ~Ó˚ =îÊ˛° kA xÌÓy Ak myÓ˚y

≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

● ò%!ê˛ Ùƒy!ê ∆̨̂ Ï:Ó˚ ̂ Îyà G !Ó Ï̂Î˚yà åAddition and Subtraction of two matricesä :

ò%!ê˛ Ùƒy!ê˛∆: A G B ~Ó˚ ˆÎyàÊ˛° §ÇK˛yï˛ •ˆÏÓ Î!ò ï˛yÓ˚y ~Ü˛•z e´ˆÏÙÓ˚ Ùƒy!ê˛∆: •Î˚– A G B ~Ó˚ ˆÎyàÊ˛° §ÇK˛yï˛
•ˆÏÓ Î!ò ï˛yÓ˚y ~Ü˛•z e´ˆÏÙÓ˚ Ùƒy!ê˛∆: •Î˚– A G B ~Ó˚ í˛zË˛ˆÏÎ˚•z m×n e´ˆÏÙÓ˚ Ùƒy!ê˛∆: •ˆÏ° ï˛yˆÏòÓ˚ §Ù!‹T åA+Bä G
m×n e´ˆÏÙÓ˚ Ùƒy!ê˛∆: •ˆÏÓñ ÎyÓ˚ ˛õò=!° A G B ~Ó˚ xl%Ó˚*˛õ ˛õò ò%!ê˛Ó˚ §Ù!‹T myÓ˚y !lî≈#ï˛–

ò%!ê˛ Ùƒy!ê˛∆ˆÏ:Ó˚ !ÓˆÏÎ˚yàÊ˛° §ÇK˛yï˛ •Î˚ Î!ò Ùƒy!ê˛∆: ò%!ê˛ ~Ü˛•z e´ˆÏÙÓ˚ •Î˚– ~Ü˛•z e´ˆÏÙÓ˚ ò%!ê˛ Ùƒy!ê˛∆: A G BÈüÈ~Ó˚
!ÓˆÏÎ˚yàÊ˛° •° A Ùƒy!ê˛∆ˆÏ:Ó˚ §ˆÏD }îydÜ˛ B Ùƒy!ê˛∆ˆÏ:Ó˚ ˆÎyàÊ˛° ~ÓÇ ~!ê˛ åA–Bä myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–
§%ï˛Ó˚yÇñ A–B = A+(–B) = A+(–1)B.

● Î!ò A, B ~ÓÇ C !ï˛l!ê˛ ~Ü˛•z e´ˆÏÙÓ˚ Ùƒy!ê˛∆: •Î˚ ï˛ˆÏÓñ
i) A+B = B+A

ii) (A+B)+C = A+(B+C)

iii) K(A+B) = KA+KB, ˆÎáyˆÏl K ~Ü˛!ê˛ ˆflÒ°yÓ˚
iv) A+O = O+A = A

v) A+(–A) = (–A)+A = O ˆÎáyˆÏl O •° ¢)lƒ Ùƒy!ê˛∆:–

vi) Î!ò A+C = B+C, ï˛ˆÏÓ A=B.

● Ùƒy!ê ∆̨̂ Ï:Ó˚ =î åMultiplication of matricesä :

ò%!ê˛ Ùƒy!ê˛∆: A G B ~Ó˚ =îÊ˛° AB ~Ó˚ x!hflÏc xyˆÏSÈ Ó°y •Î˚ Îál A Ùƒy!ê˛∆ˆÏ:Ó˚ hflÏΩ˛ §Çáƒy B Ùƒy!ê˛∆ˆÏ:Ó˚ §y!Ó˚
§ÇáƒyÓ˚ §Ùyl •Î˚ ~ÓÇ ~ˆÏ«˛ˆÏe A G B Ùƒy!ê˛∆: ò%!ê˛ˆÏÜ˛ AB =îÊ˛ˆÏ°Ó˚ çlƒ §ÇK˛yï˛ Ó°y •Î˚– Î!ò  A=[a

ij
]

m×p

~ÓÇ B=[b
ij
]

p×n
 Ùƒy!ê˛∆: •Î˚ñ ï˛y•ˆÏ° A Ùƒy!ê˛∆ˆÏ:Ó˚ hflÏΩ˛ §Çáƒy å=pä ~ÓÇ B Ùƒy!ê˛∆ˆÏ:Ó˚ §y!Ó˚ §Çáƒy å=pä ˛õÓ˚flõÓ˚

§Ùyl •Î˚ ÓˆÏ° AB =îÊ˛° §ÇK˛yï˛ •Î˚–

● Î!ò A, B ~ÓÇ C !ï˛l!ê˛ Ùƒy!ê˛∆: •Î˚ñ ï˛ˆÏÓ ÈüüüÈ

i) §yôyÓ˚îË˛yˆÏÓ AB ≠BA xÌ≈yÍ Ùƒy!ê˛∆ˆÏ:Ó˚ =î §yôyÓ˚îË˛yˆÏÓ !Ó!lÙÎ˚ !lÎ˚Ù åcommutativeä !§k˛ Ü˛ˆÏÓ˚ ly–

ii) (AB)C = A(BC) ó Îál §Ç!Ÿ’‹T =îÊ˛°=!° §ÇK˛yï˛–

iii) A(B+C) = AB+AC Îál §Ç!Ÿ’‹T ˆÎyàÊ˛°=!° G =îÊ˛°=!° §ÇK˛yï˛–

iv) CA = CB •ˆÏ° A=B •ˆÏÓñ ~Ùl !fliÓ˚ï˛y ˆl•z–



32

v) A.O = O.A = O ˆÎáyˆÏl O •° ¢)lƒ Ùƒy!ê˛∆:–

vi) A.I = I.A. = A, ˆÎáyˆÏl I •° ~Ü˛Ü˛ Ùƒy!ê˛∆:–

vii) A ≠ O G B ≠ O • Ï̂°G AB = O •ˆÏï˛ ˛õyˆÏÓ˚ñ ˆÎáyˆÏl O •° ¢)lƒ Ùƒy!ê˛∆:–

● A Óà≈ Ùƒy!ê˛∆ˆÏ:Ó˚ ̨ õ!Ó˚Óï≈˛ AT ~ÓÇ ̨A.AT = AT.A = I •ˆÏ° AÈüÈˆÜ˛ °¡∫ åOrthogonalä Ùƒy!ê˛∆: Ó°y •Î˚–.

● A G B Ùƒy!ê˛∆ˆÏ:Ó˚ ˛õ!Ó˚Óï≈˛ ÎÌye´ˆÏÙ AT G BT •ˆÏ°ñ

i) A AT
T( ) =

ii) (A+B)T = AT+BT

iii) (A–B)T = AT–BT

iv) (AB)T = BT.AT

● ~Ü˛!ê˛ Óà≈ Ùƒy!ê˛∆: AÈüÈˆÜ˛ ~Ü˛!ê˛ ≤Ã!ï˛§Ù åsymmetricä Ùƒy!ê˛∆: ~ÓÇ ~Ü˛!ê˛ !Ó≤Ã!ï˛§Ù åskew-symmetricä
Ùƒy!ê˛∆ˆÏ:Ó˚ §Ù!‹TÓ˚ xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ xÌ≈yÍñ

A A A A A
T T= +( ) + −( )1

2

1

2

ˆÎáyˆÏl 
1

2
A A

T+( )  ≤Ã!ï˛§Ù Ùƒy!ê˛∆: ~ÓÇ  
1

2
A A

T−( )  ~Ü˛!ê˛ !Ó≤Ã!ï˛§Ù Ùƒy!ê˛∆:–

● !Ó˛õÓ˚#ï˛Ü˛Ó˚îˆÏÎyàƒ Ùƒy!ê ∆̨: åInvertible matricesä :

Î!ò A; m e´ˆÏÙÓ˚ ~Ü˛!ê˛ Óà≈ Ùƒy!ê˛∆: •Î˚ ~ÓÇ Î!ò ~Ü˛•z e´Ù m ~Ó˚ x˛õÓ˚ ~Ü˛!ê˛ Óà≈ Ùƒy!ê˛∆: BÈüÈ~Ó˚ x!hflÏc ÌyˆÏÜ˛ñ
ˆÎáyˆÏl AB=BA=Iñ ï˛ˆÏÓ B ˆÜ˛ Ùƒy!ê˛∆: AÈüÈ~Ó˚ !Ó˛õÓ˚#ï˛ Ùƒy!ê˛∆: Ó°y •Î˚ ~ÓÇ ~!ê˛ˆÏÜ˛ A–1 myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–
~ˆÏ«˛ˆÏe A ˆÜ˛ Ó°y •Î˚ !Ó˛õÓ˚#ï˛Ü˛Ó˚îˆÏÎyàƒ– A •° BÈüÈ~Ó˚ !Ó˛õÓ˚#ï˛ Ùƒy!ê˛∆: xÌ≈yÍ A=B–1 xlƒË˛yˆÏÓ Ó°y ÎyÎ˚
B=A–1–

● !Ó˛õÓ˚#ï˛Ü˛Ó˚îˆÏÎyàƒ Ùƒy!ê˛∆ˆÏ:Ó˚ ôÙ≈yÓ°# :

i) !Ó˛õÓ˚#ï˛ Ùƒy!ê˛∆ˆÏ:Ó˚ xllƒï˛y åUniqueness of inverseä Î!ò !Ó˛õÓ˚#ï˛ Óà≈ Ùƒy!ê˛∆ˆÏ:Ó˚ x!hflÏc ÌyˆÏÜ˛ñ ï˛ˆÏÓ
~!ê˛ xllƒ–

ii) A Ùƒy!ê˛∆ˆÏ:Ó˚ ˛õ!Ó˚Óï≈˛ Ùƒy!ê˛∆: AT •ˆÏ° A AT
T( ) =  •ˆÏÓ–

iii) ò%!ê˛ Ùƒy!ê˛∆ˆÏ:Ó˚ ˆÎyàÊ˛° åÓy !ÓˆÏÎ˚yàÊ˛°äÈüÈ~Ó˚ ˛õ!Ó˚Óï≈˛ ï˛yˆÏòÓ˚ ˛õ!Ó˚Óï≈˛ ò%!ê˛Ó˚ ˆÎyàÊ˛° åÓy !ÓˆÏÎ˚yàÊ˛°äÈüÈ~Ó˚
§Ùyl •ˆÏÓñ xÌ≈yÍ A G B ò%!ê˛ Ùƒy!ê˛∆: •ˆÏ° (A+B)T = AT+BT ~ÓÇ (A–B)T = AT−BT •ˆÏÓ–

iv) ò%!ê˛ Ùƒy!ê˛∆ˆÏ:Ó˚ =îÊ˛ˆÏ°Ó˚ ˛õ!Ó˚Óï≈˛ ï˛yˆÏòÓ˚ ˛õ!Ó˚Óï≈˛ ò%!ê˛Ó˚ !Ó˛õÓ˚#ï˛ =îÊ˛ˆÏ°Ó˚ §Ùyló xÌ≈yÍ ò%!ê˛ Ùƒy!ê˛∆: A G
B ~Ó˚ ̂ «˛ˆÏe (AB)T = BT×AT •ˆÏÓ–

v) ˆÎ ˆÜ˛yˆÏly Óà≈ Ùƒy!ê˛∆:ˆÏÜ˛ ~Ü˛!ê˛ ≤Ã!ï˛§Ù ~ÓÇ ~Ü˛!ê˛ !Ó≤Ã!ï˛§Ù Ùƒy!ê˛∆ˆÏ:Ó˚ §Ù!‹T xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y
ÎyÎ˚–
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● Î!ò  B;  AÈüÈ~Ó˚ !Ó˛õÓ˚#ï˛ Ùƒy!ê˛∆: •Î˚ñ ï˛ˆÏÓ A ~ÓÇ B í˛zË˛ˆÏÎ˚•z !Ó˛õÓ˚#ï˛ Ùƒy!ê˛∆:–

● AÈüÈ~Ó˚ !Ó˛õÓ˚#ï˛ Ùƒy!ê˛∆: ~ÓÇ AüÈ~Ó˚ xˆÏlƒylÜ˛ Ùƒy!ê˛∆: ˛õÓ˚flõÓ˚ §Ùyl–

● ~Ü˛Ü˛ Ùƒy!ê˛∆: !lˆÏç•z !lˆÏçÓ˚ !Ó˛õÓ˚#ï˛ Ùƒy!ê˛∆: xÌ≈yÍ I–1=I–

● ¢)lƒ Ùƒy!ê˛∆ˆÏ:Ó˚ !Ó˛õÓ˚#ï˛ Ùƒy!ê˛: ˆl•z–

● ≤ÃyÌ!ÙÜ˛ ≤Ã!e´Î˚y myÓ˚y ~Ü˛!ê˛ Ùƒy!ê ∆̨̂ Ï:Ó˚ !Ó˛õÓ˚#ï˛ Ùƒy!ê ∆̨: [ Elementary Operation (Transformation) of

a matrix] :

~Ü˛!ê˛ Ùƒy!ê˛∆ˆÏ:Ó˚ ≤ÃyÌ!ÙÜ˛ ≤Ã!e´Î˚y §Ù)• !l¡¨Ó˚*˛õ ÈüüüÈ

i) ˆÎ ˆÜ˛yˆÏly ò%!ê˛ §y!Ó˚ xÌÓy ò%!ê˛ hflÏˆÏΩ˛Ó˚ ÙˆÏôƒ ˛õÓ˚flõÓ˚ fliyl !Ó!lÙÎ˚ §yÇˆÏÜ˛!ï˛Ü˛Ë˛yˆÏÓ i-ï˛Ù ~ÓÇ j-ï˛Ù
hflÏˆÏΩ˛Ó˚ ˛õÓ˚flõÓ˚ fliyl !Ó!lÙÎ˚ R

i
↔R

j
 ~Ó˚ ÙyôƒˆÏÙ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ ~ÓÇ i-ï˛Ù G j-ï˛Ù hflÏˆÏΩ˛Ó˚ ˛õÓ˚flõÓ˚ fliyl

!Ó!lÙÎ˚ C
i
↔C

j
ÈüÈ~Ó˚ ÙyôƒˆÏÙ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

ii) ˆÎ ˆÜ˛yˆÏly §y!Ó˚ xÌÓy hflÏˆÏΩ˛Ó˚ í˛z˛õyòyl=ˆÏ°yˆÏÜ˛ ~Ü˛!ê˛ xÈüÈ¢)îƒ §Çáƒy myÓ˚y =îl §yÇˆÏÜ˛!ï˛Ü˛Ë˛yˆÏÓñ i-ï˛Ù
§y!Ó˚Ó˚ ≤Ã!ï˛!ê˛ í˛z˛õyòylˆÏÜ˛ K myÓ˚y =îl R

i
→KR

i
  myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ñ ˆÎáyˆÏl K≠0– xl%Ó˚*ˆÏ˛õ hflÏΩ˛

≤Ã!e´Î˚y!ê˛ C
j
→KC

i
 myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

iii) ˆÎ ˆÜ˛yˆÏly §y!Ó˚ xÌÓy hflÏˆÏΩ˛Ó˚ í˛z˛õyòyl=ˆÏ°yÓ˚ §ˆÏD x˛õÓ˚ ~Ü˛!ê˛ §y!Ó˚ xÌÓy hflÏˆÏΩ˛Ó˚ xl%Ó˚*ˆÏ˛õ
í˛z˛õyòyl=ˆÏ°yˆÏÜ˛ ~Ü˛!ê˛ xÈüÈ¢)îƒ §Çáƒy myÓ˚y =î Ü˛ˆÏÓ˚ ˆÎyà Ü˛Ó˚y §yÇˆÏÜ˛!ï˛Ü˛Ë˛yˆÏÓñ j-ï˛Ù §y!Ó˚Ó˚
í˛z˛õyòyl=ˆÏ°yˆÏÜ˛ K myÓ˚y =î Ü˛ˆÏÓ˚ i-ï˛Ù §y!Ó˚ xl%Ó˚*˛õ í˛z˛õyòyl=ˆÏ°yÓ˚ §yˆÏÌ ˆÎyà Ü˛Ó˚yˆÏÜ˛ R

i
→R

i
+KR

j

myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– xl%Ó˚*˛õ hflÏΩ˛ ≤Ã!e´Î˚y!ê˛ C
i
→C

j
+KC

j
 myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

xl%¢#°l#Èüüü3
Ü˛ÈüÈ!ÓË˛yà

˜lÓƒ!_´≈Ü˛ ≤ÃŸ¿yÓ°# :  [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 1 xÌÓy 2  l¡∫Ó˚ ]

1] §!ë˛Ü˛ í˛z_Ó˚!ê˛ !lÓ≈yã˛l Ü˛ˆÏÓ˚y ≠

i) Î!ò AB=A ~ÓÇ BA=B, ï˛ˆÏÓ B2 §Ùyl •ˆÏÓ ÈüüüÈ
a) B b) A c) –B d) B3

ii) Î!ò A Ùƒy!ê˛∆ˆÏ:Ó˚ e´Ù 3×4 ~ÓÇ B Ùƒy!ê˛∆: ~Ó˚*˛õ ˆÎ BA′  ~ÓÇ AB′ í˛zË˛Î˚•z §ÇK˛yï˛ñ ï˛ˆÏÓ BÈüÈ~Ó˚ e´Ù

•ˆÏÓ Èüüü
a) 4×4 b) 3×4 c) 4×3 d) 3×3
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iii) Î!ò A =
−

+ +










3 1

2 3 2

x

x x
 ~Ü˛!ê˛ ≤Ã!ï˛§Ù Ùƒy!ê˛∆: •Î˚ñ ï˛ˆÏÓ x ~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ

a) 4 b) 3 c) –4 d) –3

iv) Î!ò A=[a
ij
]

2×2
, ˆÎáyˆÏl a

ij
=i+j; ï˛ˆÏÓ A Ùƒy!ê˛∆:!ê˛ •ˆÏÓ ÈüüüÈ

a) 
1 1

2 2









 b) 

1 2

1 2









 c) 

1 2

3 4









 d) 

2 3

3 4











v) Î!ò  A
a b

c d
=









  •Î˚ñ ï˛ˆÏÓ adj (adjA) ÈüÈ~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ

a) A b) I c) A2 b) A'

vi) ÙˆÏl Ü˛ˆÏÓ˚yñ 4×4 e´ˆÏÙÓ˚ A Ùƒy!ê˛∆:!ê˛ ~Ó˚*˛õ ˆÎ |A|=4 ~ÓÇ |adjA|=8K, ï˛ˆÏÓ KÈüÈ~Ó˚ Ùyl •ˆÏÓ

a) 5 b) 8 c) 3 d) 2

vii) Î!ò A Ùƒy!ê˛∆: ~Ü˛!ê˛ ÎÌyÌ≈ °¡∫ Ùƒy!ê˛∆: •Î˚ñ ï˛ˆÏÓ ÈüüüÈ
a) |A|=0 b) |A|=1 c) |A|=2 d) |A|=3

viii) Î!ò A ~Ü˛!ê˛ 3×3 e´ˆÏÙÓ˚ !Ó˛õÓ˚#ï˛ˆÏÎyàƒ Ùƒy!ê˛∆: •Î˚ ~ÓÇ |A|=5ñ ï˛ˆÏÓ |adjA| ~Ó˚ Ùyl §Ùyl •ˆÏÓ ÈüüüÈ

a) 30 b) 21 c) 24 d) 25

ix) Î!ò Ùƒy!ê˛∆: A ≤Ã!ï˛§Ù ~ÓÇ !Ó≤Ã!ï˛§Ù í˛zË˛Î˚•z •Î˚ñ ï˛ˆÏÓ A Ùƒy!ê˛∆:!ê˛ •ˆÏÓ ÈüüüÈ

a) Ü˛î≈ Ùƒy!ê˛∆: b) ¢)lƒ Ùƒy!ê˛∆: c) Óà≈ Ùƒy!ê˛∆: d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

x) A =










a b

c d
,  2×2 e´ˆÏÙÓ˚ Ùƒy!ê˛∆:!ê˛ !Ó˛õÓ˚ï˛#ˆÏÎyàƒ •GÎ˚yÓ˚ ≤ÃˆÏÎ˚yçl#Î˚ ~ÓÇ ÎÌyÌ≈ ¢ï≈˛!ê˛ •ˆÏÓ ÈüüüÈ

a) ab–cd = 0 b) ad–bc ≠ 0 c) ac–bd ≠ 0 d) ad+bc ≠ 0

2] x!ï˛§Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠

i) Î!ò A =
−

−

















2 2 1

0 4 5

2 6 6

, ï˛ˆÏÓ A–1 ÈüÈ~Ó˚ x!hflÏc xyˆÏSÈ Ü˛#⁄

ii) ˆòáyG ˆÎñ A =
−











1

2

1 1

1 1
 ~Ü˛!ê˛ ≤ÃÜ,˛ï˛ °¡∫ Ùƒy!ê˛∆:– xï˛/˛õÓ˚ A–1 !lî≈Î˚ Ü˛ˆÏÓ˚y–

iii) Î!ò A =










3 1

0 2
 •Î˚ ï˛ˆÏÓ ˆòáyG ˆÎ A AT

T( ) = ( )− −1
1

, ˆÎáyˆÏl AT •° A ~Ó˚ ˛õ!Ó˚Óï≈˛ Ùƒy!ê˛∆:–

iv) ˆòáyG ˆÎñ A =
−









2 3

3 4
 Ùƒy!ê˛∆: x2–6x+17=0. §Ù#Ü˛Ó˚î !§k˛ Ü˛ˆÏÓ˚– xï˛/˛õÓ˚ A–1 !lî≈Î˚ Ü˛ˆÏÓ˚y–
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v) Î!ò A =










22 13

17 8
;  ï˛ˆÏÓ !lî≈Î˚ Ü˛ˆÏÓ˚y  B=A+AT ~ÓÇ ˆòáyG ˆÎ BT=B–

vi) Î!ò 2×2 e´ˆÏÙÓ˚ A Ùƒy!ê˛∆:!ê˛ ~Ó˚*˛õ ˆÎ A2=A, ï˛ˆÏÓ ˆòáyG ˆÎ (I–A)2=I–A, ˆÎáyˆÏl I •° 2×2 e´ˆÏÙÓ˚
~Ü˛Ü˛ Ùƒy!ê˛∆:–

vii) A Ùƒy!ê˛∆:!ê˛ ~Ó˚*˛õ ˆÎ A=A–1; ï˛ˆÏÓ ˆòáyG ˆÎ A(A3+I)=A+Iñ ˆÎáyˆÏl I •° ~Ü˛Ü˛ Ùƒy!ê˛∆:–

viii) A =
−











4 2

1 1
 ~ÓÇ I =











1 0

0 1
 •ˆÏ° ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ (A–2I)(A–3I) = 

0 0

0 0









 –

ix) Î!ò A =
−









5

3 2

a b
 ~ÓÇ A adjA = AAT Èó ï˛ˆÏÓ å5a+bä ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

x) 2×2 e´ˆÏÙÓ˚ ~Ü˛!ê˛ Ùƒy!ê˛∆: !°á Îy ≤Ã!ï˛§Ù ~ÓÇ !Ó≤Ã!ï˛§Ù–

áÈüü!ÓË˛yà

3] §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ å≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 3 l¡∫Ó˚ä

i) Î!ò A =
−











cos sin

sin cos

α α

α α
, ï˛ Ï̂Ó ̂ òáyG ̂ Î αñ 0

2
< <α

π
 x§Ùï˛y Ï̂Ü˛ !§k˛ Ü˛ Ï̂Ó˚ñ Îál A+AT= 2 2I

~ÓÇ AT •° A ÈüÈ~Ó˚ ˛õ!Ó˚Óï≈˛ Ùƒy!ê˛∆:–
ii) Î!ò A Óà≈ Ùƒy!ê˛∆:!ê˛ ~Ó˚*˛õ ˆÎ A2=I, ï˛ˆÏÓ (A–I)3+(A+I)3–7AÈüÈ~Ó˚ §Ó˚°ï˛Ù Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

iii) Î!ò A
P

P
=











2

2
 ~ÓÇ A3 125= ; ï˛ˆÏÓ P ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

iv) 3×3 e´ˆÏÙÓ˚ llÈüÈ!§D%°yÓ˚ Ùƒy!ê˛∆: A ~Ó˚*˛õ ˆÎ AAT=ATA ~ÓÇ B=A–1AT; ï˛ˆÏÓ BBT ~Ó˚ Ùyl !lî≈Î˚
Ü˛ˆÏÓ˚y–

v) Î!ò A =
−

−










2 1

1 2
 ~ÓÇ A2–4A+3I=0, ˆÎáyˆÏl I •° ~Ü˛Ü˛ Ùƒy!ê˛∆: ï˛ˆÏÓ A–1 !lî≈Î˚ Ü˛ˆÏÓ˚y–

vi) ≤ÃyÌ!ÙÜ˛ hflÏΩ˛ Ó˚*˛õyhs˝Ó˚ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ 
−
−











3 5

4 5
Ùƒy!ê˛∆:!ê˛Ó˚ !Ó˛õÓ˚#ï˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

vii) Î!ò A =










4 5

2 1
ñ ï˛ˆÏÓ ˆòáyG ˆÎ 6A–1+5I = A

viii) Î!ò A =










3 1

7 5
~ÓÇ  A2 = –xI+yA, ï˛ˆÏÓ x ~ÓÇ y ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚yñ ˆÎáyˆÏl I •° 2 e´ˆÏÙÓ˚

~Ü˛Ü˛ Ùƒy!ê˛∆:–
ix) A G B ò%!ê˛ Óà≈ Ùƒy!ê˛∆: ~Ó˚ çlƒ Î!ò AB=BA  •Î˚ñ ï˛ˆÏÓ ày!î!ï˛Ü˛ xˆÏÓ˚y•l ̨õk˛!ï˛Ó˚ ≤ÃˆÏÎ˚yˆÏà ≤ÃÙyl Ü˛ˆÏÓ˚y

(AB)n=AnBn.

x) Î!ò  A =










z q

o i
 ~ÓÇ A

x yq

o i

8 =








  •Î˚ñ ï˛ˆÏÓ x - y È~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–
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áÈüü!ÓË˛yà

ò#â≈ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 3 l¡∫Ó˚ ]

i) Î!ò A
− = − − −

















1

1 3 2

3 3 1

2 1 0

, ï˛ˆÏÓ A Ùƒy!ê˛∆:!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

ii) Î!ò A = −
− −

















1

3

1 2 2

2 1 2

2 2 1

, ï˛ˆÏÓ AAT; !lî≈Î˚ Ü˛ˆÏÓ˚yó xï˛/˛õÓ˚ A–1 !lî≈Î˚ Ü˛ˆÏÓ˚y–

iii)

3 2 4

3 2 5

1 1 2

− −
− −

−

















 Ùƒy!ê˛∆:!ê˛ˆÏÜ˛ ~Ü˛!ê˛ ≤Ã!ï˛§Ù åsymmetricä ~ÓÇ ~Ü˛!ê˛ !Ó≤Ã!ï˛§Ù åskew-symmetricä

Ùƒy!ê˛∆ˆÏ:Ó˚ §Ù!‹T xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚y–

iv) Î!ò A =
−















cos sin

sin cos

α α

α α

0

0

0 0 1

, ï˛ˆÏÓ adjA !lî≈Î˚ Ü˛ˆÏÓ˚y ~ÓÇ Îyã˛y•z Ü˛ˆÏÓ˚y A(adjA) = (adjA)A=|A|=I
3
–

v) ÙˆÏl Ü˛ˆÏÓ˚yñ A =
















1 0 0

2 1 0

3 2 1

ó Î!ò U
1
 ~ÓÇ U

2
 hflÏΩ˛ Ùƒy!ê˛∆: ò%!ê˛ ~Ó˚*˛õ ˆÎ AU1

1

0

0

=
















 ~ÓÇ AU2

0

1

0

=
















;

ï˛ˆÏÓ  U
1
+U

2 
!lî≈Î˚ Ü˛ˆÏÓ˚y–

vi) Î!ò P =
( )











−

3

2
1
2

1
2

3

2

, A =










1 1

0 1
  ~ÓÇ Q = PAPT, ï˛ˆÏÓ PTQ2015P ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

vii) ˆòáyG ˆÎñ A =
















1 2 2

2 1 2

2 2 1

 Ùƒy!ê˛∆:!ê˛ A2–4A–5I
3
=0 §Ù#Ü˛Ó˚îˆÏÜ˛ !§k˛ Ü˛ˆÏÓ˚ ~ÓÇ xï˛/˛õÓ˚ A–1 !lî≈Î˚ Ü˛ˆÏÓ˚y–

viii) a) Î!ò A = −
−

















3 1

7 2

5 4

x

y

z

 ~Ü˛!ê˛ ≤Ã!ï˛§Ù Ùƒy!ê˛∆: •Î˚ñ ï˛ˆÏÓ x, y ~ÓÇ z ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

b) Î!ò A =
−

















0 2

0

6 5 0

x

y z  ~Ü˛!ê˛ !Ó≤Ã!ï˛§Ù Ùƒy!ê˛∆: •Î˚ñ ï˛ˆÏÓ x, y ~ÓÇ z ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–
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ix) Î!ò A =










1 0

0 1
 ~ÓÇ B =

−










0 1

1 0
, ï˛ˆÏÓ ˆòáyG ˆÎ (aA+bB)(aA–bB) = (a2+b2)A.

x) R(t) Ùƒy!ê˛∆:!ê˛ ~Ó˚*ˆÏ˛õ ≤Ãò_ ˆÎñ R( )
cos sin

sin cos
t

t t

t t
=

−








 – ï˛ˆÏÓ ˆòáyG ˆÎñ R(s).R(t)=R(s+t).

xi) ≤Ãò_ xyˆÏSÈ ˆÎñ A =
−











cos sin

sin cos

x x

x x
 ~ÓÇ A A Kadj( ) =











1 0

0 1
, ï˛ˆÏÓ KÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

xii) ≤ÃyÌ!ÙÜ˛ Ó˚*˛õyhs˝Ó˚ ≤Ã!e´Î˚y ≤ÃˆÏÎ˚yˆÏàñ 

1 3 2

3 0 1

2 1 0

−
− −

















 Ùƒy!ê˛∆ˆÏ:Ó˚ !Ó˛õÓ˚#ï˛ åinverseä !lî≈Î˚ Ü˛ˆÏÓ˚y–
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í˛z_Ó˚Ùy°y

ÈÜ˛ÈÈüüüÈ!ÓË˛yà

1). i) a ii) b iii) c iv) d v) a vi) b

vii) b viii) d ix) b x) a

 2). i) •Ñƒy ii) A− =
−









1 1

2

1 1

1 1
iv) 

1

17

4 3

3 2−










v) B A AT= + =










44 30

30 16
vii) α = 11 ix) 5 x) 

0 0

0 0











áÈüü!ÓË˛yà

3). i) α
π

=
4

, Îy 0
2

< <α
π

 x§Ùï˛yˆÏÜ˛ !§k˛ Ü˛ˆÏÓ˚ ii) A iii) ±3 iv) BBT=I

vi) 
1

5

5 5

4 3

−
−









 viii) x=8, y=8 x)  1.

àüü!ÓË˛yà

4). ii) A
− =

−

− −

















1 1

3

1 2 2

2 1 2

2 2 1

v) U
1
+U

2
= −

















1

1

1

vi) 
1 2015

0 1











vii) 
1

5

3 2 2

2 3 2

2 2 3

−
−

−

















viii) a) x = 5,  y = 1, z = 2

b) x = 6,  y = –2, z = 5

xii) 

1 2 3

2 4 7

3 5 9

− −
−
−
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!lî≈yÎ˚Ü˛
(Determinants)

=Ó˚&c˛õ)î≈ !Ó£ÏÎ˚Ó› ~ÓÇ Ê˛°yÊ˛° ≠

● Î!ò A=[a
ij
] ~Ü˛!ê˛ n×n e´ˆÏÙÓ˚ Óà≈ Ùƒy!ê˛∆: •Î˚ñ ï˛ˆÏÓ A Ùƒy!ê˛∆ˆÏ:Ó˚ §ˆÏD §¡∫¶˛Î%_´ ~Ü˛!ê˛ Ó˚y!¢ˆÏÜ˛ !lî≈yÎ˚Ü˛ Ó°y

•ˆÏÓ ~ÓÇ ~!ê˛ |A| Óy det A Óy |a
ij
| (i=1,2,3.........n; j=1,2,3,.....n) ≤Ãï˛#Ü˛ myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •ˆÏÓñ ˆÎáyˆÏl

i.e. A a

a a a

a a a

a a a

ij

n n n

=

11 12 13

21 22 23

1 2 3

........

........

......

M M M M

...

a

a

a

n

n

nn

1

2

M

~áyˆÏl |A| = |a
ij
| !lî≈yÎ˚Ü˛!ê˛ n §ÇáƒÜ˛ §y!Ó˚ G nü§ÇáƒÜ˛ hflÏˆÏΩ˛Ó˚ myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ ~ÓÇ ~!ê˛ˆÏÜ˛ Èn e´ˆÏÙÓ˚

!lî≈yÎ˚Ü˛ Ó°y •Î˚–

● !mï˛#Î˚ e´ Ï̂ÙÓ˚ !lî≈yÎ˚Ü˛ !Óhfl,Ïï˛Ü˛Ó˚î (Expansion of a second order determinant) ≠

D
a b

a b
1

1 1

2 2

=  = (Ù%áƒ Ü˛ˆÏî≈Ó˚ ˛õò ò%!ê˛Ó˚ =îÊ˛°) – (ˆàÔî Ü˛ˆÏî≈Ó˚ ˛õò ò%!ê˛Ó˚ =îÊ˛°) = a
1
b

2
–a

2
b

1

● ï,̨ ï˛#Î˚ e´ Ï̂ÙÓ˚ !lî≈yÎ˚Ü˛ !Óhfl,Ïï˛Ü˛Ó˚î (Expansion of a third order determinant) :

D

a b c

a b c

a b c

a
b c

b c
b

a c

a c
c

a b

a b
2

1 1 1

2 3 2

3 3 3

1

2 2

3 3

1

2 2

3 3

1

2 2

3 3

= = − +

[ ≤ÃÌÙ §y!Ó˚Ó˚ ˛õò=!°Ó˚ §yˆÏ˛õˆÏ«˛ !Óhfl,Ïï˛ Ü˛ˆÏÓ˚ ]

● Ùƒy!ê˛∆: A=[a
ij
]

i×j
 ~Ó˚ !lî≈yÎ˚Ü˛ •° |a

ij
|=a

ij
–

● Ùy•zlÓ˚ åMinors) :

~Ü˛!ê˛ !lî≈yÎ˚ˆÏÜ˛Ó˚ a
ij
 ˛õˆÏòÓ˚ Ùy•zlÓ˚ •° a

ij
 ˛õˆÏòÓ˚ §yˆÏÌ Î%_´ iÈüÈï˛Ù §y!Ó˚ ~ÓÇ jÈüÈï˛Ù hflÏΩ˛ Óyò !òˆÏÎ˚ ≤ÃyÆ !lî≈yÎ˚Ü˛–

a
ij
 ˛õˆÏòÓ˚ Ùy•zlÓ˚ˆÏÜ˛ M

ij 
myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

n(n≥2) e´ˆÏÙÓ˚ ˆÜ˛yˆÏly !lî≈yÎ˚ˆÏÜ˛Ó˚ ~Ü˛!ê˛ ˛õˆÏòÓ˚ Ùy•zlÓ˚ •° n–1 e´ˆÏÙÓ˚ ~Ü˛!ê˛ !lî≈yÎ˚Ü˛–

● §• =îl#Î˚Ü˛ åCofactorsä :

ˆÜ˛yl ˛õò a
ij
, ~Ó˚ §•ÈüÈ=îl#Î˚Ü˛ˆÏÜ˛ A

ij
 myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ñ Îy •° A

ij
=(–1)i+jM

ij
, ˆÎáyˆÏl M

ij
 •° a

ij
 ~Ó˚

Ùy•zlÓ˚–

Óy

xôƒyÎ˚ÈüÈ 4
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● D
2
 !lî≈yÎ˚Ü˛ˆÏÜ˛ a

1
, b

1
, c

1
 •zï˛ƒy!ò ˛õˆÏòÓ˚ §•=îl#Î˚Ü˛=!° ÎÌye´ˆÏÙ A

1
, B

1
, C

1
 •zï˛ƒy!ò •ˆÏ°

a A b B c C
D

i j

i j
i j i j i j

+ + =




≠
=

0

2

~ÓÇ a
1
A

1
 + a

2
A

2
 + a

3
A

3
 = b

1
B

1
 + b

2
B

2
 + b

3
B

3
 = c

1
C

1
 + c

2
C

2
 + c

3
C

3
 = D

2

~ÓÇ a
1
B

1
 + a

2
B

2
 + a

3
B

3
 = a

1
C

1
 + a

2
C

2
 + a

3
C

3
 = 0 •zï˛ƒy!ò–

● !lî≈yÎ˚ˆÏÜ˛Ó˚ ôÙ≈yÓ°# åProperties of Determinantsä ≠

ˆÎ ˆÜ˛yˆÏly Óà≈Ùƒy!ê˛∆: A ~Ó˚ çlƒ |A| !l¡¨!°!áï˛ ôÙ≈yÓ°# ˆÙˆÏl ã˛ˆÏ° ÈüüüÈ

1. ′ =A A , ˆÎáyˆÏl A′=A ~Ó˚ ˛õ!Ó˚Óï≈˛ Ùƒy!ê˛∆:–

2. Î!ò xyÙÓ˚y ˆÎ ˆÜ˛yˆÏly ò%!ê˛ §y!Ó˚Ó˚ åÓy hflÏˆÏΩ˛Ó˚ä fliyl !Ó!lÙÎ˚ Ü˛!Ó˚ñ ï˛ˆÏÓ !lî≈yÎ˚ˆÏÜ˛Ó˚ !ã˛•´ ˛õ!Ó˚Ó!ï≈˛ï˛ •ˆÏÓ–

3. Î!ò ˆÎ ˆÜ˛yˆÏly ò%!ê˛ §y!Ó˚ Óy ˆÎ ˆÜ˛yˆÏly ò%!ê˛ hflÏΩ˛ x!Ë˛ß¨ xÌÓy §Ùyl%˛õyï˛# •Î˚ñ ï˛ˆÏÓ !lî≈yÎ˚ˆÏÜ˛Ó˚ Ùyl ¢)îƒ •ˆÏÓ–

4. Î!ò ˆÜ˛yˆÏly !lî≈yÎ˚ˆÏÜ˛Ó˚ §y!Ó˚ Óy ~Ü˛!ê˛ hflÏˆÏΩ˛Ó˚ ≤ÃˆÏï˛ƒÜ˛ í˛z˛õyòyl§Ù)•ˆÏÜ˛ ô &ÓÜ˛ §Çáƒy K myÓ˚y =î Ü˛Ó˚y •Î˚ñ ï˛ˆÏÓ
!lî≈yÎ˚Ü˛!ê˛Ó˚ Ùyl Ù)° !lî≈yÎ˚ˆÏÜ˛Ó˚ ÙyˆÏlÓ˚ K =î •ˆÏÓ–

5. ~Ü˛!ê˛ !lî≈yÎ˚Ü˛ˆÏÜ˛ K myÓ˚y =î Ü˛Ó˚yÓ˚ xÌ≈ •° ~!ê˛Ó˚ ˆÜ˛Ó°Ùye ~Ü˛!ê˛ §y!Ó˚Ó˚ (Óy ~Ü˛!ê˛ hflÏˆÏΩ˛Ó˚) í˛z˛õyòyl§Ù)•ˆÏÜ˛
K myÓ˚y =î Ü˛Ó˚y–

6. Î!ò A=[a
ij
]

3×3
 •Î˚ñ ï˛ˆÏÓ |K.A| = K3|A|

7. Î!ò ˆÜ˛yˆÏly !lî≈yÎ˚ˆÏÜ˛Ó˚ ~Ü˛!ê˛ §y!Ó˚ Óy ~Ü˛!ê˛ hflÏˆÏΩ˛Ó˚ í˛z˛õyòyl§Ù)•ˆÏÜ˛ ò%•z!ê˛ Óy ï˛yÓ˚ x!ôÜ˛ ˛õˆÏòÓ˚ §Ù!‹TÓ˚*ˆÏ˛õ
≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ ï˛y•ˆÏ° ≤Ãò_ !lî≈yÎ˚Ü˛!ê˛ˆÏÜ˛ ò%•z!ê˛ Óy ï˛yÓ˚ x!ôÜ˛ !lî≈yÎ˚ˆÏÜ˛Ó˚ §Ù!‹TÓ˚*˛õ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚–

8. Î!ò ˆÜ˛yˆÏly !lî≈yÎ˚ˆÏÜ˛Ó˚ ˆÎ ˆÜ˛yˆÏly §y!Ó˚ Óy hflÏˆÏΩ˛Ó˚ ≤ÃˆÏï˛ƒÜ˛ í˛z˛õyòyˆÏlÓ˚ §yˆÏÌ xl%Ó˚*˛õ x˛õÓ˚ ˆÜ˛yˆÏly §y!Ó˚ Óy hflÏˆÏΩ˛Ó˚
í˛z˛õyòylˆÏÜ˛ §Ù=îl#Î˚Ü˛ myÓ˚y =î Ü˛ˆÏÓ˚ ˆÎyà Ü˛Ó˚y •Î˚ñ ï˛ˆÏÓ !lî≈yÎ˚ˆÏÜ˛Ó˚ ÙyˆÏlÓ˚ ˆÜ˛yˆÏly ˛õ!Ó˚Óï≈˛l •Î˚ ly–

● (x
1
, y

1
), (x

2
, y

2
) ~ÓÇ (x

3
, y

3
) ¢#£Ï≈!Ó®% !Ó!¢‹T !eË%˛ˆÏçÓ˚ ˆ«˛eÊ˛°ˆÏÜ˛ ˆ°áy •Î˚

∆ =
1

2

1

1

1

1 1

2 2

3 3

x y

x y

x y

● !ï˛l!ê˛ !Ó®% §ÙˆÏÓ˚á •GÎ˚yÓ˚ ¢ï≈˛ ≠

ˆ«˛eÊ˛° (∆ABC) = 0

● Ùƒy!ê˛∆: A ~Ó˚ !lî≈yÎ˚ˆÏÜ˛Ó˚ ˛õˆÏòÓ˚ Ùy•zlÓ˚ •° iüÈï˛Ù §y!Ó˚ ~ÓÇ j ÈüÈï˛Ù hflÏΩ˛ Óyò !òˆÏÎ˚ ≤ÃyÆ !lî≈yÎ˚Ü˛ ~ÓÇ ~!ê˛ˆÏÜ˛ M
ij

myÓ˚y §)!ã˛ï˛ Ü˛Ó˚y •Î˚–

Îál
Îál
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● Î!ò A=

a a a

a a a

a a a

11 12 13

21 22 23

31 32 33

















 ï˛ˆÏÓ  adjA=

A A A

A A A

A A A

11 21 31

12 22 32

13 23 33

















ˆÎáyˆÏl A
ij 

•° a
ij
 ~Ó˚ §•=îl#Î˚Ü˛–

● A(adjA)=(adjA)A=|A|I, ˆÎáyˆÏl A •° n e´ˆÏÙÓ˚ Óà≈Ùƒy!ê˛∆:–

● ~Ü˛!ê˛ Óà≈Ùƒy!ê˛∆: AÈüÈˆÜ˛ !§D%°yÓ˚ Óy ll‰ !§D%°yÓ˚ Ó°y •ˆÏÓ Îál |A|=0 Óy |A|≠0–

● Î!ò AB=BA=I •Î˚ñ ˆÎáyˆÏl B ~Ü˛!ê˛ Óà≈Ùƒy!ê˛∆:ñ ï˛ˆÏÓ BüÈˆÜ˛ AÈüÈ~Ó˚ !Ó˛õÓ˚#ï˛ Ó°y •Î˚ñ ï˛ySÈyí˛¸y  A–1=B Óy

B–1=A •ˆÏÓ ~ÓÇ ï˛y•z ( ) 11A
−− =A–

● ~Ü˛!ê˛ Óà≈Ùƒy!ê˛∆: AÈüÈ~Ó˚ !Ó˛õÓ˚#ï˛ ÌyÜ˛ˆÏÓ Î!ò ~ÓÇ ˆÜ˛Ó°Ùye Î!ò A ll‰!§D%°yÓ˚ •Î˚–

● A
A

A− = ( )1 1
adj

● Î!ò a
1
x + b

1
y + c

1
z = d

1

a
2
x + b

2
y + c

2
z = d

2

a
3
x + b

3
y + c

3
z = d

3

ï˛ˆÏÓ ~•z §Ù#Ü˛Ó˚î=ˆÏ°yˆÏÜ˛ AX = B Ó˚*ˆÏ˛õ ˆ°áy ÎyÎ˚ñ ˆÎáyˆÏl ÈüüüÈ

A

a b c

a b c

a b c

X

x

y

z

=
















=
















1 1 1

2 2 2

3 3 3

,  ~ÓÇ B

d

d

d

=
















1

2

3

● AX=B §Ù#Ü˛Ó˚ˆÏîÓ˚ xllƒ §ÙyôyˆÏlÓ˚ çlƒ X=A–1B •Î˚ ˆÎáyˆÏl |A|≠0–

● ~Ü˛!ê˛ §Ù#Ü˛Ó˚î ï˛sf §Çàï˛ xÌÓy x§Çàï˛ •Î˚ Î!ò ~Ó˚ §ÙyôyˆÏlÓ˚ x!hflÏc ÌyˆÏÜ˛ xÌÓy ly ÌyˆÏÜ˛–

● A Óà≈ Ùƒy!ê˛∆ˆÏ:Ó˚ Ùƒy!ê˛∆: §Ù#Ü˛Ó˚î AX=B ~Ó˚

i) xllƒ §Ùyôyl ~Ó˚ x!hflÏc ÌyˆÏÜ˛ñ Î!ò |A|≠0 •Î˚–

ii) Î!ò |A|=0 ~ÓÇ (adjA)B≠0 •Î˚ñ ï˛ˆÏÓ §Ù#Ü˛Ó˚î=ˆÏ°yÓ˚ ˆÜ˛yˆÏly §ÙyôyˆÏlÓ˚ x!hflÏc ÌyˆÏÜ˛ ly–

iii) Î!ò |A|=0 ~ÓÇ (adjA)B=0 •Î˚ñ ï˛ˆÏÓ §Ù#Ü˛Ó˚î ï˛sf!ê˛ §Çàï˛ •ˆÏï˛ ˛õyˆÏÓ˚ xÌÓy lyG •ˆÏï˛ ˛õyˆÏÓ˚–

● ~Ü˛!ê˛ ≤Ãò_ !lî≈yÎ˚Ü˛ DÈüÈ~Ó˚ xƒyí˛ç%ˆÏàê‰˛ •° ~Ü˛!ê˛ !lî≈yÎ˚Ü˛ ÎyÓ˚ ̨ õò=!° D !lî≈yÎ˚ˆÏÜ˛Ó˚ ̨ õò=!°Ó˚ §•=îl#Î˚Ü˛=!°
~ÓÇ ~!ê˛ D′  ≤Ãï˛#Ü˛ myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– D !lî≈yÎ˚ˆÏÜ˛Ó˚ xƒyí˛ç%ˆÏàê˛ !lî≈yÎ˚Ü˛ D′  •ˆÏ° D/ = D2–
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xl%¢#°l#üü4

Ü˛ÈüüüÈ!ÓË˛yà

˜lÓƒ!_´Ü˛ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿yÓ°# ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 1/2  l¡∫Ó˚ ]

Ó‡Ù%á# !lÓ≈yã˛lôÙ#≈ ≤ÃŸ¿ ≠ å§!ë˛Ü˛ í˛z_Ó˚!ê˛ !lÓ≈yã˛l Ü˛ˆÏÓ˚yä

1)

1 3 5

2 4 3

4 5 6

−
−

 ~Ó˚ Ùyl •ˆÏÓ

a) 193 b) –193 c) 190 d) –192

2) D

a b c

a b c

a b c

=
1 1 1

2 2 2

3 3 3

 ~ÓÇ a
1
, b

1
, c

1
.....

 
•zï˛ƒy!òÓ˚ §•=îl#Î˚Ü˛=!° ÎÌye´ˆÏÙ A

1
, B

1
, C

1
..... •zï˛ƒy!ò •ˆÏ°

DÈüÈ~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ

a) a
2
C

2
+b

2
C

2
+c

2
C

2
b) c

1
C

1
+c

2
C

2
+c

3
C

3
c) a

2
A

1
+b

2
B

1
+c

2
C

1
d) a

1
B

1
+a

2
B

2
+a

3
B

3

3) ~Ü˛!ê˛ ~Ü˛Ü˛ Ùƒy!ê˛∆ˆÏ:Ó˚ ˛õò=!°Ó˚ myÓ˚y à!ë˛Ü˛ !lî≈yÎ˚ˆÏÜ˛Ó˚ Ùyl •ˆÏÓ ÈüüüÈ
a) 1 b) –1 c) 2 d) –2

4) ˆÜ˛yˆÏly !lî≈yÎ˚ˆÏÜ˛Ó˚ ò%!ê˛ §y!Ó˚ åÓy ò%!ê˛ hflÏΩ˛ä x!Ë˛ß¨ åidenticalä •ˆÏ° !lî≈yÎ˚ˆÏÜ˛Ó˚ Ùyl •ˆÏÓ ÈüüüÈ

a) 1 b) 2 c) –1 d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

5)  

x

x

x

3 7

2 2

7 6

0=  §Ù#Ü˛Ó˚î!ê˛Ó˚ ~Ü˛!ê˛ Ó#ç –9 •ˆÏ° x˛õÓ˚ Ó#ç ò%!ê˛ •ˆÏÓ ÈüüüÈ

a) –2, 7 b) 2, –7 c) 2, 7 d) –2, –7

6)

0 2 3

1 2 4

2 3 2

2 0 3

3 1 0

0 4 2

−

−
×

−

−
~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ

a) –1640 b) 1480 c) 1640 d) 1380

7)

1

1

1

3 2

3

2

ω ω

ω ω

ω ω

 ˆÎáyˆÏl ω •° 1ÈüÈ~Ó˚ ~Ü˛!ê˛ xÓyhflÏÓ âîÙ)°– ~Ó˚ Ùyl •ˆÏ°y ÈüüüÈ

a) 1 b) 3 c) –3 d) –1
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8) Î!ò 
2 5

8

6 2

7 3

x

x
=

−
 •Î˚ñ ï˛ˆÏÓ xÈü~Ó˚ Ùyl •ˆÏÓ ÈüüüÈÈ

a) 3 b) ±3 c) ±6 d) 6

9) Î!ò (–3,0), (3,0) ~ÓÇ (0,K) ¢#£Ï≈!Ó®%!Ó!¢‹T ˆÜ˛yˆÏly !eË%˛ˆÏçÓ˚ ˆ«˛eÊ˛° 9 Óà≈ ~Ü˛Ü˛ •ˆÏ° KüÈ~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ

a) 9 b) 3 c) –9 d) 6

10) Î!ò ˆÜ˛yˆÏly !eË%˛ˆÏçÓ˚ !ï˛l!ê˛ ˆÜ˛yî A, B ~ÓÇ C •Î˚ ï˛ˆÏÓ !lî≈yÎ˚Ü˛ 

−
−

−

1

1

1

cos cos

cos cos

cos cos

C B

C A

B A

 §Ùyl •ˆÏÓ

a) 0 b) –1 c) 1 d) ~ˆÏòÓ˚ ˆÜ˛yl!ê˛•z lÎ˚–

11) Î!ò cos2θ=0 •Î˚ñ ï˛ˆÏÓ 

0

0

0

2
cos sin

cos sin

sin cos

θ θ

θ θ

θ θ

 §Ùyl •ˆÏÓ

a) –
1

2
b) 

1

2
c) 2 d) –2

12) ∆ = +
+

1 1 1

1 1 1

1 1 1

sin

cos

θ

θ

 ñ ˆÎáyˆÏl θ ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy

!lî≈yÎ˚ˆÏÜ˛Ó˚ §ˆÏÓ≈yFã˛ Ùyl •ˆÏÓ ÈüüüÈ

a) 
1

2
b) 

3

2
c) 2 d) 

−2 3

4

x!ï˛ §Ç!«˛Æ í˛z_Ó˚ôÙ≈# ≤ÃŸ¿ ≠

1) Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ≠ 

b ab b c bc ac

ab a a b b ab

bc ac c a ab a

2

2 2

2

− − −
− − −
− − −

2) Î!ò 
32 24 16

8 3 5

4 5 3

1 3 2

2 3 5

1 5 3

= K  •Î˚ñ ï˛ˆÏÓ K ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–
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3) Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ≠ 

1 2 3

2 3 4

3 4 5

2 2 2

2 2 2

2 2 2

4) !Óhfl,Ï!ï˛ ly Ü˛ˆÏÓ˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ≠ 

1

1

1

bc bc (b + c)

ca ca (c + a)

ab ab (a + b)

5) Î!ò A= 

1 3 0

0 1 3

4 0 1

















 •Î˚ ï˛ˆÏÓ x üÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ˆÎáyˆÏl 5A A= λ .

6) Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ≠ 
cos sin

sin cos

15 15

75 75

0 0

0 0

7) Î!ò 
x x

x x

+ −
− +

=
−1 1

3 2

4 1

1 3
, ï˛ˆÏÓ x ~Ó˚ Ùyl !°ˆÏáy–

8) Î!ò 

2 3 5

6 0 4

1 5 7

−

−
 !lî≈Î˚ˆÏÜ˛Ó˚ a

ij
 ˛õˆÏòÓ˚ §•=îl#Î˚Ü˛ A

ij
 ï˛ˆÏÓ a

32
.A

32
 ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

9) Î!ò ∆ =
5 3 8

2 0 1

1 2 3

•Î˚ ï˛ˆÏÓ a
23

 ˛õˆÏòÓ˚ Ùy•zlÓ˚ ˆÓÓ˚ Ü˛ˆÏÓ˚y–

10) !l¡¨!°!áï˛ !lî≈yÎ˚ˆÏÜ˛Ó˚ !mï˛#Î˚ §y!Ó˚ ~ÓÇ ï,˛ï˛#Î˚ hflÏˆÏΩ˛Ó˚ (a
23

) ˛õˆÏòÓ˚ Ùy•zlÓ˚ ˆÓÓ˚ Ü˛ˆÏÓ˚y ≠

2 3 5

6 0 4

1 5 7

−

−

11) !l¡¨!°!áï˛ !lî≈yÎ˚ˆÏÜ˛Ó˚  a
12

 õˆÏòÓ˚ §•=îl#Î˚Ü˛ ˆÓÓ˚ Ü˛ˆÏÓ˚y ≠

1 3 5

6 0 4

1 5 7

−

−
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12) xÈüÈ~Ó˚ !Ü˛ ÙyˆÏlÓ˚ çlƒ !l¡¨!°!áï˛ Ùƒy!ê˛∆:!ê˛ !§D%°yÓ˚⁄

5 1

2 4

− +









x x

13) Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ≠ 
a ib c id

c id a ib

+ +

− + −

14) Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ≠ ∆ =
+
+
+

4

4

4

a b c

b c a

c a b

15) Î!ò A =
3 10

2 7
 •Î˚ ï˛ˆÏÓ A–1 Ü˛ï˛ !°ˆÏáy–

áüüüÈ!ÓË˛yà

§Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 3 l¡∫Ó˚ ]

1) (2,7), (1,1) G (10,8) ¢#£Ï≈!Ó®% !Ó!¢‹T ˆÜ˛yˆÏly !eË%˛ˆÏçÓ˚ ˆ«˛eÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

2) !lî≈yÎ˚ˆÏÜ˛Ó˚ ôÙ≈yÓ°# ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ≤ÃÙyî Ü˛ˆÏÓ˚y 

1

1

1

a b c

b c a

c a b

+
+
+

=0

3) ˆòáyG ˆÎ A(3,8), B(–4,2) ~ÓÇ C(10,14) !Ó®%=!° §ÙˆÏÓ˚á–

4) A(–2,0), B(0,4) ~ÓÇ C(0,K) !ï˛l!ê˛ !Ó®% ~Ùl ˆÎ ˆ«˛eÊ˛° (∆ABC)=4 Óà≈ ~Ü˛Ü˛ •ˆÏ° K ÈüÈ~Ó˚ Ùyl !lî≈Î˚
Ü˛ˆÏÓ˚y–

5) !lî≈yÎ˚Ü˛ ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ A(2,4) ~ÓÇ B(6,12) !Ó®%àyÙ# §Ó˚°ˆÏÓ˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–

6) Î!ò (a,b), ′ ′( )a b,  ~ÓÇ ( )bbaa ′−′− ,  !Ó®%=!° §ÙˆÏÓ˚á •Î˚ ï˛ˆÏÓ ˆòáyG ˆÎ baba ′=′ –

7) ˆÜ˛yˆÏly !eË%˛ˆÏçÓ˚ ¢#£Ï≈!Ó®%=!° (at
1

2, 2at
1
), (at

2

2, 2at
2
) ~ÓÇ (at

3

2, 2at
3
) •ˆÏ° !eË%˛ˆÏçÓ˚ ˆ«˛eÊ˛° !lî≈Î˚

Ü˛ˆÏÓ˚y–

àüüüÈ!ÓË˛yà

ò#â≈ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 4/6 l¡∫Ó˚ ]

1) !lî≈yÎ˚ˆÏÜ˛Ó˚ ôÙ≈yÓ°# ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ≤ÃÙyî Ü˛ˆÏÓ˚y ÈüüüÈ

α β γ

α β γ

β γ γ α α β

2 2 2

+ + +
= (α−β)(β−γ)(γ−α)(α+β+γ)
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2) Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ≠  

Cos Sin Cos Sin

Sin Cos Sin Cos

Sin Cos

2

2

0

θ θ θ θ

θ θ θ θ

θ θ

−

−

3) ˆòáyG ˆÎ 

x x x a

x x x b

x x x c

+ + +
+ + +
+ + +

1 2

2 3

3 4

=0 ˆÎáyˆÏl a, b, c §Ùyhs˝Ó˚ ≤Ãà!ï˛ˆÏï˛ xyˆÏSÈ–

4) !l¡¨!°!áï˛ §Ù#Ü˛Ó˚î ï˛sf!ê˛ Ùƒy!ê˛∆: ˛õk˛!ï˛ˆÏï˛ §Ùyôyl Ü˛ˆÏÓ˚y ≠ x + 3y = 3,   y + 3z = 7,   z + 4x = 2

5) !lî≈yÎ˚ˆÏÜ˛Ó˚ ôÙ≈yÓ°# ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ≤ÃÙyî Ü˛ˆÏÓ˚y ÈüüüÈ

3

3

3

a a b a c

a b b c b

a c b c c

− + − +
− −
− −

 = 3(a+b+c)(ab+bc+ca)

6) !Óhfl,Ïï˛ ly Ü˛ˆÏÓ˚ ≤ÃÙyî Ü˛ˆÏÓ˚y  

1

1

1

1 1

1 1

1 1

ab

bc

ca

a b

b c

c a

+
+
+

=0

7) !lî≈yÎ˚ˆÏÜ˛Ó˚ ôÙ≈yÓ°# ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ≤ÃÙyî Ü˛ˆÏÓ˚y ÈüüüÈ

a b c

a b b c c a

b c c a a b

− − −
+ + +

 = a3+b3+c3–3abc

8) !lî≈yÎ˚ˆÏÜ˛Ó˚ ôÙ≈yÓ°# ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ x ~Ó˚ §Ùyôyl Ü˛ˆÏÓ˚y

a x a x a x

a x a x a x

a x a x a x

+ − −
− + −
− − +

 = 0

9) !lî≈yÎ˚ˆÏÜ˛Ó˚ ôÙ≈yÓ°# ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ≤ÃÙyî Ü˛ˆÏÓ˚y ÈüüüÈ

a a b a b

a b a a b

a b a b a

+ +
+ +
+ +

2

2

2

 = 9b2(a+b)

10) !lî≈yÎ˚ˆÏÜ˛Ó˚ ôÙ≈yÓ°# ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ !lˆÏ¡¨Ó˚ !lî≈yÎ˚Ü˛!ê˛ ≤ÃÙyî Ü˛ˆÏÓ˚y ÈüüüÈ
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a bx c dx p qx

ax b cx d px q

u v w

x

a c p

b d q

u v w

+ + +
+ + + = −( )1

2

11) !lî≈yÎ˚ˆÏÜ˛Ó˚ ôÙ≈yÓ°# ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ≤ÃÙyî Ü˛ˆÏÓ˚y ÈüüüÈ

a b c c b

c a b c a

b a a b c

+ + − −
− + + −
− − + +

 = 2(a+b)(b+c)(c+a)

12) ˆòáyG ˆÎ  

a b c

a b c

bc ca ab

a b c

a b c

2 2 2 2 2 2

3 3 3

1 1 1

= =(a–b)(b–c)(c–a)(ab+bc+ca)

13) ˆòáyG ˆÎñ  
1 1 1

2 3 2 4 3 2

3 6 3 10 6 3

1

+ + +
+ + +
+ + +

=
p p q

p p q

p p q

14) !lî≈yÎ˚ˆÏÜ˛Ó˚ ôÙ≈yÓ°# ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ ≤ÃÙyî Ü˛ˆÏÓ˚y ÈüüüÈ

b c c a a b

c a a b b c

a b b c c a

abc a b c

+ + +
+ + +
+ + +

= − − −( )2 3
3 3 3

15) Î!ò a, b, c ôlydÜ˛ ~ÓÇ x§Ùyl •Î˚ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y !lˆÏ¡¨Ó˚ !lî≈yÎ˚Ü˛!ê˛ }lydÜ˛–

∆ =
a b c

b c a

c a b

.

16) Î!ò a, b ~ÓÇ c ôlydÜ˛ ~ÓÇ !Ë˛ß¨ •Î˚ ï˛ˆÏÓ ˆòáyG ˆÎ ∆ =
a b c

b c a

c a b

–

17) !lî≈yÎ˚ˆÏÜ˛Ó˚ ôÙ≈yÓ°# ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ !lˆÏ¡¨Ó˚ !lî≈yÎ˚Ü˛!ê˛ ≤ÃÙyî Ü˛ˆÏÓ˚y ÈüüüÈ

a bx c dx p qx

ax b cx d px q

u v w

x

b d q

a c p

u v w

+ + +
+ + + = −( )

2 2 2

2 2 2 4 1
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18) !lî≈yÎ˚ˆÏÜ˛Ó˚ ôÙ≈yÓ°# ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ !lˆÏ¡¨Ó˚ !lî≈yÎ˚Ü˛!ê˛ ≤ÃÙyî Ü˛ˆÏÓ˚y ÈüüüÈ

x y z

x y z

x y z

xyz x y y z z x
2 2 2

3 3 3

= − − −( )( )( )

19) !lî≈yÎ˚ˆÏÜ˛Ó˚ ôÙ≈yÓ°# ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎ ÈüüüÈ

1 1 1

1 1 1

1 1 1

+
+

+
= + + +

a

b

c

ab bc ca abc .

20) !lî≈yÎ˚ˆÏÜ˛Ó˚ ôÙ≈yÓ°# ÓƒÓ•yÓ˚ Ü˛ˆÏÓ˚ ≤ÃÙyî Ü˛ˆÏÓ˚y ÈüüüÈ

 

y y y

y y y

y y y

y

+
+

+
= +

5

5

5

25 3 5( )

21) !l¡¨!°!áï˛ §Ù#Ü˛Ó˚î ï˛ˆÏsfÓ˚ Ùƒy!ê˛∆ˆÏ:Ó˚ ≤ÃˆÏÎ˚yˆÏà §Ùyôyl Ü˛ˆÏÓ˚y ≠ È

4x + 2y + 3z = 2 ;  x + y + z = 1;  3x + y − 2z = 5

22) Î!ò a, b, c  ÓyhflÏÓ §Çáƒy •Î˚ñ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y ÈüüüÈ

a b c

b c a

c a b

 = –(a+b+c)(a+bω+cω2)(a+bω2+cω)  ˆÎáyˆÏl, ω  •° 1 ~Ó˚ ~Ü˛!ê˛ xÓyhflÏÓ âlÊ˛°É

23) ABC !eË%˛ˆÏç Î!ò
1 1 1

1 1 1 0
2 2 2

+ + +
+ + +

=sin sin sin

sin sin sin sin sin sin

A B c

A A B B C C

 •Î˚ñ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y ∆ABC

~Ü˛!ê˛ §Ù!mÓy‡ !eË%˛ç–

24) ôÓ˚ñ f t

t t

t t t

t t t

( )

cos

sin

sin

=
1

2 2 , ï˛ˆÏÓ 20

)(
lim

t

tf

t→
~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–
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í˛z_Ó˚Ùy°y

Ü˛ÈÈüüüÈ!ÓË˛yà

Ó‡Ù%á# !lÓ≈yã˛lôÙ#≈ ≤ÃŸ¿ ≠

1. (b) 2(b) 3(a) 4(d) 5(c) 6(c) 7(b)

8 (c) 9(b) 10(a) 11(b) 12(a)

x!ï˛ §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠

1) 0 2) 32 3) −8 4) 0 5) λ= 125 6) 0

7) 2 8) 110 9) 7 10) 13 11) 46 12) x=3

13) a2+b2+c2+d2 14) 0 15) 
7 10

2 3

−
−











áÈÈüüüÈ!ÓË˛yà

§Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠

1) 
47

2
 Óà≈ ~Ü˛Ü˛ 4) K=0 xÌÓy K=8 5) y = 2x

7) a2|(t
1
–t

2
)(3

2
–t

3
)(t

3
–t

1
)| Óà≈ ~Ü˛Ü˛

à˛ÈÈüüüÈ!ÓË˛yà

ò#â≈ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠

2)   1 4)  x = 0, y = 1, z = 2 8) x = 0 xÌÓy  x = 3a 21) x = 
1

2
,  x = 

3

2
,  z = −1

24)  0
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§hs˝ï˛y ~ÓÇ xhs˝Ó˚Ü˛°lˆÏÎyàƒï˛y
(Continuity and Differentiability)

=Ó˚&c˛õ)î≈ !Ó£ÏÎ˚ ~ÓÇ Ê˛°yÊ˛° ≠

● xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆÜ˛yˆÏly ~Ü˛!ê˛ !Ó®%ˆÏï˛ §hs˝ï˛y ≠

ôˆÏÓ˚yñ ÓyhflÏÓ §ÇáƒyÓ˚ ~Ü˛!ê˛ í˛z˛õˆÏ§ˆÏê˛Ó˚ í˛z˛õÓ˚  f  ~Ü˛!ê˛ ÓyhflÏÓ xˆÏ˛õ«˛Ü˛ ~ÓÇ c •° f ÈüÈ~Ó˚ §ÇK˛yÓ˚ xMÈ˛ˆÏ°Ó˚ ~Ü˛!ê˛

!Ó®%– ï˛ˆÏÓ c  !Ó®%ˆÏï˛ f  §hs˝ï˛ •ˆÏÓ Î!ò )()( cfxfLim
cx

=
→

 •Î˚–

xyÓ˚G !Ó¢òË˛yˆÏÓ Ó°y ÎyÎ˚ ˆÎñ x=c !Ó®%ˆÏï˛ fÈüÈˆÜ˛ §hs˝ï˛ Ó°y •ˆÏÓñ Î!ò ÓyÙ˛õˆÏ«˛Ó˚ §#Ùyñ í˛ylÈüÈ˛õˆÏ«˛Ó˚ §#Ùy ~ÓÇ
x=c !Ó®%ˆÏï˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ÙyˆÏlÓ˚ x!hflÏc ÌyˆÏÜ˛ ~ÓÇ ~Ó˚y ˛õÓ˚flõÓ˚ §Ùyl •Î˚ñ xÌ≈yÍñ

Lim f x f c Lim f x
x c x c→ →− +

= =( ) ( ) ( )

● §hs˝ï˛yÓ˚ çƒy!Ù!ï˛Ü˛ Óƒyáƒy ≠

i) x=c !Ó®%̂ Ïï˛ f x Į̈̂ õ«˛Ü˛ §hs˝ï˛ • Ï̂Óñ Î!ò x Į̈̂ õ«˛Ü˛!ê˛Ó̊ ˆ°á!ã˛ Ï̂eÓ̊ c f c, ( )( )  !Ó®%̂ Ïï˛ ˆÜ˛y Ï̂ly Ë˛@¿ ly Ìy Ï̂Ü˛–

ii) ~Ü˛!ê˛ xhs˝Ó˚yˆÏ° xˆÏ˛õ«˛Ü˛ˆÏÜ˛ §hs˝ï˛ Ó°y •ˆÏÓñ Î!ò xˆÏ˛õ«˛Ü˛!ê˛Ó˚ ̂ °á!ã˛ˆÏeÓ˚ §¡õ)î≈ xhs˝Ó˚yˆÏ°Ó˚ ÙˆÏôƒ ̂ Ü˛yˆÏly
Ë˛@¿ ly ÌyˆÏÜ˛–

● ~Ü˛!ê˛ xhs˝Ó˚yˆÏ°Ó˚ §hs˝ï˛y ≠

i) ~Ü˛!ê˛ Ù%_´ xhs˝Ó˚y° (a,b) ~Ó˚ ÙˆÏôƒ f ÈüÈˆÜ˛ §hs˝ï˛ Ó°y •ˆÏÓñ Î!ò ~•z xhs˝Ó˚yˆÏ°Ó˚ §Ü˛° !Ó®%ˆÏï˛ ~!ê˛ §hs˝ï˛
•Î˚–

ii) ~Ü˛!ê˛ Ók˛ xhs˝Ó˚y° [a,b] ~Ó˚ ÙˆÏôƒ fÈ üÈˆÜ˛ §hs˝ï˛ Ó°y •ˆÏÓñ Î!ò

1) (a, b) Ù%_´ xhs˝Ó˚yˆÏ°  f  §hs˝ï˛ •Î˚–

2) Lim f x f a
x a→ +

=( ) ( )

3) Lim f x f b
x b→ −

=( ) ( )

● x§hs˝ï˛y ≠

!l¡¨!°!áï˛ ˆ«˛e=ˆÏ°yÓ˚ ˆÎ ˆÜ˛yˆÏly ~Ü˛!ê˛Ó˚ çlƒ x=c !Ó®%ˆÏï˛ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ f  x§hs˝ï˛ •ˆÏÓ–

i) Lim f x
x c→ −

( )  ~ÓÇ Lim f x
x c→ +

( ) üÈ~Ó˚ x!hflÏc xyˆÏSÈ !Ü˛v ~Ó˚y §Ùyl lÎ˚–

ii) Lim f x
x c→ −

( )  ~ÓÇ Lim f x
x c→ +

( )  üÈ~Ó˚ x!hflÏc xyˆÏSÈ ~ÓÇ ~Ó˚y §Ùyl !Ü˛v f(c)üÈ~Ó˚ §Ùyl lÎ˚–

iii) Lim f x
x c→

( )  üÈ~Ó˚ x!hflÏc ˆl•z–

iv) f(c) §ÇK˛yï˛ lÎ˚–

xôƒyÎ˚ÈüÈ 5
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● !Ü˛S%È §yôyÓ˚î xˆÏ˛õ«˛Ü˛§Ù)ˆÏ•Ó˚ §hs˝ï˛y ≠

           xˆÏ˛õ«˛Ü˛  f(x) ˆÎ xhs˝Ó˚yˆÏ° f §hs˝ï˛

i) ~Ü˛!ê˛ ô &ÓÜ˛ xˆÏ˛õ«˛Ü˛ñ xÌ≈yÍñ f(x)=c

ii) ~Ü˛!ê˛ xˆÏË˛ò xˆÏ˛õ«˛Ü˛ñ xÌ≈yÍ f(x)=x.

iii) ~Ü˛!ê˛ Ó‡˛õò Ó˚y!¢Ùy°y xˆÏ˛õ«˛Ü˛ñ xÌ≈yÍ
f(x) = a

0
xn+a

1
xn–1+........+a

n–1
x+a

n
                R

iv) ˛õÓ˚ÙÙyl xˆÏ˛õ«˛Ü˛ñ xÌ≈yÍ f(x)=|x|.

v) §)ã˛Ü˛#Î˚ xˆÏ˛õ«˛Ü˛ñ xÌ≈yÍ f(x)=ex Óy  ax.

vi) f(x) = sinx xÌÓy cosx

vii) Ù)°ò xˆÏ˛õ«˛Ü˛ñ xÌ≈yÍ f x
p x

q x
q x( )

( )

( )
, ( )= ≠ 0

viii) ~Ü˛!ê˛ °ày!Ó˚ò!ÙÜ˛ xˆÏ˛õ«˛Ü˛ñ xÌ≈yÍ f(x)=logx (0,∝)

ix) f(x) = tanx, secx R n n z− +( ) ∈







2 1
2

π
:

x) f(x) = cotx, cosecx R–{nπ : n∈z}

xi) f(x) = sin–1x, cos–1x, tan–1x, sec–1x, cosec–1x, cot–1x ~ˆÏòÓ˚ í˛z˛õÎ%_´ §ÇK˛yÓ˚ xMÈ˛ˆÏ°–

● §hs˝ï˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ Ó#çà!îï˛ ≠

ôˆÏÓ˚yñ f(x) ~ÓÇ g(x) •° ~ˆÏòÓ˚ §yôyÓ˚î §ÇK˛yÓ˚ ˆ«˛ˆÏeÓ˚ í˛z˛õÓ˚ ò%!ê˛ §hs˝ï˛ xˆÏ˛õ«˛Ü˛ ~ÓÇ ~ˆÏòÓ˚ §ÇK˛yÓ˚ ˆ«˛ˆÏeÓ˚
ÙˆÏôƒ c ~Ü˛!ê˛ ÓyhflÏÓ §Çáƒy– ï˛ˆÏÓ x = c !Ó®%ˆÏï˛

i) f + g §hs˝ï˛–

ii) f – g §hs˝ï˛–

iii) f.g §hs˝ï˛–

iv)
f

g
 §hs˝ï˛–

v) f n, n∈N §hs˝ï˛–

● §ÇÎ%_´ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §hs˝ï˛y ≠

ôˆÏÓ˚yñ f ~ÓÇ g •° ÓyhflÏÓ Ùyl §¡øï˛ xˆÏ˛õ«˛Ü˛ ~Ùl ˆÎ c !Ó®%ˆÏï˛ (fog) §ÇK˛yï˛– Î!ò c !Ó®%ˆÏï˛ g §hs˝ï˛ •Î˚ ~ÓÇ
g(c) !Ó®%ˆÏï˛ f §hs˝ï˛ •Î˚ñ ï˛ˆÏÓ c !Ó®%ˆÏï˛ (fog) §hs˝ï˛ •ˆÏÓ–

● xhs˝Ó˚Ü˛°lˆÏÎyàƒï˛y ≠

ôˆÏÓ˚yñ f  ~Ü˛!ê˛ ÓyhflÏÓ xˆÏ˛õ«˛Ü˛ ~ÓÇ c •° f ÈüÈ~Ó˚ §ÇK˛yÓ˚ ˆ«˛ˆÏeÓ˚ ~Ü˛!ê˛ !Ó®%– xyÙÓ˚y Ó°ˆÏï˛ ˛õy!Ó˚ ˆÎñ cüÈ!Ó®%ˆÏï˛

f  xhs˝Ó˚Ü˛°lˆÏÎyàƒ •ˆÏÓñ Î!ò Lim
f x f c

x cx c→

−
−

( ) ( )
 ~Ó˚ x!hflÏc ÌyˆÏÜ˛ ~ÓÇ §§#Ù •Î˚– ~•z §#Ùy!ê˛ˆÏÜ˛ xyÙÓ˚y f ′(c)
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myÓ˚y §)!ã˛ï˛ Ü˛!Ó˚ñ ÎyˆÏÜ˛ c !Ó®%ˆÏï˛ f(x) xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ç Óy xÓÜ˛° §•à Ó°y •Î˚– xlƒÜ˛ÌyÎ˚ñ xyÙÓ˚y

Ó° Ï̂ï˛ ̨õy!Ó˚ ̂ Î ~Ü˛!ê˛ x Į̈̂ õ«˛Ü˛ f ~Ó˚ §ÇK˛yÓ˚ ̂ «˛ Ï̂eÓ˚ ~Ü˛!ê˛ !Ó®% cüÈ~ xhs˝Ó˚Ü˛°l Ï̂Îyàƒ • Ï̂Ó Î!ò Lim
f x f c

x cx c→ −

−
−

( ) ( )

xÌÓy Lim
f c h f c

hh→

− −
−0

( ) ( ) ñ ÎyˆÏÜ˛ ÓyÙ˛õˆÏ«˛Ó˚ xhs˝Ó˚Ü˛°çñ Îy L ′f (c) myÓ˚y §)!ã˛ï˛ Ü˛Ó˚y •Î˚ ~ÓÇ

Lim
f x f c

x cx c→ +

−
−

( ) ( )
 xÌÓy Lim

f c h f c

hh→

+ −
0

( ) ( )
ñ ÎyˆÏÜ˛ í˛yl˛õˆÏ«˛Ó˚ xhs˝Ó˚Ü˛°ç Ó°y •Î˚ñ Îy R ′f (c) myÓ˚y

§)!ã˛ï˛ Ü˛Ó˚y •Î˚ñ í˛zË˛Î˚•z §§#Ù ~ÓÇ §Ùyl •Î˚–

● Î!ò  L ′f (c) ≠ R ′f (c) •Î˚ñ ï˛ˆÏÓ xyÙÓ˚y Ó°ˆÏï˛ ˛õy!Ó˚ ˆÎ x=c !Ó®%ˆÏï˛ f(x) xhs˝Ó˚Ü˛°lˆÏÎyàƒ lÎ˚–

● ~Ü˛!ê˛ xhs˝Ó˚yˆÏ°Ó˚ í˛z˛õÓ˚ ~Ü˛!ê˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°lˆÏÎyàƒï˛y ≠

i) ~Ü˛!ê˛ Ù%_´ xhs˝Ó˚y° (a,b)ÈüÈ~ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ f(x)ÈüÈˆÜ˛ xhs˝Ó˚Ü˛°lˆÏÎyàƒ Ó°y •ˆÏÓñ Î!ò (a,b) xhs˝Ó˚yˆÏ°Ó˚
§Ü˛° !Ó®%ˆÏï˛ ~!ê˛ xhs˝Ó˚°Ü˛lˆÏÎyàƒ •Î˚–

ii) ~Ü˛!ê˛ Ók˛ xhs˝Ó˚y° [a,b]ÈüÈ~ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ f(x)ÈüÈˆÜ˛ xhs˝Ó˚Ü˛°lˆÏÎyàƒ Ó°y •ˆÏÓñ Î!ò Ù%_´ xhs˝Ó˚y°
(a,b)üÈ~ ~!ê˛ xhs˝Ó˚Ü˛°lˆÏÎyàƒ •Î˚ ~ÓÇ L ′f (c) G R ′f (c) x!hflÏc ÌyˆÏÜ˛–

● ≤ÃˆÏï˛ƒÜ˛ xhs˝Ó˚Ü˛°lˆÏÎyàƒ xˆÏ˛õ«˛Ü˛ §hs˝ï˛ •Î˚ñ !Ü˛v ≤ÃˆÏï˛ƒÜ˛ §hs˝ï˛ xˆÏ˛õ«˛Ü˛ xhs˝Ó˚Ü˛°lˆÏÎyàƒ lyG •ˆÏï˛ ˛õyˆÏÓ˚–

● xhs˝Ó˚Ü˛°ˆÏçÓ˚ çƒy!Ù!ï˛Ü˛ Óƒyáƒy ≠

x = c !Ó®%ˆÏï˛ xˆÏ˛õ«˛Ü˛ f(x)ÈüÈ~Ó˚ xhs˝Ó˚Ü˛°ç •° y = f(x) ÓˆÏe´Ó˚ ( ))(, cfc  !Ó®%ˆÏï˛ flõ¢≈ˆÏÜ˛Ó˚ ≤ÃÓlï˛y–

● !Ü˛S%È xyò¢≈ xhs˝Ó˚Ü˛°ç ≠

i) 
d

dx
x

x
xsin ,

−( ) =
−

− < <1

2

1

1
1 1 ii) 

d

dx
x

x
xcos ,

−( ) =
−

−
− < <1

2

1

1
1 1

iii) 
d

dx
x

x
xtan ,

−( ) =
+

− ∝< <∝1

2

1

1
iv) 

d

dx
x

x
xcot ,

−( ) =
−
+

− ∝< <∝1

2

1

1

v) 
d

dx
x

x x
xsec

| |
, | |−( ) =

−
>1

2

1

1
1 vi) 

d

dx
ec x

x x
xcos

| |
, | |−( ) =

−

−
>1

2

1

1
1

● §ÇÎ%_´ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ç ≠

å¢,C° !lÎ˚Ùä: ôˆÏÓ˚yñ f  ~Ü˛!ê˛ ÓyhflÏÓ ÙyˆÏlÓ˚ xˆÏ˛õ«˛Ü˛ Îy •° ò%!ê˛ xˆÏ˛õ«˛Ü˛ u ~ÓÇ v ÈüÈ~Ó˚ §ÇˆÏÎyçló xÌ≈yÍ

f  =  vou– ôˆÏÓ˚yñ t=u(x) ~ÓÇ Î!ò 
dt

dx
 G 

dv

dt
 í˛zË˛ˆÏÎ˚Ó˚•z x!hflÏc ÌyˆÏÜ˛ñ ï˛ˆÏÓ xyÙÓ˚y ˛õy•z

df

dx

dv

dt

dt

dx
= ⋅ –

~•z ¢,C° !lÎ˚Ù ò%!ê˛Ó˚ ˆÓ!¢ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ˆ«˛ˆÏeG §¡±§y!Ó˚ï˛ Ü˛Ó˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚–
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● x≤Ãï˛ƒ«˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ç ≠

Î!ò x ~ÓÇ y ã˛°Ó˚y!¢=ˆÏ°y f(x,y)=0 xyÜ˛yˆÏÓ˚Ó˚ §¡õÜ≈˛Ó˚*ˆÏ˛õ Î%_´ •Î˚ ~ÓÇ ~!ê˛ˆÏÜ˛ y=φ(x) xÌ≈yÍñ yÈüÈˆÜ˛ ÈxüÈ~Ó˚

xˆÏ˛õ«˛Ü˛ Ó˚*ˆÏ˛õ ≤ÃÜ˛y¢ Ü˛Ó˚y §Ω˛Ó ly •Î˚ñ ï˛ál ÈyÈüÈˆÜ˛ xüÈ~Ó˚ x≤Ãï˛ƒ«˛ xˆÏ˛õ«˛Ü˛ Ó°y •Î˚– ~ˆÏ«˛ˆÏe 
dy

dx
!lî≈ˆÏÎ˚Ó˚

çlƒñ xyÙÓ˚y ≤Ãò_ §¡õˆÏÜ≈˛Ó˚ í˛zË˛Î˚˛õ«˛ˆÏÜ˛ xÈüÈ~Ó˚ §yˆÏ˛õˆÏ«˛ xÓÜ˛°l Ü˛!Ó˚ñ ï˛ˆÏÓ ÙˆÏl Ó˚yáˆÏï˛ •ˆÏÓ ˆÎ ÈxüÈ~Ó˚

§yˆÏ˛õˆÏ«˛ φ(y)ÈÈüÈ~Ó˚ xhs˝Ó˚Ü˛°ç •° 
d

dy

dy

dx

φ
⋅ –

● °ày!Ó˚òˆÏÙÓ˚ §y•yˆÏÎƒ xÓÜ˛°l ≠

xÓÜ˛°l Ü˛Ó˚yÓ˚ ˛õ)ˆÏÓ≈ °ày!Ó˚òÙ ˆlGÎ˚yÓ˚ ˛õk˛!ï˛ˆÏÜ˛ °à!Ó˚òˆÏÙÓ˚ §y•yˆÏÎƒ xÓÜ˛°l Ó°y •Î˚– Îál xyÙÓ˚y
y=f(x)=[u(x)]v(x) xyÜ˛yˆÏÓ˚Ó˚ !Ü˛S%È !ÓˆÏ¢£Ï ˆ◊!îÓ˚ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xÓÜ˛°l Ü˛Ó˚Óñ ï˛ál ~Ó˚ í˛zË˛Î˚˛õˆÏ«˛ °ày!Ó˚òÙ
å!lôyl e Î%_´ä !lˆÏÎ˚ xÓÜ˛°l Ü˛Ó˚Ó– ~•z ˛õk˛!ï˛ˆÏï˛ ≤Ãôyl °«˛ƒl#Î˚ !Ó£ÏÎ˚ •° f(x) G u(x) xÓ¢ƒ•z §Ó≈òy ôlydÜ˛
•ˆÏÓ xlƒÌyÎ˚ ï˛yˆÏòÓ˚ °ày!Ó˚òÙ x§ÇK˛yï˛ •ˆÏÓ–

● ≤Ãyã˛!°Ü˛ xyÜ˛yˆÏÓ˚Ó˚ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ç ≠

Ü˛álG Ü˛álG x ~ÓÇ y ã˛°Ó˚y!¢ ̨õ,ÌÜ˛Ë˛y Ï̂Ó x˛õÓ˚ ~Ü˛!ê˛ ~Ü˛Ü˛ ã˛°Ó˚y!¢ t (Îy Ï̂Ü˛ ≤Ãyã˛° Ó°y •Î˚)ÈüÈ~Ó˚ x Į̈̂ õ«˛Ü˛Ó˚* Į̈̂ õ
ˆòGÎ˚y ÌyˆÏÜ˛ñ xÌ≈yÍ x = f(t) ~ÓÇ y = g(t)– ~•z xyÜ˛yˆÏÓ˚Ó˚ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛Ó˚yÓ˚ çlƒ !lˆÏ¡¨Ó˚
§)e!ê˛ ÓƒÓ•yÓ˚ Ü˛Ó˚y •Î˚–

dy

dx

dy

dt
dx

dt

dx

dt
= ≠






0

.

● x˛õÓ˚ ~Ü˛!ê˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §yˆÏ˛õˆÏ«˛ ~Ü˛!ê˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ xhs˝Ó˚Ü˛°ç ≠

ôˆÏÓ˚y u = f(x) ~ÓÇ v=g(x) •° xÈüÈ~Ó˚ ò%!ê˛ xˆÏ˛õ«˛Ü˛ñ ï˛ál g(x)üÈ~Ó˚ §yˆÏ˛õˆÏ«˛ f (x)ÈüÈ~Ó˚ xhs˝Ó˚Ü˛°ç xÌ≈yÍñ

du

dv
!lî≈Î˚ Ü˛Ó˚yÓ˚ çlƒ xyÙÓ˚y du

dv

du

dx
dv

dx

= §)e!ê˛ ÓƒÓ•yÓ˚ Ü˛Ó˚Ó–

● !mï˛#Î˚ e´ˆÏÙÓ˚ xhs˝Ó˚Ü˛°ç ≠

ôˆÏÓ˚yñ y = f(x)– ï˛ál 
d

dx

dy

dx

d y

dx







 =

2

2  ÈüÈˆÜ˛ xüÈ~Ó˚ §yˆÏ˛õˆÏ«˛ yÈüÈ~Ó˚ !mï˛#Î˚ e´ˆÏÙÓ˚ xhs˝Ó˚Ü˛°ç Ó°y •Î˚–

~!ê˛ˆÏÜ˛ y// xÌÓy y
2
 xÌÓy f ′′ (x) myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

ˆÓ˚yˆÏ°Ó˚ í˛z˛õ˛õyòƒ ≠

ôˆÏÓ˚yñ f :[a,b]→R •° [a,b] xhs˝Ó˚yˆÏ° §hs˝ï˛ ~ÓÇ (a,b) xhs˝Ó˚y Ï̂° xÓÜ˛°l Ï̂Îyàƒñ Îy Ï̂ï˛ f(a)=f(b) •Î˚ñ ̂ Îáy Ï̂l
a G b ˆÎÈüÈˆÜ˛yˆÏly ÓyhflÏÓ §Çáƒy– ï˛ˆÏÓ (a,b) xhs˝Ó˚yˆÏ° xhs˝ï˛ ~Ü˛!ê˛ !Ó®% cÈüÈ~Ó˚ x!hflÏc xyˆÏSÈñ ÎyÓ˚ çlƒ f ′(c)=0–

ˆÎáyˆÏl
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çƒy!Ù!ï˛Ü˛Ë˛yˆÏÓ ˆÓ˚yˆÏ°Ó˚ í˛z˛õ˛õyòƒ ˆÓyV˛yÎ˚ ˆÎñ ~áyˆÏl ( ))(, afa  ~ÓÇ ( ))(, bfb ÈüÈ~Ó˚ ÙôƒÓï˛#≈ xhs˝ï˛ ~Ü˛!ê˛ !Ó®%

( ))(, cfc  xyˆÏSÈ ˆÎáyˆÏl flõ¢≈Ü˛ xÈüÈxˆÏ«˛Ó˚ §Ùyhs˝Ó˚y° •Î˚–

● ÙôƒÙ Ùyl í˛z˛õ˛õyòƒ ≠

ôˆÏÓ˚y f :[a,b]→R •° [a,b] xhs˝Ó˚yˆÏ° ~Ü˛!ê˛ §hs˝ï˛ xˆÏ˛õ«˛Ü˛ ~ÓÇ (a,b) xhs˝Ó˚yˆÏ° xÓÜ˛°lˆÏÎyàƒ– ï˛ˆÏÓ (a,b)

xhs˝Ó˚yˆÏ° xhs˝ï˛ ~Ü˛!ê˛ !Ó®% cÈüÈ~Ó˚ x!hflÏc xyˆÏSÈñ ÎyÓ˚ çlƒ ′ =
−
−

f c
f b f a

b a
( )

( ) ( )
 •Î˚–

çƒy!Ù!ï˛Ü˛Ë˛yˆÏÓñ ÙôƒÙ Ùyl í˛z˛õ˛õyòƒ ˆÓyV˛yÎ˚ ˆÎ (a,b) xhs˝Ó˚yˆÏ° c ~Ó˚*˛õ ~Ü˛!ê˛ !Ó®% ÎyˆÏï˛ c f c, ( )( )  !Ó®%ˆÏï˛

flõ¢≈Ü˛ñ a f a, ( )( )  ~ÓÇ b f b, ( )( )  !Ó®%mˆÏÎ˚Ó˚ ÙôƒÓï˛#≈ ˆSÈòˆÏÜ˛Ó˚ §Ùyhs˝Ó˚y° •Î˚–

xl%¢#°l# - 5

Ü˛ÈÈüüüÈ!ÓË˛yà

˜lÓƒ≈!_´Ü˛ ≤ÃŸ¿yÓ°# ≠  [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 1 xÌÓy 2  l¡∫Ó˚ ]

1) Ó‡Ù%á# !lÓ≈yã˛lôÙ#≈ ≤ÃŸ¿ ≠

i) Î!ò ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ f x

x

x
x

K
x

( )

sin
,

,

=
≠

=










3
0

2
0

x = 0 !Ó®%ˆÏï˛ §hs˝ï˛ •Î˚ñ ï˛ˆÏÓ KÈüÈ~Ó˚ Ùyl •° ÈüüüÈ

a) 3 b) 6 c) 9 d) 12

ii) xˆÏ˛õ«˛Ü˛  f(x) = [x], ˆÎáyˆÏl [x] •° Ó,•_Ù xá[˛§Çáƒy xˆÏ˛õ«˛Ü˛ñ ˆÎ !Ó®%ˆÏï˛ §hs˝ï˛ñ ˆ§!ê˛ •° ÈüüüÈ
a) 3 b) –2 c) 1.5 d) 1

iii) f x
x x

( )
[ ]

=
−
1 xˆÏ˛õ«˛Ü˛!ê˛ ˆÎ !Ó®%=ˆÏ°yˆÏï˛ §hs˝ï˛ lÎ˚ñ ˆ§•z !Ó®% §Çáƒy •° ÈüüüÈ

a) 1 b) 2 c) 3 d) ~ˆÏòÓ˚ ˆÜ˛ylê˛y•z lÎ˚–

iv) ˆÜ˛yl ˆ§ê˛!ê˛Ó˚ í˛z˛õÓ˚ f(x) = cot x xˆÏ˛õ«˛Ü˛!ê˛ x§hs˝ï˛⁄

a) {nπ : n∈z} b) {2nπ : n∈z} c) ( ) :2 1
2

n n z+ ∈







π
d) 

n
n z

π

2
: ∈








v) ˆÎ !Ó®%=ˆÏ°yˆÏï˛ f(x) = |x–2|cos x xˆÏ˛õ«˛Ü˛!ê˛ xÓÜ˛°lˆÏÎyàƒ ˆ§=ˆÏ°y •° ÈüüüÈ

a) R b) R–{2} c) (0, ∝) d) ~ˆÏòÓ˚ ˆÜ˛ylê˛y•z lÎ˚–

vi) Î!ò f(x) = 3x ~ÓÇ g x
x

( ) = +
3

3
3 •Î˚ñ ï˛ˆÏÓ !lˆÏ¡¨Ó˚ ˆÜ˛yl!ê˛ x§hs˝ï˛ xˆÏ˛õ«˛Ü˛ •ˆÏï˛ ˛õyˆÏÓ˚⁄

a) f(x)+g(x) b) f(x)–g(x) c) f(x).g(x) d) 
f x

g x

( )

( )
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vii) f x
x

x x
( ) =

−
−

5

5

2

3
 xˆÏ˛õ«˛Ü˛!ê˛

a) ˆÜ˛Ó°Ùye ~Ü˛!ê˛ !Ó®%ˆÏï˛ x§hs˝ï˛–

b) !ë˛Ü˛ ò%!ê˛ !Ó®%ˆÏï˛ x§hs˝ï˛–

c) !ë˛Ü˛ !ï˛l!ê˛ !Ó®%ˆÏï˛ x§hs˝ï˛–

d) ~ˆÏòÓ˚ ˆÜ˛ylê˛y•z lÎ˚–

viii) Î!ò f(x) = |x–2| ~ÓÇ g(x) = f{f(x)} •Î˚ñ ï˛ˆÏÓ 2 < x < 4 ~Ó˚ çlƒñ g ′(x) ~Ó˚ Ùyl •°

a) –1 b) 0 c) 1 d) ~ˆÏòÓ˚ ˆÜ˛ylê˛y•z lÎ˚–

ix) Î!ò f(x) = exφ(x), φ(0) =1, φ /(0) =3 •Î˚ñ ï˛ˆÏÓ f /(0) ~Ó˚ Ùyl •° ÈüüüÈ

a) 0 b) 2 c) 4 d) ~ˆÏòÓ˚ ˆÜ˛ylê˛y•z lÎ˚–

x) Î!ò f(x) = log
x
(logx) •Î˚ñ ï˛ˆÏÓ f /(e) ~Ó˚ Ùyl •°

a) 0 b) e c) 
e

2
d) 

e

1

xi) Î!ò (–∝,∝) xhs˝Ó˚yˆÏ° §ÇK˛yï˛ y = f(x) ~Ü˛!ê˛ xÓÜ˛°lˆÏÎyàƒ xÎ%@¬ xˆÏ˛õ«˛Ü˛ ~Ùl ˆÎñ f ′(3) =–2

•Î˚ñ ï˛ˆÏÓ f ′(–3) ~Ó˚ Ùyl •°ÈüüüÈ

a) 4 b) 2 c) –2 d) 0

xii) Î!ò x2+y2 = 1 •Î˚ñ ï˛ˆÏÓ

a) yy//–2(y/)2+1 = 0 b) yy//+(y/)2+1 = 0

c) yy//+(y/)2–1 = 0 d) yy/+2(y/)2+1=0

xiii) Î!ò f(x) = |cosx–sinx| •Î˚ñ ï˛ˆÏÓ ′( )f π
2

 •°

a) 1 b) –1 c) 0 d) ~ˆÏòÓ˚ ˆÜ˛ylê˛y•z lÎ˚–

xiv) f (x) = x3–3x xˆÏ˛õ«˛Ü˛ [0, 3 ] xhs˝Ó˚yˆÏ° ˆÓ˚yˆÏ°Ó˚ í˛z˛õ˛õyòƒ !§k˛ Ü˛Ó˚ˆÏ° cÈüÈ~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ

a) 1 b) –1 c) 
2

3
d) 

3

1

xv) f(x) = x
x

+
1

 xˆÏ˛õ«˛Ü˛ [1,3] xhs˝Ó˚yˆÏ° ÙôƒÙ Ùyl í˛z˛õ˛õyòƒ !§k˛ Ü˛Ó˚ˆÏ° cÈÈüÈ~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ

a) 1 b) 3 c) 2 d) ~ˆÏòÓ˚ ˆÜ˛ylê˛y•z lÎ˚–

2] x!ï˛ §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ å≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚  Ùyl 1 xÌÓy 2 l¡∫Ó˚ä

i) Î!ò f x

x

x
x

K x

( )

sin
,

,

=
≠

=







−1

0

0

  xˆÏ˛õ«˛Ü˛!ê˛ x = 0 !Ó®%ˆÏï˛ §hs˝ï˛ •Î˚ñ ï˛ˆÏÓ KÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–
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ii) f (x) = |x–1|+|x–3| xˆÏ˛õ«˛Ü˛!ê˛Ó˚ x = 2 !Ó®%ˆÏï˛ xhs˝Ó˚Ü˛°ˆÏçÓ˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

iii) Î!ò f x x( ) = +2
9  •Î˚ñ ï˛ˆÏÓ Lim

f x f

xx→

−
−4

4

4

( ) ( )
 ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

iv) Î!ò y
x

x

x

x
=

+
−







+
−
+







− −sec sin1 11

1

1

1
, x>0  •Î˚ñ ï˛ˆÏÓ  

dy

dx
~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

v) tan–1x ÈüÈ~Ó˚ §yˆÏ˛õˆÏ«˛ log(1+x2)ÈüÈ~Ó˚ xhs˝Ó˚Ü˛°l Ü˛ˆÏÓ˚y–

vi) Î!ò y = log
a
x •Î˚ñ ï˛ˆÏÓ

dy

dx
!lî≈Î˚ Ü˛ˆÏÓ˚y–

vii) Î!ò f(x) ~Ü˛!ê˛ Î%@¬ xˆÏ˛õ«˛Ü˛ •Î˚ñ ï˛ˆÏÓ ′f (x) Î%@¬ ly xÎ%@¬ xˆÏ˛õ«˛Ü˛ !°á–

viii) Î!ò x = t2, y = t3 •Î˚ñ ï˛ˆÏÓ 
d y

dx

2

2  !lî≈Î˚ Ü˛ˆÏÓ˚y–

ix) Î!ò y  = sinx0 •Î˚ñ ï˛ˆÏÓ 
dy

dx
 !lî≈Î˚ Ü˛ˆÏÓ˚y–

x) Î!ò y  = sin–1(cosx) •Î˚ñ ï˛ˆÏÓ 
d y

dx

2

2  !lî≈Î˚ Ü˛ˆÏÓ˚y–

áÈÈüüü!ÓË˛yà

3] §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ å≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚  Ùyl 3 l¡∫Ó˚ä

i) ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ §Ü˛° x≥0 ~Ó˚ çlƒ f x x x( ) | |= − xˆÏ˛õ«˛Ü˛!ê˛ §hs˝ï˛–

ii) ˆòGÎ˚y xyˆÏSÈ f x
x

( ) =
−
1

1
– f f x( ){ }  xˆÏ˛õ«˛Ü˛!ê˛Ó˚ x§hs˝ï˛ !Ó®%=ˆÏ°y !lî≈Î˚ Ü˛ˆÏÓ˚y–

iii) x=0 !Ó®%ˆÏï˛ f(x)=x |x | xˆÏ˛õ«˛Ü˛!ê˛Ó˚ xÓÜ˛°lˆÏÎyàƒï˛y xyˆÏ°yã˛ly Ü˛ˆÏÓ˚y–

iv) Î!ò x e

x

y=  •Î˚ñ ï˛ˆÏÓ ≤ÃÙyî Ü˛Ó˚ ˆÎ 
dy

dx

x y

x x
= −

log
–

v) !l¡¨!°!áï˛ xˆÏ˛õ«˛Ü˛=ˆÏ°yÓ˚ xÈüÈ~Ó˚ §yˆÏ˛õˆÏ«˛ xÓÜ˛°l Ü˛ˆÏÓ˚y ≠

a) 3
2sin x b) 

5
5

x

x
c) log x x+ +( )1

2

d) log log cos10 x( )

e) tan
cos

sin
,

−

+








< <1

1
0

x

x
x π f ) tan−

+








1

21 6

x

x
g) sin

sin cos− +





1

2

x x

h) sin(xx) i) exlogx

vi) Î!ò f(x) = sinx, g(x) = 2x, h(x) = cosx ~ÓÇ φ(x) = go foh x( ){ }.( ) •Î˚ñ ï˛ˆÏÓ ′′( )φ π
4  ~Ó˚ Ùyl

!lî≈Î˚ Ü˛ˆÏÓ˚y–

vii) Î!ò y = enx •Î˚ñ ï˛ˆÏÓ
d y

dx

d x

dy

2

2

2

2



















. !lî≈Î˚ Ü˛ˆÏÓ˚y–
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àÈüüü!ÓË˛yà

ò#â≈ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 4 xÌÓy 6 l¡∫Ó˚ ]
4] !l¡¨!°!áï˛ xˆÏ˛õ«˛Ü˛=ˆÏ°yÓ˚ !lˆÏò≈!¢ï˛ !Ó®%ˆÏï˛ §hs˝ï˛y xyˆÏ°yã˛ly Ü˛ˆÏÓ˚y ≠

i) f x

x x

x
x

x

( )

| |
,

,

=
+

≠

=







2
0

2 0

2

,   x=0 !Ó®%ˆÏï˛

ii) f x

x e

e
x

x

x

x( ) ,

,

=
+( )

−
≠

=









3 4

2
0

0 0

1

1 ,   x=0 !Ó®%ˆÏï˛

iii) f x

e

x
x

x

x

( ) log( )
,

,

=
−
+

≠

=









1

1 2
0

7 0

,   x=0 !Ó®%ˆÏï˛

iv) f x
x a

x a
x a

x a

( )
| | sin ,

,

=
−

−






 ≠

=








1

0

,   x=a !Ó®%ˆÏï˛

v) f x

x

x
x

x

x

e
x

x

( )

sin

tan
,

,

log( )
,

=

<

=

+
−

>















3

2
0

3

2
0

1 3

1
0

2

,   x=0 !Ó®%ˆÏï˛

vi) f(x) = |x–1| + |x+1|,   x=–1, 1 !Ó®%ˆÏï˛

5] !l¡¨!°!áï˛ xˆÏ˛õ«˛Ü˛=ˆÏ°y !lˆÏò≈!¢ï˛ !Ó®%=ˆÏ°yˆÏï˛ §hs˝ï˛ •ˆÏ° a ~ÓÇ büÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ≠

i) f x

x a x x

x x b x

a x b x x

( )

sin ,

cot ,

cos sin ,

=
+ ≤ <

+ ≤ <
− ≤ ≤






2 0

2

2

4

4 2

2

π

π π

π π


,   x= π
4  ~ÓÇ π

2  !Ó®%ˆÏï˛

ii) f x

x

x
a x

a b x

x

x
b x

( )

| |
,

, ,

| |
,

=

−
−

+ <

+ =
−
−

+ >














4

4
4

4

4

4
4

,   x=4 !Ó®%ˆÏï˛
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6) ˆòáyG ˆÎñ x = 2 !Ó®%ˆÏï˛ f(x) = |x–2| + |x–3| xˆÏ˛õ«˛Ü˛!ê˛ xÓÜ˛°lˆÏÎyàƒ lÎ˚–

7) f : R→R xˆÏ˛õ«˛Ü˛!ê˛ f(x+y) = f(x).f(y) §Ü˛° x,y∈R, f(x) ≠ 0 §Ù#Ü˛Ó˚î!ê˛ !§k˛ Ü˛ˆÏÓ˚– ÙˆÏl Ü˛ˆÏÓ˚y ˆÎ  f(x)

xˆÏ˛õ«˛Ü˛!ê˛ x = 0 !Ó®%ˆÏï˛ xÓÜ˛°lˆÏÎyàƒ ~ÓÇ ′f (0) = 2– ≤ÃÙyî Ü˛Ó˚ ˆÎ f /(x) = 2f(x)–

8) f x
x x a x

bx x
( )

,

,
=

+ + ≤
+ >





2 3 1

2 1
 xˆÏ˛õ«˛Ü˛!ê˛ x  ~Ó˚ §Ü˛° ÓyhflÏÓ ÙyˆÏl xÓÜ˛°lˆÏÎyàƒ •ˆÏ°ñ a ~ÓÇ b ÈüÈ~Ó˚ Ùyl

!lî≈Î˚ Ü˛ˆÏÓ˚y–

9) f x

x

x

a

x

x

x

x

x

( )

cos

,

,=
+ −

−















>
=
<

16 4

1 4

0

0

0
2

 xˆÏ˛õ«˛Ü˛!ê˛ x=0 !Ó®%ˆÏï˛ §hs˝ï˛ •ˆÏ°ñ aüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

10)
dy

dx
  !lî≈Î˚ Ü˛ˆÏÓ˚yñ Îál ÈüüüÈ

i) y
x

x
=

+
−

log
sin

sin

1

1

ii) y
a x b x

b x a x
x=

−
+







− < <−tan
cos sin

cos sin
,1

2 2

π π
~ÓÇ 

a

b
xtan > −1.

iii) y
x x

x x
x x=

+ + −

+ − −












− < < ≠−tan , ,1

2 2

2 2

1 1

1 1
1 1 0

iv) y
x x

=
− −











−cos 1

22 3 1

13

v) xy = sin(x+y)

vi) tan(x+y) + tan(x–y) = 1

vii) y x
x

x= +log secsin 10
2

viii) y = (tan x)cot x + (cot x)tan x

ix) (cos  x)y = (cos  y)x

x) x e= +







θ θ
θ

1
 ~ÓÇ y e= −








−θ θ
θ

1

xi) x
e et t

=
+ −

2
 ~ÓÇ y

e et t

=
− −

2
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11) sin−

+






1

2

2

1

x

x
ÈüÈ~Ó˚ §yˆÏ˛õˆÏ«˛ tan− + −









1
21 1x

x
üÈ~Ó˚ xhs˝Ó˚Ü˛°ç !lî≈Î˚ Ü˛ˆÏÓ˚y–

12) Î!ò y
x

x
=

−
+

1

1
 •Î˚ñ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ 1 02−( ) + =x

dy

dx
y

13) Î!ò y
x x

x x
=

+ + −
+ − −












−

cot
sin sin

sin sin

1 1 1

1 1
•Î˚ñ ï˛ˆÏÓ ˆòáyG ˆÎ 

dy

dx
ÈüÈ~Ó˚ Ùyl x !lÓ˚ˆÏ˛õ«˛–

14) Î!ò 1 1
2 2− + − = −x y a x y( ) •Î˚ñ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ 

dy

dx

y

x
=

−
−

1

1

2

2

15) Î!ò  xm yn = (x + y) m + n •Î˚ñ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ 
dy

dx

y

x
= .

16) Î!ò  y = exsin x  •Î˚ñ ï˛ˆÏÓ ≤ÃÙyî Ü˛Ó˚ ˆÎñ 
d y

dx

dy

dx
y

2

2
− + =2 2 0 .

17) Î!ò x =  asin2θ(1+cos2θ) ~ÓÇ y =bcos2θ(1–cos2θ) •Î˚ñ ï˛ˆÏÓ ˆòáyG ˆÎ θ
π

=
4

 !Ó®%ˆÏï˛ 
dy

dx

b

a
= –

18) Î!ò y
x

x
=

−

−sin 1

2
1

 •Î˚ñ ï˛ˆÏÓ ˆòáyG ˆÎñ 1 3 02
2

2
−( ) − − =x

d y

dx
x

dy

dx
y .

19) Î!ò x = secθ–cosθ ~ÓÇ y = secnθ–cosnθ •Î˚ñ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎ x
dy

dx
n y

2

2

2 2
4 4+( )






 = +( )

20) Î!ò x  =  a(1–cosθ), y=a(θ+sinθ) •Î˚ñ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎ θ π=
2

 !Ó®%ˆÏï˛ 
d y

dx a

2

2

1
= − –

21) Î!ò y x x
m

= + +{ }2
1  •Î˚ñ ï˛ˆÏÓ ˆòáyG ˆÎ (x2+1)y

2
+xy

1
–m2y = 0.

22) !l¡¨!°!áï˛ xˆÏ˛õ«˛Ü˛=ˆÏ°yÓ˚ !lˆÏò≈!¢ï˛ xhs˝Ó˚yˆÏ° ˆÓ˚yˆÏ°Ó˚ í˛z˛õ˛õyòƒ Îyã˛y•z Ü˛ˆÏÓ˚y ≠

i) f(x) = (x–1)(x–2)2, [1, 2] xhs˝Ó˚yˆÏ°–

ii) f(x) = log(x2+2) – log3, [–1, 1] xhs˝Ó˚yˆÏ°–

iii) f(x) = sin4x + cos4x, 0 2, π[ ]  xhs˝Ó˚yˆÏ°–
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iv) f(x) = exsin x, [0, π] xhs˝Ó˚yˆÏ°–
23) ˆÓ˚yˆÏ°Ó˚ í˛z˛õ˛õyòƒ ≤ÃˆÏÎ˚yˆÏà y=x(x–4), x∈[0,4] ÓˆÏe´Ó˚ í˛z˛õ!Ó˚!fliï˛ ~Ü˛!ê˛ !Ó®% !lî≈Î˚ Ü˛ˆÏÓ˚yñ ˆÎáyˆÏl flõ¢≈Ü˛ x-

xˆÏ«˛Ó˚ §Ùyhs˝Ó˚y°–

24) !l¡¨!°!áï˛ xˆÏ˛õ«˛Ü˛=ˆÏ°yÓ˚ !lˆÏò≈!¢ï˛ xhs˝Ó˚yˆÏ° ÙôƒÙ Ùyl í˛z˛õ˛õyòƒ Îyã˛y•z Ü˛ˆÏÓ˚y ≠
i) f(x) = x3–2x2–x+3,  [0, 1] xhs˝Ó˚yˆÏ°–

ii) f(x) = 25 2− x ,  [–3, 4] xhs˝Ó˚yˆÏ°–
iii) f(x) = sin x – sin2 x – x,  [0, π] xhs˝Ó˚yˆÏ°–

25) y = x3–3x ÓˆÏe´Ó˚ í˛z˛õÓ˚ !Ó®%=ˆÏ°y !lî≈Î˚ Ü˛ˆÏÓ˚yñ ˆÎáyˆÏl flõ¢≈Ü˛ (1–2) ~ÓÇ (2,2) !Ó®%mˆÏÎ˚Ó˚ §ÇˆÏÎyçÜ˛ çƒyÈüÈ~Ó˚
§Ùyhs˝Ó˚y°–

í z̨_Ó˚Ùy°y

Ü˛ÈüüüÈ!ÓË˛yà

1) i) b ii) c iii) d iv) a v) b vi) d

vii) c viii) c ix) c x) d xi) c xii) b

xiii) a xiv) a xv) b

2) i) K=1 ii) 0 iii) 
4

5
iv) 0 v) 2x vi) 

1

x
e

alog

vii) xÎ%@¬ viii) 
3

4t
ix) 

π

180

0cos x x) 0

á˛ÈüüüÈ!ÓË˛yà

3) ii) x=1, 2

v) a) 3 3 2
2sin

log .sin
x

x b) 
5

5
5

5

x

x x
log −






 c) 

1

1
2+ x

    d) 
− tan

log log(cos )

x

x10
e) −

1

2
f) 

3

1 9

2

1 42 2+
−

+x x

    g) 1 h) xx(1+logx)cos(xx) i) xx(1+logx)

vi)  –4

vii)  –ne–nx

à˛ÈüüüÈ!ÓË˛yà

4) i) x§hs˝ï˛ ii) §hs˝ï˛ iii) x§hs˝ï˛ iv) §hs˝ï˛ v) §hs˝ï˛ vi) §hs˝ï˛
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5) i) a b= = −
π π

6 12
, ii) a = 1, b = –1

8) a = 3,  b = 5

9) a = 8

10) i) sec x ii) –1 iii) 
−

−

x

x1 4
iv) 

1

2 1 2− x
v) 

cos( )

cos( )

x y y

x x y

+ −
− +

vi) 
sec ( ) sec ( )

sec ( ) sec ( )

2 2

2 2

x y x y

x y x y

+ + −
− − + vii) 

tan log sin cot log cos

(log sin )
log .

x x x x

x
x x+

+
2

2

2 10 10

viii) (tan  x)cot x.cosec2  x (1–logtan x)+(cotx)tan x.sec2  x(logcot  x–1)

ix) 
log cos tan

log cos tan

y y x

x x y

+
+ x) e

− ⋅
− + +
+ + −

2
2 3

3 2

1

1

θ θ θ θ

θ θ θ
xi) 

x

y

11)
1

4

23) (2, –4)

25) ±










7

3

2

3

7

3
,m



62

xhs˝Ó˚Ü˛°ˆÏçÓ˚ ≤ÃˆÏÎ˚yà
(Application of Derivatives)

=Ó˚&c˛õ)î≈ !Ó£ÏÎ˚ G Ê˛°yÊ˛° ≠

● ˛õ!Ó˚Óï≈˛ˆÏlÓ˚  •yÓ˚ !•§yˆÏÓ xhs˝Ó˚Ü˛°ç ≠

Ê˛!°ï˛ à!îˆÏï˛Ó˚ !Ó!Ë˛ß¨ ˆ«˛ˆÏe ˆÜ˛yˆÏly ~Ü˛!ê˛ ã˛°Ó˚y!¢Ó˚ §yˆÏ˛õˆÏ«˛ xyˆÏÓ˚Ü˛!ê˛ ã˛°Ó˚y!¢ Ü˛# •yˆÏÓ˚ ˛õ!Ó˚Ó!ï≈˛ï˛ •ˆÏFSÈñ ï˛y
çylyÓ˚ ≤Ã Ï̂Î˚yçl •Î˚– §yôyÓ˚îï˛ ̨õ!Ó˚Óï ≈̨̂ ÏlÓ˚ •yÓ˚ Ó° Ï̂ï˛ §Ù Ï̂Î˚Ó˚ §y Į̈̂ õ Ï̂«˛ ̂ ÓyV˛yÎ˚ñ !Ü˛v §ÙÎ˚ Óƒï˛#ï˛ xlƒ ã˛°Ó˚y!¢Ó˚
§yˆÏ˛õˆÏ«˛G ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yÓ˚ ÌyÜ˛ˆÏï˛ ˛õyˆÏÓ˚–

í˛zòy•Ó˚îfl∫Ó˚*˛õñ ~Ü˛çl !ã˛!Ü˛Í§Ü˛ ~!ê˛ çylˆÏï˛ ã˛y•zˆÏï˛ ˛õyˆÏÓ˚l ˆÎ G£Ï%ˆÏôÓ˚ ˆí˛yç ådoseä ~Ó˚ !Ü˛S%È ˛õ!Ó˚Óï≈˛ˆÏl
Ü˛#Ë˛yˆÏÓ ¢Ó˚#ˆÏÓ˚Ó˚ ≤Ã!ï˛!e´Î˚yÎ˚ ≤ÃË˛yÓ ˆÊ˛°ˆÏï˛ ˛õyˆÏÓ˚–

● Î!ò y = f(x) •Î˚ñ ï˛ˆÏÓ 
dy

dx
 •° ÈxüÈ~Ó˚ §yˆÏ˛õˆÏ«˛ yÈüÈ~Ó˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yÓ˚–

●
dy

dx x x





 =

0

 Ó°ˆÏï˛ ˆÓyV˛yÎ˚ x=x
0
 !Ó®%ˆÏï˛ xÈüÈ~Ó˚ §yˆÏ˛õˆÏ«˛ ÈyüÈ~Ó˚ ˛õ!Ó˚Óï≈˛ˆÏlÓ˚ •yÓ˚–

● §Ó˚°ˆÏÓ˚áyÎ˚ à!ï˛¢#° ~Ü˛!ê˛ Ü˛îyÓ˚ t §ÙˆÏÎ˚ §Ó˚î s Î!ò s=f(t) myÓ˚y ≤Ãò_ •Î˚ ï˛ˆÏÓ

i) v =  t §ÙˆÏÎ˚ ˆÓà =
ds

dt
=

a =  t §ÙˆÏÎ˚ cÓ˚î = 
dv

dt

d s

dt
v

dv

ds
= = =

2

2
.

ii) Îál §Ó˚°ˆÏÓ˚áyÎ˚ à!ï˛¢#° ~Ü˛!ê˛ Ü˛îy !fliÓ˚yÓfliyÎ˚ xyˆÏ§ñ ï˛ál xyÙÓ˚y ˛õy•z 
ds

dt
= 0  ~ÓÇ 

d s

dt

2

2
0= –

iii) Îál §Ó˚°ˆÏÓ˚áyÎ˚ à!ï˛¢#° ~Ü˛!ê˛ Ü˛îy ï˛yÍ«˛!îÜ˛Ë˛yˆÏÓ !fliÓ˚yÓfliyÎ˚ xyˆÏ§ñ ï˛ál xyÙÓ˚y ˛õy•z 
ds

dt
= 0  !Ü˛v

d s

dt

2

2
0≠ –

● xÓÜ˛°ñ e&!ê˛ G xy§ß¨Ùyl ≠

● xÓÜ˛° :

ôÓ˚y ÎyÜ˛ñ  y = f(x) •° xÈüÈ~Ó˚ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ ~ÓÇ xÈüÈ~Ó˚ «%˛o ˛õ!Ó˚Óï≈˛l •° ∆x– Î!ò xÈüÈ~Ó˚ «%˛o ˛õ!Ó˚Óï≈˛l
∆xüÈ~Ó˚ çlƒ yÈüÈ~Ó˚ ˛õ!Ó˚Óï≈˛l ∆y •Î˚ñ ï˛ˆÏÓ ÈüüüÈ

lim ( )
∆

∆
∆x

y

x

dy

dx
f x

→
= = ′

0

xôƒyÎ˚ÈüÈ 6
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⇒
∆
∆

y

x
f x= ′ + ∈( ) ,  ˆÎáyˆÏl ∈ → 0 Îál ∆ x → 0

⇒ ∆ ∆ ∆y f x x x= ′ + ∈( )

⇒ ∆ ∆y f x x= ′( ) åxy§ß¨ÙyˆÏlä

⇒ ∆ ∆y
dy

dx
x=  åxy§ß¨ÙyˆÏlä

● xÓÜ˛ˆÏ°Ó˚ çƒy!Ù!ï˛Ü˛ ï˛yÍ˛õÎ≈ ≠

ôÓ˚y ÎyÜ˛ y=f(x) ÓˆÏe´Ó˚ G˛õÓ˚ P(x,y) ˆÎÈüÈˆÜ˛yˆÏly ~Ü˛!ê˛ !Ó®%–  Q(x+∆x, y+∆y) !Ó®%!ê˛ ÓˆÏe´Ó˚ G˛õÓ˚ P !Ó®%Ó˚
~Ü˛!ê˛ !lÜ˛ê˛Óï≈˛# !Ó®%ñ ˆÎáyˆÏl xÈüÈ~Ó˚ «%˛o Ó,!k˛ ∆xüÈ~Ó˚
çlƒ yÈüÈ~Ó˚ Ó,!k˛ ∆y– ˛õyˆÏ¢Ó˚ !ã˛e ˆÌˆÏÜ˛ñ ~!ê˛ flõ‹T ˆÎñ

PQ ˆSÈòˆÏÜ˛Ó˚ l!ï˛ •° 
∆
∆

y

x
–  !Ü˛vñ Îál ∆x→0ñ ï˛ál

∆
∆

y

x
 ~Ó˚ §#Ùyfli Ùyl 

dy

dx
~Ó˚ !lÜ˛ê˛Óï≈̨ # •Î˚ñ Îy P !Ó®%̂ Ïï˛

flõ¢≈ˆÏÜ˛Ó˚ l#!ï˛ !lˆÏò≈¢ Ü˛ˆÏÓ˚–

§%ï˛Ó˚yÇñ ∆x→0 •ˆÏ°ñ ∆y(=QS) Èü È~Ó˚ xy§ß¨Ùyl
dy(=RS)–

xyÙÓ˚y çy!lñ

y + ∆y = f(x+∆x)

!Ü˛vñ ∆ ∆y
dy

dx
x= . = f /(x)∆x (xy§ß¨ÙyˆÏl)

∴ f(x+∆x) = y+f /(x)∆x (xy§ß¨ÙyˆÏl)

⇒ f(x+∆x) = y+
dy

dx
x.∆  (xy§ß¨ÙyˆÏl)

o‹TÓƒ : 
dy

dx
x∆ ÈüÈˆÜ˛ yÈüÈ~Ó˚ xÓÜ˛° Ó°y •Î˚ ~ÓÇ ~!ê˛ˆÏÜ˛ dy myÓ˚y §)ã˛#ï˛ Ü˛Ó˚y •Î˚–

● e&!ê˛ : ôÓ˚y ÎyÜ˛ñ y = f(x) •° xÈüÈ~Ó˚ ~Ü˛!ê˛ ÓyhflÏÓ xˆÏ˛õ«˛Ü˛– Î!ò x ˛õ!Ó˚ÙyˆÏ˛õ e&!ê˛ ∆x •Î˚ñ ï˛ˆÏÓ ~!ê˛Ó˚ xl%Ó˚*˛õ
yüÈ~Ó˚ e&!ê˛ ∆y !lˆÏ¡¨ ≤Ãò_ ÈüüüÈ

∆ ∆y
dy

dx
x=

i) x ˛õ!Ó˚ÙyˆÏ˛õ e&!ê˛ ∆x ~ÓÇ y ˛õ!Ó˚ÙyˆÏ˛õ e&!ê˛ ∆yÈüÈˆÜ˛ ˛õÓ˚Ù e&!ê˛ Ó°y •Î˚–

ii)
∆x

x
ÈüÈˆÜ˛ x ˛õ!Ó˚ÙyˆÏ˛õ xyˆÏ˛õ!«˛Ü˛ e&!ê˛ Ó°y •Î˚–
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iii)
∆x

x
×100 ÈüÈˆÜ˛ x ˛õ!Ó˚ÙyˆÏ˛õ ¢ï˛Ü˛Ó˚y e&!ê˛ Ó°y •Î˚–

● ÙôƒÙ Ùyl í˛z˛õ˛õyòƒ ≠

● ˆÓ˚yˆÏ°Ó˚ í˛z˛õ˛õyòƒ ≠

[a,b] Ók˛ xhs˝Ó˚yˆÏ° §ÇK˛yï˛ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ f  Î!ò ÈüüüÈ

i) [a,b] Ók˛ xhs˝Ó˚yˆÏ° §hs˝ï˛–

ii) (a,b) Ù%_´ xhs˝Ó˚yˆÏ° xÓÜ˛°lˆÏÎyàƒ ~ÓÇ

iii) f(a) = f(b) •Î˚ñ ï˛y•ˆÏ° a G b Ùyl ò%!ê˛Ó˚ ÙyˆÏV˛ xhs˝ï˛ ~Ü˛!ê˛ ÓyhflÏÓ Ùyl cÈüÈ~Ó˚ x!hflÏc ÌyÜ˛ˆÏÓ (a<c<b)

ÎyˆÏï˛ f ′(c) = 0 •Î˚–

● ˆÓ˚yˆÏ°Ó˚ í˛z˛õ˛õyˆÏòƒÓ˚ çƒy!Ù!ï˛Ü˛ ï˛yÍ˛õÎ≈ :

ôÓ˚y ÎyÜ˛ñ  y = f(x) Óe´ Îy [a,b] Ók˛ xhs˝Ó˚yˆÏ° §hs˝ï˛ ~ÓÇ (a,b) Ù%_´ xhs˝Ó˚yˆÏ° xÓÜ˛°lˆÏÎyàƒñ ~Ó˚ ˆ°á!ã˛e
!lˆÏ¡¨ ≤Ãò_ ÈüüüÈ

( ))(, afaA , ( ))(, bfbB , f(a)= f(b), ( ))(, cfcC , 0)( =′ cf

C c f c f c1 1 1 1 0, ( ) , ( )( ) ′ =

C c f c f c2 2 2 2 0, ( ) , ( )( ) ′ =

C c f c f c3 3 3 3 0, ( ) , ( )( ) ′ =

§•çË˛yˆÏÓ Ó°y ÎyÎ˚ñ  f(x) ~Ó˚ ˆ°á!ã˛ˆÏeÓ˚ G˛õÓ˚ xÓ!fliï˛ ~Ùl ò%!ê˛ !Ó®% xyˆÏSÈ ÎyˆÏòÓ˚ ˆÜ˛y!ê˛ §Ùyl ~ÓÇ ~•z !Ó®%
ò%!ê˛Ó˚ ÙôƒÓï˛#≈ xhs˝ï˛ ~Ü˛!ê˛ !Ó®%Ó˚ x!hflÏc ÌyÜ˛ˆÏÓ ˆÎáyˆÏl ~•z !Ó®%àyÙ# flõ¢≈Ü˛!ê˛ xÈüÈxˆÏ«˛Ó˚ §Ùyhs˝Ó˚y° •ˆÏÓ–

● ˆÓ˚yˆÏ°Ó˚ í˛z˛õ˛õyˆÏòƒÓ˚ Ó#çày!î!ï˛Ü˛ Óƒyáƒy :

f(x)ÈüÈ~Ó˚ a G b ¢)îƒ ò%!ê˛Ó˚ ÙôƒÓï˛#≈ åxÌ≈yÍ f(x)=0ÈüÈ~Ó˚ ò%!ê˛ Ó#ç a G bÈüÈ~Ó˚ ÙôƒÓï˛#≈ä xhs˝ï˛ ~Ü˛!ê˛ ÙyˆÏlÓ˚ x!hflÏc
ÌyÜ˛ˆÏÓ ˆÎ!ê˛ ′f (x)üÈ~Ó˚ ¢)lƒ–
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● °y@˝ÃyˆÏOÓ˚ ÙôƒÙ Ùyl í˛z˛õ˛õyòƒ :

[a,b]ÈüÈÓk˛ xhs˝Ó˚yˆÏ° §ÇK˛yï˛ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛  f  Î!ò

i) [a,b] Ók˛ xhs˝Ó˚yˆÏ° §hs˝ï˛ ~ÓÇ

ii) (a,b) Ù%_´ xhs˝Ó˚y Ï̂° xÓÜ˛°l Ï̂Îyàƒ •Î˚ñ ï˛ Ï̂Ó a G b Ùyl ò%!ê˛Ó˚ ÙôƒÓï˛#≈ xhs˝ï˛ ~Ü˛!ê˛ ÓyhflÏÓ Ùyl c(a<c<b)

-~Ó˚ x!hflÏc ÌyÜ˛ˆÏÓ ˆÎáyˆÏl

f b f a

b a
f c

( ) ( )
( )

−
−

= ′

● °y@˝ÃyˆÏOÓ˚ ÙôƒÙ Ùyl í˛z˛õ˛õyˆÏòƒÓ˚ çƒy!Ù!ï˛Ü˛ ï˛yÍ˛õÎ≈ ≠

§•çË˛yˆÏÓ í˛z˛õ˛õyòƒ!ê˛Ó˚ Óƒyáƒy •°ñ f(x) ˆ°á!ã˛ˆÏeÓ˚ G˛õÓ˚ xÓ!fliï˛ ò%!ê˛ !Ó®% A G B ÈüÈ~Ó˚ ÙôƒÓï˛#≈ xhs˝ï˛ ~Ü˛!ê˛
!Ó®%Ó˚ x!hflÏc ÌyÜ˛ˆÏÓ ÎyˆÏï˛ G•z !Ó®%ˆÏï˛ x!B˛ï˛ ÓˆÏe´Ó˚ flõ¢≈Ü˛!ê˛ AB çƒyÈüÈ~Ó˚ §Ùyhs˝Ó˚y° •Î˚–

( ) =′ )(,)(,C cfcfc  ABÈüÈ~Ó˚ l!ï˛ –

● flõ¢≈Ü˛ G x!Ë˛°¡∫ ≠

● flõ¢ˆÏÜ≈˛Ó˚ l!ï˛ ≠

ôÓ˚y ÎyÜ˛ñ y=f(x) ˆÎÈüÈˆÜ˛yˆÏly ~Ü˛!ê˛ Óe´ ~ÓÇ ~•z ÓˆÏe´Ó˚ G˛õÓ˚ xÓ!fliï˛ ~Ü˛!ê˛ !Ó®% •° A(x
1
, y

1
)– ï˛y•ˆÏ°ñ

dy

dx
A x y







( , )1 1

ÈüÈˆÜ˛ y=f(x) ÓˆÏe´Ó˚ G˛õÓ˚ xÓ!fliï˛ A !Ó®%ˆÏï˛

flõ¢≈̂ ÏÜ˛Ó˚ ≤ÃÓlï˛y Óy l!ï˛ Ó°y •Î˚– ≤ÃÓlï˛y Óy l!ï˛ Ï̂Ü˛ xyÙÓ˚y

tanθ !ò Ï̂Î˚ §)ã˛#ï˛ Ü˛!Ó˚ xÌ≈yÍ 
dy

dx
A x y







( , )1 1

=tanθ, ̂ Îáy Ï̂l

θ •° flõ¢≈Ü˛!ê˛ xÈüÈxˆÏ«˛Ó˚ ôlydÜ˛ !òˆÏÜ˛Ó˚ §ˆÏD ˆÎ ˆÜ˛yî
í˛zÍ˛õß¨ Ü˛ˆÏÓ˚ˆÏSÈ ˆ§!ê˛–

Î!ò θ=0 •Î˚, ï˛ˆÏÓ 
dy

dx
f x

A x y
A x y







= ′( ) =
( , )

( , )
( )

1 1

1 1

0

Î!ò θ=900 •Î˚ñ xÌ≈yÍ A !Ó®%àyÙ# flõ¢≈Ü˛ y-xˆÏ«˛Ó˚
§Ùyhs˝Ó˚y°–
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● x!Ë˛°ˆÏ¡∫Ó˚ l!ï˛ ≠

ˆÎÈüÈˆÜ˛yˆÏly §Ó˚°ˆÏÓ˚áy ˆÎ!ê˛ A(x
1
,y

1
) !Ó®%ˆÏï˛ ÓˆÏe´Ó˚ í˛z˛õÓ˚ °¡∫ å⊥ä ~ÓÇ ~SÈyí˛¸y A(x

1
,y

1
) !Ó®%àyÙ# ˆ§!ê˛ˆÏÜ˛

x!Ë˛°¡∫ Ó°y •Î˚–

A(x
1
,y

1
) !Ó®%ˆÏï˛ x!Ë˛°ˆÏ¡∫Ó˚ l!ï˛ = −

1

1 1A( , )x y
= − 





dx
dy

A x y( , )1 1

● flõ¢≈ˆÏÜ˛Ó˚ §Ù#Ü˛Ó˚î ≠

A(x
1
,y

1
) !Ó®%àyÙ# ˆÜ˛yˆÏly §Ó˚°ˆÏÓ˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈ˆÏÎ˚ ï˛yˆÏòÓ˚ l!ï˛ 

dy

dx
x y







A( , )1 1

ÈüÈ~Ó˚ ≤ÃˆÏÎ˚yçl •Î˚– È

ôÓ˚y ÎyÜ˛ñ l!ï˛ •° m, ï˛y•ˆÏ° flõ¢≈ˆÏÜ˛Ó˚ §Ù#Ü˛Ó˚î •ˆÏÓ ≠

y–y
1
 = m(x–x

1
)   Óyñ  y–y

1
=

dy

dx
x x

x y







−
A( , )

( )
1 1

1

● x!Ë˛°ˆÏ¡∫Ó˚ §Ù#Ü˛Ó˚î ≠

ˆÎ §Ó˚°ˆÏÓ˚áy ˆÜ˛yˆÏly ÓˆÏe´Ó˚ G˛õÓ˚ xÓ!fliï˛ A(x
1
,y

1
) !Ó®%àyÙ# ~ÓÇ ~•z !Ó®%àyÙ# flõ¢≈ˆÏÜ˛Ó˚ í˛z˛õÓ˚ °¡∫ å⊥ä

ˆ§!ê˛ˆÏÜ˛ x!Ë˛°¡∫ Ó°y •Î˚– ˆÎˆÏ•ï%˛ A(x
1
,y

1
) !Ó®%ˆÏï˛ flõ¢≈ˆÏÜ˛Ó˚ l!ï˛ •° m=

dy

dx
x y







A( , )1 1

– §%ï˛Ó˚yÇñ x!Ë˛°ˆÏ¡∫Ó˚

l!ï˛ •ˆÏÓ −






1

1 1

dy

dx
x yA( , )

 ~ÓÇ x!Ë˛°ˆÏ¡∫Ó˚ §Ù#Ü˛Ó˚î •ˆÏÓ ≠

y y
dy

dx

x x− = −






−1 1

1
( )

xÌ≈yÍ Î!òñ m(y–y
1
) = –(x–x

1
)

Óy,  (x–x
1
)+m(y–y

1
) = 0

● ≤Ãyã˛!°Ü˛ xyÜ˛yˆÏÓ˚ flõ¢≈Ü˛ G x!Ë˛°ˆÏ¡∫Ó˚ §Ù#Ü˛Ó˚î ≠

ôÓ˚y ÎyÜ˛ñ ≤Ãyã˛!°Ü˛ xyÜ˛yˆÏÓ˚ Óe´ ò%!ê˛Ó˚ §Ù#Ü˛Ó˚î •° x=f(t), y=g(t)– ï˛y•ˆÏ° A(x
1
,y

1
) !Ó®%ˆÏï˛ flõ¢≈ˆÏÜ˛Ó˚ l!ï  =

′
′

g t

f t

( )

( )

1

1

~ˆÏ«˛ˆÏe A(x
1
, y

1
) ~Ó˚ fliylyB˛ •ˆÏÓ A ( ))(),( 11 tgtf  ~ÓÇ flõ¢≈Ü˛ G x!Ë˛°ˆÏ¡∫Ó˚ §Ù#Ü˛Ó˚î •ˆÏÓ ≠

!Ó®%ˆÏï˛ flõ¢≈ˆÏÜ˛Ó˚ l!ï˛
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y g t
g t

f t
x f t− =

′
′

−( )( )
( )

( )
( )1

1

1

1

● °¡∫ Óe´ˆÏÓ˚áy ≠
Î!ò ò%!ê˛ Óe´ˆÏÓ˚áyÓ˚ ˆSÈò ˆÜ˛yî §ÙˆÏÜ˛yî å900ä •Î˚ñ ï˛ˆÏÓ xyÙÓ˚y Ó°Ó ˆÎ Óe´ˆÏÓ˚áy ò%!ê˛ °¡∫Ë˛yˆÏÓ ˆSÈò Ü˛ˆÏÓ˚ˆÏSÈ ~ÓÇ
Óe´ˆÏÓ˚áy=ˆÏ°yˆÏÜ˛ °¡∫ Óe´ˆÏÓ˚áy Ó°y •Î˚–

Î!ò Óe´=ˆÏ°y °¡∫ •Î˚ñ ï˛ˆÏÓ φ π=
2

∴ = − ⇒ 





× 





= −m m
dy

dx

dy

dxc c

1 2

1 2

1 1

● ~Ü˛!ò‹T xˆÏ˛õ«˛Ü˛ ≠

ˆÜ˛yˆÏly ~Ü˛!ê˛ Ù%_´ xhs˝Ó˚y°È I=(a,b)üÈˆï˛ §ÇK˛yï˛ ~Ü˛!ê˛ §hs˝ï˛ xˆÏ˛õ«˛Ü˛ f(x)ÈüÈˆÜ˛ ~Ü˛!ò‹T xˆÏ˛õ«˛Ü˛ Ó°y •ˆÏÓ
Î!ò ~!ê˛ !lˆÏ¡¨Ó˚ ˆÎÈüÈˆÜ˛yˆÏly ~Ü˛!ê˛ ¢ï≈˛ !§k˛ Ü˛ˆÏÓ˚–

● f(x) e´ÙÓô≈Ùyl Óy Ó!ô≈£%è •ˆÏÓ Î!òñ §Ó x
1
, x

2
 ∈ I ~Ó˚ çlƒñ

x
1
< x

2
 ⇒ f(x

1
)≤f(x

2
)

Óy, x
1
> x

2
 ⇒ f(x

1
)≥f(x

2
)

● f(x) ÎÌyÌ≈ e´ÙÓô≈Ùyl •ˆÏÓ Î!ò §Ó x
1
, x

2
 ∈ I ~Ó˚ çlƒñ

x
1
< x

2
 ⇒ f(x

1
) < f(x

2
)

Óy, x
1
> x

2
 ⇒ f(x

1
) > f(x

2
)
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● f(x) e´Ù•…y§Ùyl Óy «˛!Î˚£%è •ˆÏÓ Î!ò §Ó x
1
, x

2
 ∈ I ~Ó˚ çlƒñ

x
1
< x

2
 ⇒ f(x

1
) ≥ f(x

2
)

Óy, x
1
> x

2
 ⇒ f(x

2
) ≥ f(x

1
)

● f(x) ÎÌyÌ≈ e´Ù•…y§Ùyl •ˆÏÓ Î!ò §Ó x
1
, x

2
 ∈ I ~Ó˚ çlƒñ

x
1
<x

2
 ⇒ f(x

1
) > f(x

2
)

Óy, x
1
>x

2
 ⇒ f(x

2
) > f(x

1
)

o‹TÓƒ ≠ Ü˛álG Ü˛álG ~!ê˛ §Ω˛Ó ˆÎ y=f(x) xˆÏ˛õ«˛Ü˛ ˆÜ˛yˆÏly ≤Ãò_ xhs˝Ó˚yˆÏ° Ó!ô≈£%è xÌÓy «˛!Î˚£%è ~ˆÏòÓ˚
ˆÜ˛yˆÏlyê˛y•z lÎ˚ ~ÓÇ ~!ê˛ !lˆÏ¡¨Ó˚ !ã˛ˆÏe ˆòáyˆÏly •ˆÏÎ˚ˆÏSÈ ≠

● x
0
 !Ó®%ˆÏï˛ Ó!ô≈£%è ~ÓÇ «˛!Î˚£%è xˆÏ˛õ«˛Ü˛ :

ôÓ˚y ÎyÜ˛ñ x
0
 •° ˆÜ˛yˆÏly ÓyhflÏÓ Ùyl!Ó!¢‹T xˆÏ˛õ«˛Ü˛  f ÈüÈ~Ó˚ §ÇK˛yÓ˚ xMÈ˛ˆÏ°Ó˚ xhs˝Ë%≈˛_´ ~Ü˛!ê˛ !Ó®%– ï˛y•ˆÏ° x

0

§Ù!ß∫ï˛ ~Ùl ~Ü˛!ê˛ Ù%_´ xhs˝Ó˚y° I=(x
0
–h, x

0
+h) ÈüÈ~Ó˚ x!hflÏc ÌyÜ˛ˆÏÓ ˆÎáyˆÏl

(i) x
0
 !Ó®%ˆÏï˛ f  Ó!ô≈£%è •ˆÏÓñ Î!ò IÈüÈˆï˛ x

1
<x

2
 ⇒ f(x

1
)≤f(x

2
)

(ii) x
0
 !Ó®%ˆÏï˛ f  ÎÌyÌ≈ Ó!ô≈£%è •ˆÏÓñ Î!ò IÈüÈˆï˛ x

1
<x

2
 ⇒ f(x

1
)<f(x

2
)

(iii) x
0
 !Ó®%ˆÏï˛ f  «˛!Î˚£%è •ˆÏÓñ Î!ò IÈüÈˆï˛ x

1
<x

2
 ⇒ f(x

1
)≥f(x

2
)

(iv) x
0
 !Ó®%ˆÏï˛ f  ÎÌyÌ≈ «˛!Î˚£%è •ˆÏÓñ Î!ò IÈüÈˆï˛ x

1
<x

2
 ⇒ f(x

1
)>f(x

2
)



69

● Ó!ô≈£%è ˘ «˛!Î˚£%è ˘ ô &ÓÜ˛ xˆÏ˛õ«˛Ü˛ Îyã˛y•zÈüÈ~Ó˚ çlƒ ˛õÓ˚#«˛y ≠

ôÓ˚y ÎyÜ˛ñ Ók˛ xhs˝Ó˚y° [a,b]üÈˆï˛ f ~Ü˛!ê˛ §hs˝ï˛ xˆÏ˛õ«˛Ü˛ ~ÓÇ Ù%_´ xhs˝Ó˚y° (a,b)üÈˆï˛ f xÓÜ˛°lˆÏÎyàƒ–
ï˛y•ˆÏ°ñ

(i) [a,b]ÈüÈˆï˛ f  Ó!ô≈£%è •ˆÏÓ Î!ò §Ü˛° x∈(a,b)ÈüÈ~Ó˚ çlƒ f ′(x)>0 •Î˚–

(ii) [a,b]ÈüÈˆï˛ f  «˛!Î˚£%è •ˆÏÓ Î!ò §Ü˛° x∈(a,b)ÈüÈ~Ó˚ çlƒ f ′(x)<0 •Î˚–

(iii) [a,b]ÈüÈˆï˛ f  ~Ü˛!ê˛ ô &ÓÜ˛ xˆÏ˛õ«˛Ü˛ •ˆÏÓ Î!ò §Ü˛° x∈(a,b)ÈüÈ~Ó˚ çlƒ f ′(x)=0 •Î˚–

● ã˛Ó˚Ù Ùylñ xÓÙ Ùyl G ≤Ãy!hs˝Ü˛ Ùyl ≠

ôÓ˚y ÎyÜ˛ñ  f  ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ Îy xhs˝Ó˚y° IÈüÈˆï˛ §ÇK˛yï˛ñ ï˛y•ˆÏ° f ÈüÈ~Ó˚

(i) ã˛Ó˚Ù Ùyl xyˆÏSÈ Î!ò I ÈüÈˆï˛ ~Ùl ~Ü˛!ê˛ !Ó®% cÈüÈ~Ó˚ x!hflÏc ÌyˆÏÜ˛ ˆÎáyˆÏl  f(c)≥f(x), §Ó x∈I ~Ó˚ çlƒ–
c !Ó®%!ê˛ˆÏÜ˛ IÈüÈˆï˛ ã˛Ó˚Ù ÙyˆÏlÓ˚ !Ó®% Ó°y •Î˚–

(ii) xÓÙ Ùyl xyˆÏSÈ Î!ò I ÈüÈˆï˛ ~Ùl ~Ü˛!ê˛ !Ó®% cÈüÈ~Ó˚ x!hflÏc ÌyˆÏÜ˛ ˆÎáyˆÏl  f(c)≤f(x), §Ó x∈I ~Ó˚ çlƒ–
c !Ó®%!ê˛ˆÏÜ˛ IÈüÈˆï˛ xÓÙ ÙyˆÏlÓ˚ !Ó®% Ó°y •Î˚–

(iii) ≤Ãy!hs˝Ü˛ Ùyl xyˆÏSÈ Î!ò I ÈüÈˆï˛ ~Ùl ~Ü˛!ê˛ !Ó®% cÈüÈ~Ó˚ x!hflÏc ÌyˆÏÜ˛ ˆÎáyˆÏl ÈIüÈˆï˛ Èf(c)üÈ~Ó˚ •Î˚ ã˛Ó˚Ù Ùyl
xÌÓy xÓÙ Ùyl ÌyˆÏÜ˛– c !Ó®%!ê˛ˆÏÜ˛ Ó°y •Î˚ ≤Ãy!hs˝Ü˛ !Ó®%–
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● fliyl#Î˚ ã˛Ó˚Ù Ùyl G fliyl#Î˚ xÓÙ Ùyl ≠

ôÓ˚y ÎyÜ˛  f  •° ~Ü˛!ê˛ ÓyhflÏÓ Ùyl!Ó!¢‹T xˆÏ˛õ«˛Ü˛ ~ÓÇ c •° fÈüÈ~Ó˚ §ÇK˛yÓ˚ xMÈ˛ˆÏ° xÓ!fliï˛ ~Ü˛!ê˛ !Ó®%–
ï˛y•ˆÏ°ñ

(i) cÈüÈˆÜ˛ fliyl#Î˚ ã˛Ó˚Ù ÙyˆÏlÓ˚ !Ó®% Ó°y •ˆÏÓ Î!ò ~Ùl ~Ü˛!ê˛ h>0ÈüÈ~Ó˚ x!hflÏc ÌyˆÏÜ˛ ˆÎáyˆÏl f(c)≥f(x) •Î˚ñ
§Ó  x∈(c–h, c+h)ÈüÈ~Ó˚ çlƒ–

f(c)ÈüÈ~Ó˚ ÙylˆÏÜ˛  fÈüÈ~Ó˚ fliyl#Î˚ ã˛Ó˚Ù Ùyl Ó°y •Î˚–

(ii) cüÈˆÜ˛ fliyl#Î˚ xÓÙ ÙyˆÏlÓ˚ !Ó®% Ó°y •ˆÏÓ Î!ò ~Ùl ~Ü˛!ê˛ h>0ÈüÈ~Ó˚ x!hflÏc ÌyˆÏÜ˛ ˆÎáyˆÏl f(c)≤f(x) •Î˚ñ
§Ó  x∈(c–h, c+h)ÈüÈ~Ó˚ çlƒ–

f(c)ÈüÈ~Ó˚ ÙylˆÏÜ˛  fÈüÈ~Ó˚ fliyl#Î˚ xÓÙ Ùyl Ó°y •Î˚–

● çƒy!Ù!ï˛Ü˛ ï˛yÍ˛õÎ≈ ≠

Î!ò x = c, ÈfüÈ~Ó˚ fliyl#Î˚ ã˛Ó˚Ù ÙyˆÏlÓ˚ !Ó®% •Î˚ñ ï˛ˆÏÓ (c–h, c) xhs˝Ó˚yˆÏ° f  e´ÙÓô≈Ùyl ( )0)( >′ xf  ~ÓÇ (c, c+h)

xhs˝Ó˚yˆÏ° fÈ e´Ù•…y§Ùyl •ˆÏÓ– xÌ≈yÍ f ′(c) = 0–

xyÓyÓ˚ñ Î!ò x = c, ÈfüÈ~Ó˚ fliyl#Î˚ xÓÙ ÙyˆÏlÓ˚ !Ó®% •Î˚ñ ï˛ˆÏÓ (c–h, c) xhs˝Ó˚yˆÏ° f  e´Ù•…y§Ùyl ( )0)( <′ xf  ~ÓÇ

(c, c+h) xhs˝Ó˚yˆÏ° fÈ e´ÙÓô≈Ùyl ( )0)( >′ xf  •ˆÏÓ– xÌ≈yÍ f ′(c) = 0–
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● l!ï˛Èü˛õ!Ó˚Óï≈˛l !Ó®% ≠

Îál xüÈ~Ó˚ Ùyl cüÈ~Ó˚ !òˆÏÜ˛ Ó,!k˛ ˆ˛õˆÏï˛ ˆ˛õˆÏï˛ cüÈˆÜ˛ x!ï˛e´Ù Ü˛ˆÏÓ˚ñ ï˛ál Î!ò f ′(x) ÈüÈ~Ó˚ !ã˛ˆÏ•´Ó˚ ˆÜ˛yˆÏly
˛õ!Ó˚Óï≈˛l ly •Î˚ñ ï˛ˆÏÓ cüÈˆÜ˛ fliyl#Î˚ ã˛Ó˚Ù ÙyˆÏlÓ˚ !Ó®% xÌÓy fliyl#Î˚ xÓÙ ÙyˆÏlÓ˚ !Ó®% ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z Ó°y ÎyˆÏÓ
ly– ~ôÓ˚ˆÏîÓ˚ !Ó®%ˆÏÜ˛ l!ï˛ÈüÈ˛õ!Ó˚Óï≈˛l !Ó®% Ó°y •Î˚–

● ã˛Ó˚Ù Ùyl ~ÓÇ xÓÙ ÙyˆÏlÓ˚ çlƒ !mï˛#Î˚ e´ˆÏÙÓ˚ xhs˝Ü≈˛°ç ˛õÓ˚#«˛y ≠

ôÓ˚y ÎyÜ˛ñ  f  •° I xhs˝Ó˚yˆÏ° §ÇK˛yï˛ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ ~ÓÇ c∈I– f  xˆÏ˛õ«˛Ü˛!ê˛ cÈüÈˆï˛ xÓÜ˛°lˆÏÎyàƒ– ï˛y•ˆÏ°ñ

(i) x =c ÈüÈˆÜ˛ fliyl#Î˚ ã˛Ó˚Ù ÙyˆÏlÓ˚ !Ó®% Ó°y •ˆÏÓ Î!ò f ′(c) = 0 ~ÓÇ f ′′ (c)<0–

(ii) x = c ÈüÈˆÜ˛ fliyl#Î˚ xÓÙ ÙyˆÏlÓ˚ !Ó®% Ó°y •ˆÏÓ Î!ò f ′(c)=0 ~ÓÇ f ′′ (c)>0–

(iii) Î!ò f ′(c)=0 ~ÓÇ f ′′ (c) = 0 •Î˚ ï˛ˆÏÓ ˛õÓ˚#«˛y!ê˛ ÓƒÌ≈ ÓˆÏ° !ÓˆÏÓ!ã˛ï˛ •ˆÏÓ– ï˛ál xyÙÓ˚y ≤ÃÌÙ e´ˆÏÙÓ˚
xhs˝Ó˚Ü˛°ˆÏçÓ˚ ˛õÓ˚#«˛y ≤ÃˆÏÎ˚yà Ü˛Ó˚Ó ˆÎáyˆÏl xÈüÈ~Ó˚ Ùyl c ÈüÈ~Ó˚ !òˆÏÜ˛ Ó,!k˛ ˆ˛õˆÏï˛ ÌyÜ˛ˆÏÓ ~ÓÇ xÈüÈˆÜ˛
l!ï˛ÈüÈ˛õ!Ó˚Óï≈˛l !Ó®% Ó°y •ˆÏÓ–

● Ók˛ xhs˝Ó˚yˆÏ° ã˛Ó˚Ù Ùyl ~ÓÇ xÓÙ Ùyl ≠

x∈[0,1] ÈüÈˆï˛ f(x) = x+6 xˆÏ˛õ«˛Ü˛!ê˛ !ÓˆÏÓã˛ly Ü˛!Ó˚– ~áyˆÏl f ′(c) ≠ 0– ~!ê˛Ó˚ ã˛Ó˚Ù Ùyl Óy xÓÙ Ùyl ̂ Ü˛yˆÏly!ê˛•z
ˆl•z– !Ü˛v f(0) = 6– ~!ê˛ •° °!â¤˛ Ùyl–

~SÈyí˛¸yñ  f(1) = 7– ~!ê˛ˆÏÜ˛ à!Ó˚¤˛ Ùyl Ó°y •Î˚–



72

● xˆÏ˛õ«˛ˆÏÜ˛Ó˚ à!Ó˚¤˛ Ùyl G °!â¤˛ Ùyl !lî≈Î˚ ≠

(i) fÈüÈ~Ó˚ §ÙhflÏ §ÇÜ˛ê˛ !Ó®% !lî≈Î˚ Ü˛ˆÏÓ˚y ÎyÓ˚ çlƒ f ′(x) = 0 xÌÓy f  xÓÜ˛°lˆÏÎyàƒ lÎ˚–

(ii) ≤Ãyhs˝ !Ó®%=ˆÏ°yG !ÓˆÏÓã˛ly Ü˛ˆÏÓ˚y–

(iii) (i) G (ii) ÈüÈ~Ó˚ ≤ÃyÆ !Ó®%=ˆÏ°yÓ˚ çlƒ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

(iv) (iii)ÈüÈ~ ≤ÃyÆ fÈüÈ~Ó˚ Ùyl=ˆÏ°yÓ˚ ÙˆÏôƒ ã˛Ó˚Ù Ùyl ~ÓÇ xÓÙ Ùyl ¢ly_´ Ü˛ˆÏÓ˚y–

~=!°ˆÏÜ˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ à!Ó˚¤˛ Ùyl ~ÓÇ °!â¤˛ Ùyl Ó°y •Î˚–

● ÙˆÏl Ó˚yáyÓ˚ çlƒ ˛õ!Ó˚!Ù!ï˛Ó˚ ≤ÃˆÏÎ˚yçl#Î˚ §)eyÓ°# ≠

1. xyÎ˚ï˛âl ~Ó˚ xyÎ˚ï˛l = lbh

2. xyÎ˚ï˛âl ~Ó˚ ˆ«˛eÊ˛° = 2(lb+bh+hl)

3. âlˆÏÜ˛Ó˚ xyÎ˚ï˛l = a3

4. âlˆÏÜ˛Ó˚ ˆ«˛eÊ˛° = 6a2

5. ¢B%˛Ó˚ xyÎ˚ï˛l = hr2

3

1
π

6. ¢B%˛Ó˚ ˛õyŸª≈ï˛ˆÏ°Ó˚ ˆ«˛eÊ˛°  = πrl (l = !ï˛Î≈Ü˛ í˛zFã˛ï˛y)

7. ¢B%˛Ó˚ ˛§Ù@˝Ãï˛ˆÏ°Ó˚ ˆ«˛eÊ˛° = πr(r+l)

8. ˆã˛yˆÏ.Ó˚ ˛§Ù@˝Ãï˛ˆÏ°Ó˚ ˆ«˛eÊ˛°  = 2πr(r+h)

9. ˆã˛yˆÏ.Ó˚ xyÎ˚ï˛l = πr2h

10. ˆày°ˆÏÜ˛Ó˚ xyÎ˚ï˛l = 
3

3

4
rπ

11. ˆày°ˆÏÜ˛Ó˚ ˆ«˛eÊ˛° = 4πr2

12. xô≈ ˆày°ˆÏÜ˛Ó˚ xyÎ˚ï˛l = 
3

3

2
rπ

13. xô≈ ˆày°ˆÏÜ˛Ó˚ ˆ«˛eÊ˛° = 3πr2

14. !≤ÃçˆÏÙÓ˚ xyÎ˚ï˛l = (Ë)˛!ÙÓ˚ ˆ«˛eÊ˛°) × í˛zFã˛ï˛y

15. !≤ÃçˆÏÙÓ˚  õyŸª≈ï˛ˆÏ°Ó˚ ˆ«˛eÊ˛° = (Ë)˛!ÙÓ˚ ˛õ!Ó˚§#Ùy) × í˛zFã˛ï˛y

16. !≤ÃçˆÏÙÓ˚ §Ù@˝Ãï˛ˆÏ°Ó˚ ˆ«˛eÊ˛° = (õyŸª≈ï˛ˆÏ°Ó˚ ˆ«˛eÊ˛°) +2(Ë)˛!ÙÓ˚ ˆ«˛eÊ˛°)



73

17. !˛õÓ˚y!ÙˆÏí˛Ó˚ xyÎ˚ï˛l = 
3

1
(Ë)˛!ÙÓ˚ ˆ«˛eÊ˛°) × í˛zFã˛ï˛y

18. !˛õÓ˚y!ÙˆÏí˛Ó˚ ˛õyŸª≈ï˛ˆÏ°Ó˚ ˆ«˛eÊ˛° = 
2

1
(Ë)˛!ÙÓ˚ ˛õ!Ó˚§#Ùy) × !ï˛Î≈Ü˛ í˛zFã˛ï˛y

xl%¢#°l#ÈÈüü6

Ü˛ÈüüüÈ!ÓË˛yà

˜lÓƒ≈!_´Ü˛ ≤ÃŸ¿yÓ°# ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 1 xÌÓy 2 l¡∫Ó˚ ]

1) Ó‡ !ÓÜ˛“!Ë˛!_Ü˛  ≤ÃŸ¿ ≠

i) Î!ò  S = t3–4t2+5 §)e myÓ˚y ˆÜ˛yˆÏly ~Ü˛!ê˛ Ü˛îyÓ˚ à!ï˛ Óî≈ly Ü˛Ó˚y •Î˚ñ ï˛ˆÏÓ Ü˛îy!ê˛Ó˚ cÓ˚î ¢)îƒ •ˆÏ° ~Ó˚
ˆÓà •ˆÏÓ ÈüüüÈ

a) 
9

16
~Ü˛Ü˛˘ˆ§ˆÏÜ˛u˛ b) 

3

32−
~Ü˛Ü˛˘ˆ§ˆÏÜ˛u˛

c) 
3

4
~Ü˛Ü˛˘ˆ§ˆÏÜ˛u˛ d) 

3

16−
~Ü˛Ü˛˘ˆ§ˆÏÜ˛u˛

ii) §ÙÓy‡ !eË%˛ˆÏçÓ˚ ≤Ã!ï˛!ê˛ Óy‡  8 ˆ§!Ù˘ârê˛y •yˆÏÓ˚ Ó,!k˛ ˛õyÎ˚– Óy‡Ó˚ ˜òâ≈ƒ Îál 2 ˆ§!Ù ï˛ál ~Ó˚ ˆ«˛eÊ˛°
Ó,!k˛Ó˚ •yÓ˚ •ˆÏÓ ÈüüüÈ

a) 38 ˆ§!Ù2˘ârê˛y   b) 34 ˆ§!Ù2˘ârê˛y c) 
8

3
ˆ§!Ù2˘ârê˛y d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

iii) 6 ˛Ê%˛ê˛ í˛zFã˛ï˛y !Ó!¢‹T ~Ü˛çl ˆ°yÜ˛ È15 Ê%˛ê˛ í˛zÑã%˛ °ƒy¡õˆÏ˛õyfiê˛ ˆÌˆÏÜ˛ ˆ§ˆÏÜ˛ˆÏu˛ 9 Ê%˛ê˛ §ÙˆÏÓˆÏà ò)ˆÏÓ˚ §ˆÏÓ˚
ÎyˆÏFSÈl– ˆÎ •yˆÏÓ˚ ï˛yÓ˚ SÈyÎ˚yÓ˚ ˜òâ≈ƒ Ó,!k˛ ˛õyˆÏFSÈñ ï˛y •° Èüüü

a) 15 Ê%˛ê˘ˆ§ˆÏÜ˛u˛ b) 9 Ê%˛ê˘ˆ§ˆÏÜ˛u˛ c) 6 Ê%˛ê˘ˆ§ˆÏÜ˛u˛ d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

iv) ˆÜ˛y Ï̂ly ̂ ày° Ï̂Ü˛Ó˚ xyÎ˚ï˛ Ï̂lÓ˚ ̨õ!Ó˚Óï ≈̨̂ ÏlÓ˚ •yÓ˚ Î!ò ~Ó˚ Óƒy§yô≈ ̨õ!Ó˚Óï≈̨ Ï̂lÓ˚ •y Ï̂Ó˚Ó˚ §Ùyl •Î˚ñ ï˛ Ï̂Ó ̂ ày°Ü˛!ê˛Ó˚
Óƒy§yô≈ •ˆÏÓ ÈüüüÈ

a) 1 ~Ü˛Ü˛ b) π2  ~Ü˛Ü˛ c) 
π2

1
 ~Ü˛Ü˛ d) 

π2

1
 ~Ü˛Ü˛

v) xÈüÈ~Ó˚ Ùyl Ü˛ï˛ •ˆÏ° x3–5x2+5x+8 ~Ó˚ Ó,!k˛Ó˚ •yÓ˚ xÈü~Ó˚ Ó,!k˛Ó˚ •yˆÏÓ˚Ó˚ !m=î •ˆÏÓ⁄

a) 
3

1
,3 −− b) 

3

1
,3− c) 

3

1
,3 − d) 

3

1
,3

vi) 16x2+9y2 = 400 í˛z˛õÓ,ˆÏ_Ó˚ í˛z˛õÓ˚ ˆÎ !Ó®%ˆÏï˛ ˆÜ˛y!ê˛ ˆÎ •yˆÏÓ˚ Ü˛ˆÏÙ Ë%˛ç ˆ§•z •yˆÏÓ˚ Ó,!k˛ ˛õyÎ˚ ï˛y •°

a) ( )
3

16,3 b) ( )
3

16,3− c) ( )
3

16,3 − d) (3, –3)

vii) 0.5 !Ùê˛yÓ˚ Óƒy§yô≈ !Ó!¢‹T ~Ü˛!ê˛ ˆã˛y.yÜ˛yÓ˚ ˛õye 0.25π !Ù3˘!Ù!lê˛ •yˆÏÓ˚ ˆï˛° !òˆÏÎ˚ Ë˛!ï≈˛ Ü˛Ó˚y •°–
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ˆï˛ˆÏ°Ó˚ í˛z˛õ!Ó˚ï˛° ˆÎ •yˆÏÓ˚ Óyí˛¸ˆÏSÈ ï˛y •° ÈüüüÈ

a) 1 !Ùê˛yÓ˚˘!Ù!lê˛  b) 2 !Ùê˛yÓ˚˘!Ù!lê˛ c) 5 !Ùê˛yÓ˚˘!Ù!lê˛ d) 1.25 !Ùê˛yÓ˚˘!Ù!lê˛

viii) ~Ü˛!ê˛ ¢B%˛Ó˚ í˛zFã˛ï˛y 20 ˆ§!Ù ~ÓÇ xô≈ ¢#£Ï≈ˆÏÜ˛yî 300– Î!ò ¢B%˛Ó˚ xô≈ ¢#£Ï≈ˆÏÜ˛yî ≤Ã!ï˛ ˆ§ˆÏÜ˛ˆÏu˛ 20 Ó,!k˛ ˛õyÎ˚
ï˛y•ˆÏ° ~Ó˚ Ë)˛!ÙÓ˚ Óƒy§yô≈ ˆÎ •yˆÏÓ˚ Ó,!k˛ ˛õyˆÏÓ ï˛y •°

a) 30 ˆ§!Ù˘ˆ§ˆÏÜ˛u˛   b) 
3

160
 ˆ§!Ù˘ˆ§ˆÏÜ˛u˛   c) 10 !Ùê˛yÓ˚˘ˆ§ˆÏÜ˛u˛ d) 160 ˆ§!Ù˘ˆ§ˆÏÜ˛u˛

ix) ˆÜ˛yˆÏly §Ó˚° ̂ òy°ˆÏÜ˛Ó˚ ̂ òy°ˆÏÜ˛Ó˚ ̃ òâ≈ƒ ̨ õ!Ó˚ÙyˆÏ˛õ e&!ê˛ Î!ò 2% •Î˚ñ ï˛ˆÏÓ ~Ó˚ ̨ õ)î≈ ̂ òy°ˆÏlÓ˚ §ÙÎ˚ ̨ õ!Ó˚ÙyˆÏ˛õ
¢ï˛Ü˛Ó˚y e&!ê˛ •ˆÏÓ ÈüüüÈ
a) 1% b) 2% c) 3% d) 4%

x) Î!ò 3868.1log4

e =  •Î˚ñ ï˛ˆÏÓ =01.4

elog ⁄

a) 1.3968 b) 1.3898 c) 1.3893 d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

xi) Î!ò y = xn  •Î˚ñ ï˛ˆÏÓ y G x ˛õ!Ó˚ÙyˆÏ˛õ xyˆÏ˛õ!«˛Ü˛ e&!ê˛Ó˚ xl%˛õyï˛ •ˆÏÓ ÈüüüÈ

a) 1:1 b) 2:1 c) 1:n d) n:1

xii) ~Ü˛!ê˛ âlˆÏÜ˛Ó˚ Óy‡Ó˚ ˜òâ≈ƒ ˛õ!Ó˚ÙyˆÏ˛õ x% e&!ê˛ •ˆÏ°ñ ˛õ,¤˛ï˛° ˛õ!Ó˚ÙyˆÏ˛õ ¢ï˛Ü˛Ó˚y e&!ê˛ •ˆÏÓÈüüüÈ

a) 2x% b) %
2

x
c) 3x% d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

xiii) 100 !Ù!°!Ùê˛yÓ˚ Óƒy§yô≈!Ó!¢‹T ~Ü˛!ê˛ ˆày°Ü˛ˆÏÜ˛ 98 !Ù!°!Ùê˛yÓ˚ Óƒy§yˆÏô≈ §ÇÜ%˛!ã˛ï˛ Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– ï˛y•ˆÏ°
~Ó˚ xyÎ˚ï˛ˆÏl xyl%Ùy!lÜ˛ •…y§ •ˆÏÓ ÈüüüÈ

a) 12000π !Ù!Ù3 b) 800π !Ù!Ù3 c) 80000π !Ù!Ù3 d) 120π !Ù!Ù3

xiv) ˆÜ˛yˆÏly ¢B%˛Ó˚ Ë)˛!ÙÓ˚ Óƒy§yô≈ G í˛zFã˛ï˛yÓ˚ xl%˛õyï˛ 1:2 ~ÓÇ ~Ó˚ Óƒy§yô≈ ˛õ!Ó˚ÙyˆÏ˛õ ¢ï˛Ü˛Ó˚y e&!ê˛ Î!ò λ% •Î˚ñ
ï˛ˆÏÓ ~Ó˚ xyÎ˚ï˛l ˛õ!Ó˚ÙyˆÏ˛õ e&!ê˛ •ˆÏÓ

a) λ% b) 2λ% c) 3λ% d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

xv) Î!ò 4a+2b+c = 0 •Î˚ñ ï˛y•ˆÏ° 3ax2+2bx+c = 0 §Ù#Ü˛Ó˚î!ê˛Ó˚ Ü˛Ù˛õˆÏ«˛ ~Ü˛!ê˛ ÓyhflÏÓ Ó#ç ̂ Î xhs˝Ó˚yˆÏ°Ó˚
xhs˝Ë%≈˛_´ ̂ §!ê˛ •°ÈüüüÈ

a) (0,1) b) (1,2) c) (0,2) d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

xvi) y = xlogx ÓˆÏe´Ó˚ flõ¢≈Ü˛!ê˛ (1,0) G (e,e) !Ó®%mÎ˚ §ÇˆÏÎyçÜ˛ çƒyÓ˚ §Ùyhs˝Ó˚y° •ˆÏ° xÈüÈ~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ

a) ee −1
1

b) )12)(1( −− eee c) 1
12

−
−

e
e

e d) 
e

e 1−

xvii) y = aex G y = be–x Óe´ ò%!ê˛ ˛õÓ˚flõÓ˚ˆÏÜ˛ §ÙˆÏÜ˛yˆÏî ˆSÈò Ü˛ˆÏÓ˚ñ Î!òÈüüüÈ
a) a = b b) a=–b c) ab=1 d) ab=2

xviii) y2  = x ÓˆÏe´Ó˚ ̂ Î !Ó®%ˆÏï˛ x!B˛ï˛ flõ¢≈Ü˛ xÈüÈxˆÏ«˛Ó˚ §yˆÏÌ˛ 450 ̂ Ü˛yî í˛zÍ˛õß¨ Ü˛ˆÏÓ˚ñ ̂ §•z !Ó®%Ó˚ fliylyB˛ •°ÈüüüÈ

a) ( )
4

1,
2

1 b) ( )
2

1,
4

1 c) (4, 2) d) (1, 1)
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xix) y = 2x7+3x+5 ÓˆÏe´Ó˚ ˆÎÈüÈˆÜ˛yˆÏly !Ó®%ˆÏï˛ x!B˛ï˛ flõ¢≈Ü˛

a) x-xˆÏ«˛Ó˚ §Ùyhs˝Ó˚y° b) y-xˆÏ«˛Ó˚ §Ùyhs˝Ó˚y°

c) x-xˆÏ«˛Ó˚ §yˆÏÌ §)-ˆÏÜ˛yî í˛zÍ˛õß¨ Ü˛ˆÏÓ˚ d) x-xˆÏ«˛Ó˚ §yˆÏÌ fli(°ˆÏÜ˛yî í˛zÍ˛õß¨ Ü˛ˆÏÓ˚

xx) y = 6x–x2 ÓˆÏe´Ó˚ G˛õÓ˚ xÓ!fliï˛ ˆÎ !Ó®%ˆÏï˛ x!B˛ï˛ flõ¢≈Ü˛ x+y = 0 ˆÓ˚áyÓ˚ §yˆÏÌ 4
π  ˆÜ˛yˆÏî lï˛ ˆ§•z

!Ó®%Ó˚ fliylyB˛ •° ÈüüüÈ

a) (–3, –27) b) (3, 9) c) ( )
4

35,
2

7 d) (0, 0)

xxi) x =  acos3θ, y =  asin3θ ÓˆÏe´Ó˚ 
4

π=θ  !Ó®%ˆÏï˛ x!Ë˛°ˆÏ¡∫Ó˚ §Ù#Ü˛Ó˚î •° ÈüüüÈ

a) x = 0 b) y = 0 c) x = y d) x+y = a

xxii)
t

x
1

= , y = t ÓˆÏe´Ó˚ ‘t’ !Ó®%ˆÏï˛ x!Ë˛°ˆÏ¡∫Ó˚ ≤ÃÓlï˛y •°

a) 
t

1
b) 2

1

t
c) t d) –t

xxiii) ˆÎ§Ó !Ó®%ˆÏï˛ y = x2–3x+2 Óe´!ê˛ x-xˆÏ«˛Ó˚ §yˆÏÌ !Ù!°ï˛ •Î˚ ̂ §•z§Ó !Ó®%ˆÏï˛ x!B˛ï˛ flõ¢≈ˆÏÜ˛Ó˚ §Ù#Ü˛Ó˚î
•°

a) x–y+2 = 0 = x–y–1 b) x+y–1 = 0 = x–y–2

c) x–y–1 = 0 = x–y d) x–y = 0 = x+y

xxiv) Ù%_´ xhs˝Ó˚y° (1, 2)ÈüÈˆï˛ f(x) = 2|x–1|+3|x–2| xˆÏ˛õ«˛Ü˛!ê˛

a) Ó!ô≈£%è b) «˛!Î˚£%è c) ô &ÓÜ˛ d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

xxv)
||1

)(
x

x
xf

+
=  xˆÏ˛õ«˛Ü˛!ê˛

a) ÎÌyÌ≈ Ó!ô≈£%è b) ÎÌyÌ≈ «˛!Î˚£%è

c) Ó!ô≈£%è xÌÓy «˛!Î˚£%è ˆÜ˛yˆÏly!ê˛•z lÎ˚ d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

xxvi) Î!ò f(x) = x2–Kx+5 xˆÏ˛õ«˛Ü˛!ê˛ Ók˛ xhs˝Ó˚y° [2, 4]ÈüÈˆï˛ Ó!ô≈£%è •Î˚ñ ï˛ˆÏÓ

a) K∈(2,∞) b) K∈(–∞, 2) c) K∈(4,∞) d) K∈(–∞, 4)

xxvii) ( )1logtan2)( 21 ++−−= − xxxxxf  xˆÏ˛õ«˛Ü˛!ê˛ ÎÌyÌ≈ Ó!ô≈£%è •ˆÏÓ Îál

a) x>0 b) x<0 c) x∈R d) x∈R–{0}

xxviii)  f(x) = xx xˆÏ˛õ«˛Ü˛!ê˛ ˆÎ xhs˝Ó˚yˆÏ° «˛!Î˚£%è •ˆÏÓ ˆ§!ê˛ •°

a) (0, e) b) (0, 1) c) ( )
e

1,0 d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

xxix) Ók˛ xhs˝Ó˚y° [0,6]ÈüÈˆï˛ f(x) = x3–6x2+6x ÈüÈ~Ó˚ §Ó≈!l¡¨ G §Ó≈y!ôÜ˛ Ùyl •°

a) 3, 4 b) 0,6 c) 0,3 d) 3, 6
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xxx) ôÓ˚y ÎyÜ˛ñ f(x) = (x–a)2+(x–b)2+(x–c)2– ï˛y•ˆÏ° xüÈ~Ó˚ ˆÎ ÙyˆÏlÓ˚ çlƒ f(x)ÈüÈ~Ó˚ xÓÙ Ùyl xyˆÏSÈ
ˆ§!ê˛ •° ÈüüüÈ

a) 
3

cba ++
b) 3 abc c) 

cba
111

3

++
d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

2] x!ï˛ §Ç!«˛ÆôÙ#≈ ≠ å≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 1 Óy 1ä

i) Î!ò ~Ü˛!ê˛ Ó›Ü˛îy §Ó˚°ˆÏÓ˚áy ÓÓ˚yÓÓ˚ ~ÙlË˛yˆÏÓ à!ï˛¢#° ̂ Î t §ÙÎ˚ ̨õÓ˚ Ó›Ü˛îy!ê˛Ó˚ §Ó˚î s = t3–6t2+9t+8

myÓ˚y ≤Ãò_– Ó›Ü˛îy!ê˛Ó˚ ≤ÃyÌ!ÙÜ˛ ˆÓà !lî≈Î˚ Ü˛ˆÏÓ˚y–

ii) ˆÜ˛yˆÏly Óà≈ˆÏ«˛ˆÏeÓ˚ ≤Ã!ï˛!ê˛ Óy‡ 0.1 ˆ§!Ù˘ˆ§ˆÏÜ˛u˛ •yˆÏÓ˚ Ó,!k˛ ˛õyÎ˚– ~!ê˛Ó˚ ˛õ!Ó˚§#Ùy Ü˛# •yˆÏÓ˚ Ó,!k˛ ˛õyÎ˚ ï˛y
!lî≈Î˚ Ü˛ˆÏÓ˚y–

iii) Î!ò x

ey log=  •Î˚ñ ï˛ál ∆y !lî≈Î˚ Ü˛ˆÏÓ˚y Îál x = 3 ~ÓÇ ∆x = 0.03.

iv) âlÜ˛ xyÜ,˛!ï˛Ó˚ ~Ü˛!ê˛ ÓÓ˚ˆÏÊ˛Ó˚ ê%˛Ü˛Ó˚y ~ÙlË˛yˆÏÓ à°ˆÏSÈ ˆÎ ~Ó˚ Óy‡ ˛õ!Ó˚ÙyˆÏ˛õ ¢ï˛Ü˛Ó˚y e&!ê˛ a– ï˛y•ˆÏ° ~Ó˚
xyÎ˚ï˛l !lî≈ˆÏÎ˚ ¢ï˛Ü˛Ó˚y e&!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

v) x = t2+3t–8, y = 2t2–2t–5 ÓˆÏe´Ó˚ t = 2 !Ó®%ˆÏï˛ flõ¢≈ˆÏÜ˛Ó˚ l!ï˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

vi) y = f(x) ÓˆÏe´Ó˚ (x,y) !Ó®%ˆÏï˛ x!Ë˛°¡∫ Î!ò yÈüÈxˆÏ«˛Ó˚ §Ùyhs˝Ó˚y° •Î˚ ï˛ˆÏÓ
dx

dy
 ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

vii) ÓˆÏe´Ó˚ (x,y) !Ó®%ˆÏï˛ x!B˛ï˛ flõ¢≈Ü˛!ê˛ Î!ò fliylyB˛ x«˛mˆÏÎ˚Ó˚ §yˆÏÌ §ÙylË˛yˆÏÓ lï˛ ÌyˆÏÜ˛ñ ï˛ˆÏÓ
dx

dy
~Ó˚ Ùyl

!lî≈Î˚ Ü˛ˆÏÓ˚y–

viii) y =  x + sinxcosx ÓˆÏe´Ó˚ 
2

π
=x  !Ó®%ˆÏï˛ x!Ë˛°ˆÏ¡∫Ó˚ §Ù#Ü˛Ó˚î!ê˛ !°á–

ix) y = x2–x+2 Óe´ˆÏÓ˚áy!ê˛ ˆÎ !Ó®%ˆÏï˛ y-x«˛ˆÏÜ˛ x!ï˛e´Ù Ü˛ˆÏÓ˚ ˆ§•z !Ó®%ˆÏï˛ flõ¢≈ˆÏÜ˛Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚
Ü˛ˆÏÓ˚y–

x) aÈüÈ~Ó˚ G•z§Ó Ùyl=ˆÏ°yÓ˚ ˆ§ê˛!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y ÎyÓ˚ çlƒ f(x) = cosx+a2x+b xˆÏ˛õ«˛Ü˛!ê˛ RÈüÈ~ ÎÌyÌ≈
Ó!ô≈£%è–

xi) f(x) = tanx–x xˆÏ˛õ«˛Ü˛!ê˛ ~Ó˚ §ÇK˛yÓ˚ xMÈ˛ˆÏ° Ó!ô≈£%è xÌÓy «˛!Î˚£%è !Ü˛ly ï˛y Îyã˛y•z Ü˛ˆÏÓ˚y–

xii) ‘b’ ~Ó˚ G•z§Ó Ùyl=ˆÏ°yÓ˚ ˆ§ê˛!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y ÎyÓ˚ çlƒ f(x) = b(x+cosx)+4 xˆÏ˛õ«˛Ü˛!ê˛ RÈüÈ~ «˛!Î˚£%è–

xiii) xxxf
1

)( =  ~Ó˚ ã˛Ó˚Ù Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

xiv)
x

b
axxf +=)( ÈüÈ~Ó˚ §Ó≈!l¡¨ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ˆÎáyˆÏl a>0, b>0 ~ÓÇ x>0–

xv) x

exxf log)( =  xˆÏ˛õ«˛Ü˛!ê˛ ˆÎ !Ó®%ˆÏï˛ xÓÙ Ùyl xç≈l Ü˛ˆÏÓ˚ ˆ§•z !Ó®%!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–
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áüüüÈ!ÓË˛yà

3] §Ç!«˛ÆôÙ#≈ ≠ å≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 3 l¡∫Ó˚ä

i) xhs˝Ó˚y°§Ù)• !lî≈Î˚ Ü˛ˆÏÓ˚yñ ˆÎáyˆÏl !lˆÏ¡¨Ó˚ xˆÏ˛õ«˛Ü˛=ˆÏ°y Ó!ô≈£%è xÌÓy «˛!Î˚£%è ≠
a)  f(x) = x4 – 4x3 + 4x2 + 15

b) 11
5

36
3

5

4

10

3
)( 234 ++−−= xxxxxf

c)  f(x) = (x + 2) e–x

d) 
x

x
xf

log
)( =

e) f (x) = xx

f) π≤≤
+

−−
= 20,

cos2

cos2sin4
)( x

x

xxxx
xf

g) f(x) = (x+1)3(x–3)3

h) 
x

x
xf

14
)(

2 +
=

ii) ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ f (x) =  
x

x

−
+

2

1
 xˆÏ˛õ«˛Ü˛!ê˛ x = – 1  SÈyí˛¸y x ~Ó˚ §Ü˛° ÓyhflÏÓÙyˆÏl Ó!ô≈£%è–

iii) ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎ θ−
θ+

θ
=θ

cos2

sin4
)(f  xˆÏ˛õ«˛Ü˛!ê˛ 




 π
2

,0  xhs˝Ó˚yˆÏ° Ó!ô≈£%è–

iv) ˆòáyG ˆÎ  f(x) = x100 + sin x  xˆÏ˛õ«˛Ü˛!ê˛ (–1,1) xhs˝Ó˚yˆÏ° Ó!ô≈£%è xÌÓy «˛!Î˚£%è ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

v) a Èü~Ó˚ §Ó≈!l¡¨ Ùyl!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y ÎyÓ˚ çlƒ x3 + 3ax + 5 xˆÏ˛õ«˛Ü˛!ê˛ [1,2] xhs˝Ó˚yˆÏ° Ó!ô≈£%è–

vi) aÈüÈ~Ó˚ ˆÎ•z Ùyl=ˆÏ°yÓ˚ çlƒ f(x) = (a+2)x3–3ax2+9ax–1 xˆÏ˛õ«˛Ü˛!ê˛ xÈüÈ~Ó˚ ˆÎÈüÈˆÜ˛yˆÏly ÓyhflÏÓ ÙyˆÏlÓ˚
çlƒ «˛!Î˚£%è ˆ§•z Ùyl=ˆÏ°y !lî≈Î˚ Ü˛ˆÏÓ˚y–

vii) ˆòáyG ˆÎ f(x) = logsin x xˆÏ˛õ«˛Ü˛!ê˛ ( )
2

,0 π  xhs˝Ó˚yˆÏ° Ó!ô≈£%è ~ÓÇ ( )ππ ,
2  xhs˝Ó˚yˆÏ° «˛!Î˚£%è–

viii) ˆòáyG ˆÎ f(x) = tan–1(sinx+cos x) xˆÏ˛õ«˛Ü˛!ê˛ ( )
2

,
4

ππ  xhs˝Ó˚yˆÏ° «˛!Î˚£%è–

ix) xhs˝Ó˚y°=ˆÏ°y !lî≈Î˚ Ü˛ˆÏÓ˚y ˆÎáyˆÏl
x

x
xxf

+
−+=

1
)1log()(  xˆÏ˛õ«˛Ü˛!ê˛ Ó!ô≈£%è xÌÓy «˛!Î˚£%è–

x) xhs˝Ó˚y°=ˆÏ°y !lî≈Î˚ Ü˛ˆÏÓ˚y ˆÎáyˆÏl f(x) = (x+2)e–x xˆÏ˛õ«˛Ü˛!ê˛ Ó!ô≈£%è xÌÓy «˛!Î˚£%è–

xi) ˆòáyG ˆÎ (0,1) xhs˝Ó˚yˆÏ° f(x) = x–[x] xˆÏ˛õ«˛Ü˛!ê˛ Ó!ô≈£%è–

xii) !lˆÏ¡¨Ó˚ xˆÏ˛õ«˛Ü˛=ˆÏ°yÓ˚ fliyl#Î˚ ã˛Ó˚Ù Ùyl xÌÓy fliyl#Î˚ xÓÙ ÙyˆÏlÓ˚ !Ó®%§Ù)•ñ Î!ò ÌyˆÏÜ˛ñ !lî≈Î˚ Ü˛ˆÏÓ˚y–
~SÈyí˛¸yñ fliyl#Î˚ ã˛Ó˚Ù Ùyl§Ù)• xÌÓy fliyl#Î˚ xÓÙ Ùyl §Ù)• !lî≈Î˚ Ü˛ˆÏÓ˚y ≠

a) f(x) = sin4x+cos4x, 
2

0
π

<< x
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b) f(x) = 2sin x – x, 
22

π
≤≤

π
− x

c) f(x) = cos x, 0 < x < π

d) f(x) = (x–1)3(x+1)2

xiii) x = 1–asinθ, y = bcos2θ ÓˆÏe´Ó˚ 
2

π
=θ  !Ó®%ˆÏï˛ x!Ë˛°ˆÏ¡∫Ó˚ ≤ÃÓlï˛y !lî≈Î˚ Ü˛ˆÏÓ˚y–

xiv) 1
169

22

=−
yx

 ÓˆÏe´Ó˚ G˛õÓ˚ xÓ!fliï˛ G•z !Ó®%=ˆÏ°y !lî≈Î˚ Ü˛ˆÏÓ˚y ˆÎ=ˆÏ°yˆÏï˛ x!B˛ï˛ flõ¢≈Ü˛ yÈüÈxˆÏ«˛Ó˚

§Ùyhs˝Ó˚y°–

xv) xy+ax+by = 2 ÓˆÏe´Ó˚ (1, 1) !Ó®%ˆÏï˛ x!B˛ï˛ flõ¢≈ˆÏÜ˛Ó˚ ≤ÃÓlï˛y Î!ò 2 •Î˚ñ ï˛ˆÏÓ a G b ÈüÈ~Ó˚ Ùyl !lî≈Î˚
Ü˛ˆÏÓ˚y–

xvi) y = x2 ÓˆÏe´Ó˚ G˛õÓ˚ xÓ!fliï˛ ˆÎ !Ó®%ˆÏï˛ flõ¢≈ˆÏÜ˛Ó˚ ≤ÃÓlï˛y !Ó®%!ê˛Ó˚ Ë%˛ˆÏçÓ˚ §Ùyl ˆ§•z !Ó®%!ê˛Ó˚ fliylyB˛
!lî≈Î˚ Ü˛ˆÏÓ˚y–

xvii) ‘a’ ~Ó˚ ˆÜ˛yl ÙyˆÏlÓ˚ çlƒ  3x + 4y = 1 ˆÓ˚áy!ê˛ y2 = 4ax ÓˆÏe´Ó˚ ~Ü˛!ê˛ flõ¢≈Ü˛ •ˆÏÓ⁄

àÈüüüÈ!ÓË˛yà

ò#â≈ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿yÓ°# ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 4 xÌÓy 6 l¡∫Ó˚ ]

i) !fliÓ˚ Ë)˛!Ù b !Ó!¢‹T ~Ü˛!ê˛ §Ù!mÓy‡ !eË%˛ˆÏçÓ˚ §Ùyl ò%!ê˛ Óy‡ 3 ˆ§!Ù˘ˆ§ˆÏÜ˛u˛ •yˆÏÓ˚ •…y§ ˛õyÎ˚– ~!ê˛Ó˚ ˆ«˛eÊ˛° Ü˛#
•yˆÏÓ˚ •…y§ ˛õyˆÏÓñ Îál §Ùyl ò%!ê˛ Óy‡Ó˚ ˜òâ≈ƒ Ë)˛!ÙÓ˚ ˜òˆÏâ≈ƒÓ˚ §Ùyl •Î˚⁄

ii) ~Ü˛!ê˛ ÊÑ˛y˛õy ˆày°ˆÏÜ˛Ó˚ ÙˆÏôƒ ôyï%˛Ó˚ xyÎ˚ï˛l ô &ÓÜ˛– Î!ò ~Ó˚ xhs˝/ Óƒy§yô≈ 1 ˆ§!Ù˘ˆ§ˆÏÜ˛u˛ •yˆÏÓ˚ Ó,!k˛ ˛õyÎ˚ ï˛y•ˆÏ°
~Ó˚ Ó!•/ Óƒy§yˆÏô≈Ó˚ Ó,!k˛Ó˚ •yÓ˚ !lî≈Î˚ Ü˛ˆÏÓ˚y Îál ~Ó˚ Óƒy§yô≈mÎ˚ ÎÌye´ˆÏÙ 4 ˆ§!Ù G 8 ˆ§!Ù–

iii) ~Ü˛!ê˛ §Ó˚° ˆòy°ˆÏÜ˛Ó˚ ~Ü˛!ê˛ ˛õ)î≈ ˆòy°ˆÏlÓ˚ §ÙÎ˚ Tñ Ü˛yÎ≈Ü˛Ó˚# ˜òâ≈ƒ l §¡õ!Ü≈˛ï˛ §Ù#Ü˛Ó˚î 
g

lT π= 2  ≤Ãò_ñ

ˆÎáyˆÏl g •° ô &ÓÜ˛– Î!ò lÈüÈ~Ó˚ ˜òâ≈ƒ 1% Ó,!k˛ ˛õyÎ˚ ï˛ˆÏÓ T ˛õ!Ó˚ÙyˆÏ˛õ ¢ï˛Ü˛Ó˚y e&!ê˛ Ü˛ï˛ •ˆÏÓ⁄

iv) Î!ò ABC !eË%˛ˆÏç c Óy‡ ~ÓÇ C ˆÜ˛yî x˛õ!Ó˚Ó!ï≈˛ï˛ ÌyˆÏÜ˛ñ ï˛y•ˆÏ° xÓÜ˛ˆÏ°Ó˚ ôyÓ˚îy ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ ˆòáyG ˆÎñ

0
BcosAcos

=+
dbda

–

v) xÓÜ˛ˆÏ°Ó˚ §y•yˆÏÎƒ !l¡¨!°!áï˛=!°Ó˚ xy§ß¨Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ≠

a) tan460, ˆÎáyˆÏl 10 = 0.01745 ˆÓ˚!í˛Î˚yl–

b) 04.4loge
, ˆÎáyˆÏl 6021.0log4

10 =  ~ÓÇ 4343.0log10 =e .

c) f(5.001), ˆÎáyˆÏl f(x) = x3–7x2+15
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d) 







14

22
sin

e)
1.25

1

vi) !lˆÏ¡¨ ≤Ãò_ ≤Ã!ï˛!ê˛ ÓˆÏe´Ó˚ !lˆÏò≈!¢ï˛ !Ó®%ˆÏï˛ flõ¢≈Ü˛ G x!Ë˛°ˆÏ¡∫Ó˚ §Ù#Ü˛Ó˚î=ˆÏ°y !lî≈Î˚ Ü˛ˆÏÓ˚y :

a) )tan,sec(,1
2

2

2

2

θθ=− ba
b

y

a

x
 !Ó®%ˆÏï˛

b) )1,1(,23
2

3
2

=+ yx  !Ó®%ˆÏï˛

c) ( )
m

a
m

aaxy 2,,4 2
2 =  !Ó®%ˆÏï˛

d)
2

1
,

1

2
,

1

2
2

3

2

2

=
+

=
+

= t
t

at
y

t

at
x  !Ó®%ˆÏï˛

e) x = asin3t,  y = bcos3t, tÈüÈˆï˛

vii) 4x2+9y2 =1 ÓˆÏe´Ó˚ G˛õÓ˚ xÓ!fliï˛ ˆÎ§Ó !Ó®%=ˆÏ°yˆÏï˛ x!B˛ï˛ flõ¢≈Ü˛=ˆÏ°y 2y+x=0 §Ó˚°ˆÏÓ˚áyÓ˚ í˛z˛õÓ˚ °¡∫
ˆ§•z§Ó !Ó®%=ˆÏ°y !lî≈Î˚ Ü˛ˆÏÓ˚y–

viii) ˆòáyG ˆÎ x = a(cosθ+θsinθ), y = a(sinθ–θcosθ) ÓˆÏe´Ó˚ θ !Ó®%ˆÏï˛ x!Ë˛°¡∫ñ Ù)°!Ó®% ˆÌˆÏÜ˛ ô &ÓÜ˛ ò)Ó˚ˆÏc
xÓ!fliï˛–

ix) y2 = 4ax ~ÓÇ x2 = 4by x!ôÓ,_ ò%!ê˛Ó˚ ˆSÈò!Ó®%ˆÏï˛ åÙ)°!Ó®% Óƒï˛#ï˛äñ ~ˆÏòÓ˚ xhs˝à≈ï˛ ˆÜ˛yˆÏîÓ˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

x) ax2+by2 =1 ~ÓÇ 122 =′+′ ybxa  Óe´ ò%!ê˛ ˛õÓ˚flõÓ˚ °¡∫Ë˛yˆÏÓ ˆSÈò Ü˛Ó˚ˆÏ° ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ 
baba ′

−
′

=−
1111

–

xi) ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ 4x = y2 ~ÓÇ 4xy = K Óe´ ò%!ê˛ ˛õÓ˚flõÓ˚ˆÏÜ˛ §ÙˆÏÜ˛yˆÏî ˆSÈò Ü˛Ó˚ˆÏÓ Î!ò K2 = 512 •Î˚–

xii) ~Ü˛!ê˛ §ÙˆÏÜ˛yî# !eË%˛ˆÏçÓ˚ x!ï˛Ë%˛ç G ~Ü˛!ê˛ Óy‡Ó˚ ̃ òˆÏâ≈ƒÓ˚ §Ù!‹T ≤Ãò_ •ˆÏ° ≤ÃÙyî Ü˛ˆÏÓ˚y ̂ Îñ !eË%˛ç!ê˛Ó˚ ̂ «˛eÊ˛ˆÏ°Ó˚

Ùyl Ó,•_Ù •ˆÏÓ Îál Óy‡ ò%!ê˛Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yî
3

π
•Î˚–

xiii) x2 + y2 = 3 Ó,_!ê˛Ó˚ ~Ó˚*˛õ flõ¢≈ˆÏÜ˛Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y Îy x xˆÏ«˛Ó˚ ôlydÜ˛ !òˆÏÜ˛Ó˚ §yˆÏÌ 60º ˆÜ˛yˆÏî lï˛–

xiv) x2 − y2 = 16 ˛õÓ˚yÓ,_!ê˛Ó˚ (4 secθ, 4 tanθ) !Ó®%ˆÏï˛ x!Ë˛°ˆÏ¡∫Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y– xï˛≠˛õÓ˚ ˆòáyG
ˆÎ 2x + 4y = 9 ~•z ˛õÓ˚yÓ,_!ê˛Ó˚ ~Ü˛!ê˛ x!Ë˛°¡∫–

xv) y2 = 12x x!ôÓ,_!ê˛Ó˚ (3t2, 6t) !Ó®%ˆÏï˛ x!Ë˛°ˆÏ¡∫Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y– xï˛≠˛õÓ˚ x!ôÓ,_!ê˛Ó˚ ~Ó˚*˛õ x!Ë˛°ˆÏ¡∫Ó˚
§Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y Îy x xˆÏ«˛Ó˚ ôlydÜ˛ !òˆÏÜ˛Ó˚ §yˆÏÌ 135º ˆÜ˛yˆÏî xylï˛–
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xvi) Î!ò lm + my + n = 0 §Ó˚°ˆÏÓ˚áy!ê˛ 
x

a

y

b

2

2

2

2
+ = 1 í˛z˛õÓ,ˆÏ_Ó˚ flõ¢≈Ü˛ •Î˚ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚yñ a2l2 + l2m2 =

m2–

xvii) Î!ò lx + my = 1 §Ó˚°ˆÏÓ˚áy!ê˛ y2 = 4ax x!ôÓ,_!ê˛Ó˚ x!Ë˛°¡∫ •Î˚ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚yñ al3 + 2alm2 = m2–

xviii) ≤ÃÙyî Ü˛ Ï̂Ó˚yñ x y a+ =  Ó Ï̂e´Ó˚ í z̨̨ õ!Ó˚fli ̂ Î ̂ Ü˛y Ï̂ly !Ó®%̂ Ïï˛ x!B˛ï˛ flõ¢≈̂ ÏÜ˛Ó˚ x«˛m Ï̂Î˚Ó˚ í z̨̨ õÓ˚ ̂ SÈ!òï˛yÇ¢m Ï̂Î˚Ó˚

§Ù!‹T ô &ÓÜ˛–

xix) ≤ÃÙyî Ü˛ˆÏÓ˚yñ ~Ü˛!ê˛ ≤Ãò_ Ó,ˆÏ_ ˆÎ §Ó≈Ó,•Í ˆ«˛eÊ˛° !Ó!¢‹T §Ù!mÓy‡ !eË%˛ç xhs˝≈!°!áï˛ Ü˛Ó˚y ÎyÎ˚ ï˛y ~Ü˛!ê˛ §ÙÓy‡
!eË%˛ç–

xx) ~Ü˛!ê˛ §ÙˆÏÜ˛yî# !eË%˛ˆÏçÓ˚ x!ï˛Ë%˛ˆÏçÓ˚ ˜òâ≈ƒ 5 cm •ˆÏ° ï˛yÓ˚ ˆ«˛eÊ˛ˆÏ°Ó˚ Ó,•_Ù Ùyl Ü˛ï˛⁄

xxi) r Óƒy§yô≈ !Ó!¢‹T ~Ü˛!ê˛ xô≈Ó,ˆÏ_ ~Ü˛!ê˛ xyÎ˚ï˛ˆÏ«˛e ~Ó˚*˛õË˛yˆÏÓ xhs˝≈!°!áï˛ xyˆÏSÈ ˆÎ xyÎ˚ï˛ˆÏ«˛e!ê˛Ó˚ ~Ü˛!ê˛ Óy‡
xô≈Ó,_!ê˛Ó˚ Óƒy§ ÓÓ˚yÓÓ˚– xyÎ˚ï˛ˆÏ«˛e!ê˛Ó˚ ˆ«˛eÊ˛° Ó,•_Ù •ˆÏ° ï˛yÓ˚ ˜òâ≈ƒ G ≤Ãfli r ~Ó˚ ÙyôƒˆÏÙ !lî≈Î˚ Ü˛ˆÏÓ˚y–

xxii) 5 3 c ˆ§!Ù Óƒy§yô≈ !Ó!¢‹T ˆÜ˛ylG ˆày°ˆÏÜ˛ ˆÎ §Ó≈Ó,•Í xyÎ˚ï˛ˆÏlÓ˚ ˆã˛y. xhs≈˝!°!áï˛ Ü˛Ó˚y ÎyÎ˚ ï˛yÓ˚ xyÎ˚ï˛l !lî≈Î˚
Ü˛ˆÏÓ˚y–

xxiii) c2 Óà≈ ~Ü˛Ü˛ ˆ«˛eÊ˛° !Ó!¢‹T ~Ü˛!ê˛ ˆÓyí≈˛ !òˆÏÎ˚ Óà≈yÜ˛yÓ˚ Ë)˛!Ù!Ó!¢‹T í˛z˛õÓ˚ ˆáy°y ~Ü˛!ê˛ Óy: ˜ï˛!Ó˚ Ü˛Ó˚y •ˆÏ°ñ

≤ÃÙyî Ü˛ˆÏÓ˚y Óy:!ê˛Ó˚ Ó,•_Ù xyÎ˚ï˛l 
c

6 3

3

 âl ~Ü˛Ü˛–

xxiv) x2 = 2y ÓˆÏe´Ó˚ í˛z˛õÓ˚ ~Ó˚*˛õ ~Ü˛!ê˛ !Ó®%Ó˚ fliylyB˛ !lî≈Î˚ Ü˛ˆÏÓ˚y Îy (0 , 3) ~Ó˚ !lÜ˛ê˛Óï≈˛#–

xxv) f (x) = 4x3 + ax2 + bx + 2  xˆÏ˛õ«˛Ü˛!ê˛Ó˚ (2 , - 2) !Ó®%ˆÏï˛ ≤Ãy!hs˝Ü˛ Ùyl ÌyÜ˛ˆÏ° ‘a’ G ‘b’ ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚–
ˆòáyG ˆÎñ ˙ !Ó®%ˆÏï˛ xˆÏ˛õ«˛Ü˛!ê˛Ó˚ xÓÙ Ùyl xyˆÏSÈ–

í z̨_Ó̊Ùy°y

Ü˛ÈüüüÈ!ÓË˛yà
1) i) d ii) a iii) c iv) d v) d vi) a

vii) a viii) b ix) a x) c xi) d xii) a

xiii) c xiv) c xv) c xvi) a xvii) c xviii) b

xix) c xx) b xxi) c xxii) b xxiii) b xxiv) b

xxv) a xxvi) d xxvii) c xxviii) c xxix) a xxx) a

2) i) 9 ~Ü˛Ü˛˘!Ù!lê˛ ii) 0.4 ̂ §!Ù˘ˆ§ˆÏÜ˛u˛ iii) 0.01 iv) 3a v) 
6

7

vi) 0 vii) ±1 viii) 2x = π ix) x+y–2 = 0 x) a∈(–∞,–1]4 [1,∞)

xi) Ó!ô≈£%è xii) b∈(–∞,0) xiii) e e
1

xiv) 2 ab xv) 
1 1

e e
, −
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á˛ÈüüüÈ!ÓË˛yà

3) i) Ó!ô≈£%è «˛!Î˚£%è

a) [ 0, 1] 4 [2 , ∞] [–∞, –2] 4 [1, 2]

b) (–2, 1) 4 (3, ∞) (–∞, –2) 4 (1, 3)

c) [– ∞, –1] [–1, ∞)

d) (e, ∞) (0,e) – {1}

e) 






 ∞,
1

e








e

1
,0

f) 





 ππ







 π

2,
2

3

2
,0 U 






 ππ

2

3
,

2

g) (1, ∞) (–∞, 1)

h) 






 ∞






 −∞− ,
2

1

2

1
, U 














−

2

1
,00,

2

1
U

v) –1 vi) a∈(–∞, –3) ix) (0, ∞)ÈüÈˆï˛ Ó!ô≈£%è G (–1, 0)üÈˆï˛ «˛!Î˚£%è

x) (–∞,–1)üÈˆï˛ Ó!ô≈£%è G (–1, ∞)üÈˆï˛ «˛!Î˚£%è

xii) a) x = 
4

π
 •° fliyl#Î˚ xÓÙ ÙyˆÏlÓ˚ !Ó®% ~ÓÇ fliyl#Î˚ xÓÙ Ùyl =

2

1

b) x = 
3

π
 •° fliyl#Î˚ ã˛Ó˚Ù ÙyˆÏlÓ˚ !Ó®% ~ÓÇ fliyl#Î˚ ã˛Ó˚Ù Ùyl =

3
3

π−

     x = 
3

π−  •° fliyl#Î˚ xÓÙ ÙyˆÏlÓ˚ !Ó®% ~ÓÇ fliyl#Î˚ xÓÙ Ùyl = 
3

3
π+−

c) (0, π) xhs˝Ó˚yˆÏ° xhs˝Ë%≈˛_´ lÎ˚–

d) x =  –1 •° fliyl#Î˚ ã˛Ó˚Ù ÙyˆÏlÓ˚ !Ó®%ó fliyl#Î˚ ã˛Ó˚Ù Ùyl = 0

     x = 
5

1− •° fliyl#Î˚ xÓÙ ÙyˆÏlÓ˚ !Ó®%ó fliyl#Î˚ xÓÙ Ùyl = 
3125

3456−

xiii) 
b

a

2
− xiv) (±3, 0) xv) a =5, b =–4 xvi) (0, 0)            xvii)  −

3

16

˛ÈàüüüÈ!ÓË˛yà

i) b3  ˆ§!Ù2˘ˆ§ˆÏÜ˛u˛ ii) 
4

1
ˆ§!Ù˘ˆ§ Ï̂Ü˛u˛ iii) %

2

1

v) a) 1.03490 b) 1.396368 c) –34.99 d) 1 e) 0.198
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vi) flõ¢≈Ü˛ x!Ë˛°¡∫

a) 1tansec =θ−θ
b

y

a

x
axcosθ+bycotθ = a2+b2

b) x+y–2 = 0 y–x = 0

c) m2x–my+a = 0 m2x+m3y–2am2–a = 0

d) 13x–16y–2a = 0 16+13y–19a = 0

e) bxcost+aysint = absintcost axsint–bycost  = a2sin4t–t2cos4t.

vii) 
3

2 10

1

3 10
,

−



 ~ÓÇ 

−





3

2 10

1

3 10
,

ix) tan
( )−

+( )
















1

1
3

2
3

2
3

3

2

ab

a b

xiii) y x= ±3 2 3

xiv) x cos yθ θ = 8+ cot

xv) tx + y = 6t + 3t3  ~ÓÇ x + y = 9.

xx)
25

4
 Óà≈ ˆ§!Ù–

xxi) ˜òâ≈ƒ = r 2 ~Ü˛Ü˛ ≤Ãfli =È 
r

2
~Ü˛Ü˛

xxii) 500 π  âl Ï̂§!Ù–

xxiv) (2, 2) G (−2, 2)–

xxv) a = −15, b = 12–
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§ÙyÜ˛°˛
(Integration)

=Ó˚&c˛õ)î≈ !Ó£ÏÎ˚ ~ÓÇ Ê˛°yÊ˛° ≠

● §ÙyÜ˛°l •° xÓÜ˛°ˆÏlÓ˚ !Ó˛õÓ˚#ï˛ ≤Ã!e´Îy– ôˆ ÏÓ ˚ y 
d

dx
F x f x( ) ( )= – ï˛y•ˆ Ï° xyÙÓ˚y !°!á

f x dx F x C( ) ( )∫ = + – ~•z §ÙyÜ˛°=ˆÏ°yˆÏÜ˛ x!l!ò≈‹T §ÙyÜ˛° Óy §yôyÓ˚î §ÙyÜ˛° Ó°y •Î˚ñ CÈüÈˆÜ˛ Ó°y •Î˚

§ÙyÜ˛°l ô &ÓÜ˛– ~•z§Ó §ÙyÜ˛°=ˆÏ°y ~Ü˛!ê˛ ô &ÓÜ˛ myÓ˚y ˛õyÌ≈Ü˛ƒ Î%_´ •Î˚–

● çƒy!Ù!ï˛Ü˛ ò,!‹TˆÏÜ˛yî ˆÌˆÏÜ˛ x!l!ò≈‹T §ÙyÜ˛° myÓ˚y ÓˆÏe´Ó˚ ˛õ!Ó˚ÓyˆÏÓ˚Ó˚ §Ç@˝Ã• ˆÓyV˛yÎ˚ñ ÎyÓ˚ ≤Ã!ï˛!ê˛ §ò§ƒ yÈüÈx«˛
ÓÓ˚yÓÓ˚ í˛z˛õÓ˚ !òˆÏÜ˛ xÌÓy l#ˆÏã˛Ó˚ !òˆÏÜ˛ !lˆÏçˆÏòÓ˚ ÙˆÏôƒ §Ùyhs˝Ó˚y°Ë˛yˆÏÓ fliylyhs˝ˆÏÓ˚Ó˚ ÙyôƒˆÏÙ ˛õyGÎ˚y ÎyÎ˚–

● x!l!ò≈‹T §ÙyÜ˛ˆÏ°Ó˚ !Ü˛S%È ôÙ≈yÓ°# ≠

i) xÓÜ˛°l ~ÓÇ §ÙyÜ˛°l ˛õÓ˚flõÓ˚ !Ó˛õÓ˚#ï˛ ≤Ã!e´Î˚y– xÌ≈yÍñ d

dx
f x dx f x( ) ( )∫ =  ~ÓÇ

′ = +∫ f x dx f x c( ) ( ) , ˆÎáyˆÏl c •° ˆÎÈÈüÈˆÜ˛yˆÏly ˆfl∫FSÈ ô &ÓÜ˛–

ii) ~Ü˛•z xÓÜ˛°ç Î%_´ ò%!ê˛ x!l!ò≈‹T §ÙyÜ˛° ~Ü˛•z ˛õ!Ó˚ÓyˆÏÓ˚Ó˚ Óe´ˆÏÜ˛ !lˆÏò≈¢ Ü˛ˆÏÓ˚ ~ÓÇ ï˛y•z ~Ó˚y §Ùï%˛°ƒ–

Î!ò f ~ÓÇ g ò%!ê˛ x Į̈̂ õ«˛Ü˛ ~Ùl ̂ Î 
d

dx
f x dx

d

dx
g x dx( ) ( )∫ ∫= ñ ï˛y• Ï̂° f x dx( )∫  ~ÓÇ g x dx( )∫

•° §Ùï%˛°ƒ–

iii) ò%!ê˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §Ù!‹T xÌÓy xhs˝ˆÏÓ˚Ó˚ §ÙyÜ˛°ñ ~ˆÏòÓ˚ §ÙyÜ˛ˆÏ°Ó˚ §Ù!‹T xÌÓy xhs˝Ó˚Ê˛ˆÏ°Ó˚ §Ùyl •Î˚–

xÌ≈yÍñ f x g x dx f x dx g x dx( ) ( ) ( ) ( )±[ ] = ±∫ ∫ ∫ –

iv) ~Ü˛!ê˛ ô &ÓÜ˛ í˛zÍ˛õyòÜ˛ §ÙyÜ˛° !ã˛ˆÏ•´Ó˚ •Î˚ xyˆÏà xÌÓy ˛õˆÏÓ˚ ˆ°áy ˆÎˆÏï˛ ˛õyˆÏÓ˚ñ xÌ≈yÍ

af x dx a f x dx( ) ( )∫ ∫= ñ ˆÎáyˆÏl ‘a’ ~Ü˛!ê˛ ô &ÓÜ˛–

v) ôÙ≈ (iii) ~ÓÇ (iv)ÈüÈˆÜ˛ §§#Ù §ÇáƒÜ˛ xˆÏ˛õ«˛Ü˛ f
1
, f

2
, .........., f

n
 ~ÓÇ ÓyhflÏÓ §Çáƒy K

1
, K

2
, ......, K

N
 ÈüÈ~Ó˚

çlƒ §yôyÓ˚î#Ü˛Ó˚ˆÏî ˛õyGÎ˚y ÎyÎ˚ ÈüÈ

   K f x K f x K f x dx K f x dx K f x dx
n n1 1 2 2 1 1 2 2

( ) ( ) ( ) ( ) ( )± ± ⋅⋅ ⋅⋅ ±[ ] = ± ± ⋅⋅∫ ∫ ∫ ⋅⋅ ⋅± ∫K f x dx
n n

( )

● !Ü˛S%È xyò¢≈ §ÙyÜ˛° ≠

i) x dx
x

n
c nn

n

=
+

+ ≠ −
+

∫
1

1
1, , !ÓˆÏ¢£Ïï˛ñ dx x c= +∫

xôƒyÎ˚ÈüÈ 7
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ii)
1

x
dx x c= +∫ log | |

iii) 0.dx c=∫
iv) e dx e c

x x= +∫

v) a dx
a

a
c

x
x

= +∫ log

vi) cos sinxdx x c= +∫
vii) sin cosxdx x c= − +∫
viii) sec tan2 xdx x c= +∫
ix) cosec2xdx x c= − +∫ cot

x) sec tan secx xdx x c= +∫
xi) cos cot cosec ecx xdx x c= − +∫

xii)
dx

x
x c x c

1 2

1 1

−
= + = − +∫ − −

sin cos

xiii)
dx

x
x c x c

1 2

1 1

+
= + = − +∫ − −tan cot

xiv)
dx

x x
x c x c

2

1 1

1−
= + = − +∫ − −

sec cosec

● §ÙyÜ˛°ˆÏlÓ˚ ˛õk˛!ï˛ §Ù)• ≠

● Ó˚*˛õyhs˝Ó˚ ˛õk˛!ï˛ ≠

Îál §ÙyÜ˛°ƒ!ê˛ ~Ü˛!ê˛ !eˆÏÜ˛yî!Ù!ï˛Ü˛ xˆÏ˛õ«˛Ü˛ •Î˚ñ ï˛ál xyÙÓ˚y ≤Ãò_ xˆÏ˛õ«˛Ü˛!ê˛ˆÏÜ˛ xyò¢≈ §ÙyÜ˛ˆÏ° xÌÓy
!eˆÏÜ˛yî!Ù!ï˛Ü˛ §)e ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ ~ˆÏòÓ˚ˆÏÜ˛ Ó#çày!î!ï˛Ü˛ ˆÎyàÊ˛ˆÏ° Ó˚*˛õyhs˝Ó˚ Ü˛!Ó˚–

● ≤Ã!ï˛fliy˛õˆÏlÓ˚ myÓ˚y §ÙyÜ˛°l ≠

í˛z˛õˆÏÎyà# ≤Ã!ï˛fliy˛õl myÓ˚yñ f x( )∫ dx ÈüÈ~Ó˚ ã˛°Ó˚y!¢ xÈüÈˆÜ˛ x˛õÓ˚ ã˛°Ó˚y!¢ tÈüÈˆï˛ ˛õ!Ó˚Óï≈˛l Ü˛Ó˚y •Î˚ ÎyˆÏï˛ f(x)

§ÙyÜ˛°ƒ F(t)ÈüÈˆï˛ ˛õ!Ó˚Ó!ï≈˛ï˛ •Î˚ Îy ~Ü˛!ê˛ xyò¢≈ §ÙyÜ˛° xÌÓy xyò¢≈ §ÙyÜ˛ˆÏ°Ó˚ Ó#çày!î!ï˛Ü˛ ˆÎyàÊ˛° •Î˚–
í˛z˛õÎ%_´ ≤Ã!ï˛fliy˛õl !lî≈Î˚ Ü˛Ó˚yÓ˚ çlƒ ~áyˆÏl ˆÜ˛yˆÏly §yôyÓ˚î !lÎ˚Ù ˆl•z– ≤Ã!ï˛fliy˛õl ˆÜ˛Ô¢° ≤ÃˆÏÎ˚yˆÏà xyÙÓ˚y
!l¡¨!°!áï˛ xyò¢≈ §ÙyÜ˛°=ˆÏ°y ˛õy•z–

i) tan log cos log secxdx x c x c∫ = − + = +
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ii) cot log sinxdx x c∫ = +

iii) sec log sec tan log tanxdx x x c
x

c∫ = + + = +





 +

π

4 2

iv) cos log cos cot log tanec ecxdx x x c
x

c∫ = − + = +
2

● !Ü˛S%È !ÓˆÏ¢£Ï xˆÏ˛õ«˛Ü˛§Ù)ˆÏ•Ó˚ §ÙyÜ˛° ≠

i)
dx

x a a

x a

x a
c

2 2

1

2−
=

−
+

+∫ log

ii)
dx

a x a

a x

a x
c

2 2

1

2−
=

+
−

+∫ log

iii)
dx

x a a

x

a
c

2 2

11

+
= +∫ −

tan

iv)
dx

x a
x x a c

2 2

2 2

−
= + − +∫ log

v)
dx

a x

x

a
c

2 2

1

−
= +∫ −sin

vi)
dx

x a
x x a c

2 2

2 2

+
= + + +∫ log

● xyÇ!¢Ü˛ §ÙyÜ˛°l ≠

≤Ãò_ xˆÏ˛õ«˛Ü˛ f
1
 ~ÓÇ f

2
 ÈüÈ~Ó˚ çlƒ xyÙÓ˚y ˛õy•zñ

f x f x dx f x f x dx
d

dx
f x f x dx dx1 2 1 2 1 2( ). ( ) ( ) ( ) ( ). ( )∫ ∫ ∫∫= − 





xÌ≈yÍñ ò%!ê˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ =îÊ˛ Ï̂°Ó˚ §ÙyÜ˛° = ≤ÃÌÙ x Į̈̂ õ«˛Ü˛ × !mï˛#Î˚ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ §ÙyÜ˛° − {≤ÃÌÙ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚
xÓÜ˛° × !mï˛#Î˚ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §ÙyÜ˛°}ÈüÈ~Ó˚ §ÙyÜ˛°–

xÓ¢ƒ ≤ÃÌÙ xˆÏ˛õ«˛Ü˛ ~ÓÇ !mï˛#Î˚ xˆÏ˛õ«˛Ü˛ ˛õSÈˆÏ®Ó˚ ˆ«˛ˆÏe ÎbÓyl •ˆÏï˛ •ˆÏÓ– xÓ¢ƒ•zñ xyÙÓ˚y ˆ§!ê˛ˆÏÜ˛•z !mï˛#Î˚
xˆÏ˛õ«˛Ü˛ !•ˆÏ§ˆÏÓ ˛õSÈ® Ü˛!Ó˚ ÎyÓ˚ §ÙyÜ˛° xyÙyˆÏòÓ˚ Ë˛yˆÏ°y Ü˛ˆÏÓ˚ K˛yï˛ xyˆÏSÈ–

Î!ò ò%!ê˛ xˆÏ˛õ«˛Ü˛ !Ó!Ë˛ß¨ ôÓ˚ˆÏîÓ˚ •Î˚ñ ï˛ˆÏÓ ‘ILATE’ ¢ˆÏ∑ ˆÎ!ê˛ ≤ÃÌÙ xyˆÏ§ ˆ§!ê˛ˆÏÜ˛ ≤ÃÌÙ xˆÏ˛õ«˛Ü˛ !ÓˆÏÓã˛ly
Ü˛Ó˚y •Î˚– ˆÎáyˆÏl

I : !Ó˛õÓ˚#ï˛ !eˆÏÜ˛yî!Ù!ï˛Ü˛ xˆÏ˛õ«˛Ü˛–

L : °ày!Ó˚ò!ÙÜ˛ xˆÏ˛õ«˛Ü˛–
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A : Ó#çày!î!ï˛Ü˛ xˆÏ˛õ«˛Ü˛–
T : !eˆÏÜ˛yî!Ù!ï˛Ü˛ xˆÏ˛õ«˛Ü˛–
E : §)ã˛Ü˛#Î˚ xˆÏ˛õ«˛Ü˛–

● e f x f x dx e f x cx x( ) ( ) ( )+ ′[ ] = +∫
● §ÙyÜ˛ˆÏ°Ó˚ Ü˛ˆÏÎ˚Ü˛!ê˛ !ÓˆÏ¢£Ï ≤ÃÜ˛yÓ˚ ≠

i) x a dx
x

x a
a

x x a c2 2 2 2
2

2 2

2 2
− = − − + − +∫ log

ii) x a dx
x

x a
a

x x a c2 2 2 2
2

2 2

2 2
+ = + + + + +∫ log

iii) a x dx
x

a x
a x

a
c2 2 2 2

2
1

2 2
− = − + +∫ −sin

iv)
dx

ax bx c
2 + +∫  xÌÓy 

dx

ax bx c
2 + +

∫  xÌÓy ax bx cdx
2 + +∫  xyÜ˛yˆÏÓ˚Ó˚ §ÙyÜ˛°=ˆÏ°yˆÏÜ˛

!l¡¨Ó˚*ˆÏ˛õ xyò¢≈ §ÙyÜ˛ˆÏ° Ó˚*˛õyhs˝!Ó˚ï˛ Ü˛Ó˚y ÎyÎ˚–

ax bx c a x
b

a
x

c

a
a x

b

a

c

a

b

a

2 2

2 2

22 4
+ + = + +





= +





 + −























v)
px q

ax bx c
dx

+
+ +∫ 2

 xÌÓy 
px q

ax bx c
dx

+

+ +
∫ 2

 xÌÓy ( )px q ax bx c dx+ + +∫ 2
 xyÜ˛yˆÏÓ˚Ó˚

§ÙyÜ˛°=ˆÏ°yˆÏÜ˛ !l¡¨Ó˚*ˆÏ˛õ xyò¢≈ §ÙyÜ˛ˆÏ° Ó˚*˛õyhs˝!Ó˚ï˛ Ü˛Ó˚y ÎyÎ˚–

px q A
d

dx
ax bx c B A ax b B+ = + + + = + +( ) ( )2 2 , ˆÎáyˆÏl í˛zË˛Î˚!òˆÏÜ˛ §•ˆÏàÓ˚ ï%˛°lyÓ˚ ÙyôƒˆÏÙ

A G B !lî≈Î˚ Ü˛Ó˚y •Î˚–

● xyÇ!¢Ü˛ Ë˛@¿yÇˆÏ¢ !ÓË˛yçˆÏlÓ˚ myÓ˚y §ÙyÜ˛°l ≠

p x

g x
dx

( )

( )∫  xyÜ˛yˆÏÓ˚Ó˚ §ÙyÜ˛°ˆÏÜ˛ §ÙyÜ˛°ƒÓ˚ xyÇ!¢Ü˛ Ë˛@¿yÇˆÏ¢ §ÙyôyˆÏlÓ˚ ÙyôƒˆÏÙ §ÙyÜ˛°l Ü˛Ó˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚–

xyÙÓ˚y !l¡¨!°!áï˛Ë˛yˆÏÓ x@˝Ã§Ó˚ ••z–
p(x)ÈüÈ~Ó˚ Ùyey <  g(x)ÈüÈ~Ó˚ Ùyey Îyã˛y•z Ü˛!Ó˚– xlƒÌƒyÎ˚ p(x)ÈüˆÜ˛ Èg(x)È !òˆÏÎ˚ Ë˛yà Ü˛!Ó˚ Îï˛«˛î ly ~Ó˚ Ùyey Ü˛Ù

•Î˚– xÌ≈yÍñ ôˆÏÓ˚y xyÜ˛yÓ˚!ê˛ •° ÈüÈ 
p x

g x
r x

f x

g x

( )

( )
( )

( )

( )
= + , ˆÎáyˆÏl f(x)ÈüÈ~Ó˚ Ùyey < g(x)ÈüÈ~Ó˚ Ùyey–

~ál  
f x

g x

( )

( )
 ~Ó˚ §ÙyÜ˛° Ü˛Ó˚y ÎyÎ˚ f x

g x

( )

( )
 ˆÜ˛ !l¡¨!°!áï˛Ó˚*ˆÏ˛õ xyÇ!¢Ü˛ Ë˛@¿yÇˆÏ¢Ó˚ §Ù!‹TÓ˚ ÙyôƒˆÏÙ ≠

i)
px q

x a x b

A

x a

B

x b
a b

+
− −

=
−

+
−

≠
( )( )

,
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ii)
px q

x a

A

x a

B

x a

+
−

=
−

+
−( ) ( )2 2

iii)
px qx r

x a x b x c

A

x a

B

x b

C

x c

2 + +
− − −

=
−

+
−

+
−( )( )( ) ( )

iv)
px qx r

x a x b

A

x a

B

x a

C

x b

2

2 2

+ +
− −

=
−

+
−

+
−( ) ( ) ( )

v)
px qx r

x a x bx c

A

x a

Bx C

x bx c

2

2 2

+ +
− + +

=
−

+
+

+ +( )( )

ˆÎáyˆÏlñ x2+bx+cÈüˆÜ˛ xyÓ˚ í˛zÍ˛õyòˆÏÜ˛ !ÓˆÏŸ’£Ïî Ü˛Ó˚y ÎyÎ˚ ly–È

● !l!ò≈‹T §ÙyÜ˛° ≠

~Ü˛!ê˛ !l!ò≈‹T §ÙyÜ˛°ˆÏÜ˛ f x dx
a

b

( )∫ , myÓ˚y !ã˛!•´ï˛ Ü˛Ó˚y •Î˚ñ ˆÎáyˆÏl aÈüÈˆÜ˛ §ÙyÜ˛ˆÏ°Ó˚ !l¡¨§#Ùy ~ÓÇ bÈüÈˆÜ˛

§ÙyÜ˛ˆÏ°Ó˚ |ôÁ≈§#Ùy Ó°y •Î˚– !l!ò≈‹T §ÙyÜ˛° !l¡¨!°!áï˛ ò%!ê˛ í˛z˛õyˆÏÎ˚ !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚–

i) ˆÎyàÊ˛ˆÏ°Ó˚ §#ÙyÓ˚*ˆÏ˛õ !l!ò≈‹T §ÙyÜ˛°–

ii) f x dx F b F a
a

b

( ) ( ) ( )∫ = − , Î!ò f(x)ÈüÈ~Ó˚ ~Ü˛!ê˛ ≤Ã!ï˛ÈüÈxhs˝Ó˚Ü˛°ç F(x) •Î˚–

● ˆÎyàÊ˛ˆÏ°Ó˚ §#ÙyÓ˚*ˆÏ˛õ !l!ò≈‹T §ÙyÜ˛° ≠

!l!ò≈‹T §ÙyÜ˛° f x dx
a

b

( )∫  •°ñ y=f(x) Óe´ˆÏÓ˚áyñ x=a, x=b ˆÜ˛y!ê˛mÎ˚ ~ÓÇ x-x«˛ myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚

ˆ«˛eÊ˛° ~ÓÇ Îy •° ÈüüüÈ

f x dx Lim h f a f a h f a n h
a

b

h
( ) ( ) ( ) ....... ( )∫ = + + + + + −{ } →0

1  ˆÎáyˆÏl h
b a

n
=

−
→ 0  Îál n→∝–

● Ü˛°l!ÓòƒyÓ˚ ˆÙÔ!°Ü˛ í˛z˛õ˛õyòƒ ≠

i) ˆ«˛eÊ˛° xˆÏ˛õ«˛Ü˛ : ˆ«˛eÊ˛° xˆÏ˛õ«˛Ü˛ˆÏÜ˛ A(x) xˆÏ˛õ«˛Ü˛ myÓ˚y §)!ã˛ï˛ Ü˛Ó˚y •Î˚ ~ÓÇ •z•y !l¡¨Ó˚*ˆÏ˛õ
§ÇK˛y!Î˚ï˛

A x f x dx
a

x

( ) ( )= ∫ .

ii) §ÙyÜ˛°l !ÓòƒyÓ˚ ≤ÃÌÙ ˆÙÔ!°Ü˛ í˛z˛õ˛õyòƒ ≠

ôˆÏÓ˚y Ók˛ xhs˝Ó˚y° [a,b]ÈüÈ~Ó˚ í˛z˛õÓ˚ f  ~Ü˛!ê˛ §hs˝ï˛ xˆÏ˛õ«˛Ü˛ ~ÓÇ ÙˆÏl Ü˛ˆÏÓ˚y A(x) •° ̂ «˛eÊ˛° xˆÏ˛õ«˛Ü˛–
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ï˛y•ˆÏ° A′(x)=f(x)ñ §Ü˛° x∈[a,b]ÈüÈ~Ó˚ çlƒ–

iii) §ÙyÜ˛°l !ÓòƒyÓ˚ !mï˛#Î˚ ˆÙÔ!°Ü˛ í˛z˛õ˛õyòƒ ≠

ôˆÏÓ˚y Ók˛ xhs˝Ó˚y° [a,b]ÈüÈ~Ó˚ í˛z˛õÓ˚ f  ~Ü˛!ê˛ §hs˝ï˛ xˆÏ˛õ«˛Ü˛ ~ÓÇ f üÈ~Ó˚ ≤Ã!ï˛ÈüÈxhs˝Ó˚Ü˛°ç •° F– ï˛y•ˆÏ°

f x dx F x F b F a
a

b

a

b
( ) ( ) ( ) ( )∫ = [ ] = − –

● !l!ò≈‹T §ÙyÜ˛ˆÏ°Ó˚ Ü˛ˆÏÎ˚Ü˛!ê˛ ôÙ≈yÓ°# ≠

i) f x dx f t dt
a

b

a

b

( ) ( )∫ ∫=

ii) f x dx f x dx
a

b

b

a

( ) ( )∫ ∫= −

iii) f x dx
a

a

( )∫ = 0

iv) f x dx f x dx f x dx
a

b

a

c

c

b

( ) ( ) ( ) ,∫ ∫ ∫= +  ˆÎáyˆÏl bca << –

v) f x dx f a b x dx
a

b

a

b

( ) ( )∫ ∫= + −

vi) f x dx f a x dx

a a

( ) ( )
0 0

∫ ∫= −

vii) f x dx f x dx f a x dx

a a a

( ) ( ) ( )
0

2

0 0

2∫ ∫ ∫= + −

viii) f x dx
f x dxa

a

( )
( ) ,

,

=








∫ ∫
0

2

0

2

0

ix) f x dx
f x dx

a

a

a

( )
( ) ,

,

=






−

∫ ∫2

0

0

Î!ò f (2a–x)=f(x) •Î˚

Î!ò f (2a–x)= –f(x) •Î˚

Î!ò f (–x)=f(x) •Î˚ñ xÌ≈yÍñ Î%@¬ xˆÏ˛õ«˛Ü˛

Î!ò f (–x)= –f(x) •Î˚ñ xÌ≈yÍ xÎ%@¬ xˆÏ˛õ«˛Ü˛



89

xl%¢#°l#ÈüüüÈ7

Ü˛ÈüüüÈ!ÓË˛yà

˜lÓ≈ƒ!_´Ü˛ ≤ÃŸ¿yÓ!° ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 1 xÌÓy 2  l¡∫Ó˚ ]

1) Ó‡Ù%á# !lÓ≈yã˛lôÙ#≈ ≤ÃŸ¿ ≠

i) f x
x

a
x

x( ) = −







+
1

1
2

1

, a>0 xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ≤Ã!ï˛ÈüÈxhs˝Ó˚Ü˛°ç •°

a) 
a

a

x
x

+
1

b) 
a

x

x
x

+
1

c) 
a

a

x
x

+
1

log
d) a a

x
x

+
1

.log

ii) e x x dxx ( cot cot )1 2− +∫  =

a) excotx+c b) –excotx+c c) excosecx+c d) –excosecx+c

iii) Î!ò
2

2

1

2

1x
x

x
dx k c= +∫  •Î˚ñ ï˛ˆÏÓ kÈüÈ~Ó˚ Ùyl •°

a) −
1

2log
e

b) − log
e

2 c) –1 d) 
1

2

iv) Î!ò sin

sin( )
logsin( )

x

x
dx Ax B x C

−
= + − +∫ α

α , •Î˚ñ ï˛ˆÏÓ (A, B) ÈüÈ~Ó˚ Ùyl •° ÈüüüÈ

a) (–sinα, cosα) b) (cosα, sinα) c) (sinα, cosα) d) (–cosα, sinα)

v)
dx

x xsin cos2 2∫  ~Ó˚ §Ùyl •°

a) tan x + cot x+cb) (tan x+cot x)2+c c) tan x–cot x + c d) (tan x–cot x)2 + c

vi) f x dx
a c

b c

( )
+

+

∫  ~Ó˚ §Ùyl •°

a) f x dx
a

b

( )∫ b) f x dx
a c

b c

( )
−

−

∫ c) f x c dx
a

b

( )−∫ d) f x c dx
a

b

( )+∫

vii)
d

dx
x dx

2

2

1(tan )−∫  ~Ó˚ §Ùyl •°

a) 
1

1
2+

+
x

c b) tan–1x+c c) x x x ctan log− − + +1 21

2
1    d) ˆÜ˛yl!ê˛•z lÎ˚

viii) Lim
n

r

nn
r

n

→∝
=







∑1

1

 ~Ó˚ Ùyl •°

a) –
1

2
b) 0 c) 

1

2
d) 1
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ix) Î!ò [0,1] xhs˝Ó˚yˆÏ°  f  ~ÓÇ g §hs˝ï˛ xˆÏ˛õ«˛Ü˛=ˆÏ°y f(x)=f(a–x) ~ÓÇ g(x)+g(a–x)=aÈüÈˆÜ˛ !§k˛ Ü˛ˆÏÓ˚ñ

ï˛ˆÏÓ f x g x dx

a

( ). ( )
0

∫  ~Ó˚ Ùyl •°

a) 
a

2
b) 

a
f x dx

a

2
0

( )∫ c) f x dx

a

( )
0

∫ d) a f x dx

a

( )
0

∫

x)
dx

x1 2
4

4

+
−
∫ cosπ

π

 ~Ó˚ Ùyl •°

a) 1 b) 2 c) 3 d) 4

xi) | |x dx−∫ 2
1

3

 ~Ó˚ Ùyl •°

a) 0 b) 1 c) 2 d) 3

xii) Î!ò 
dx

x

dx

x
a

1
2

12

0

3

2

3

+
=

+∫ ∫ •Î˚ñ ï˛ˆÏÓ a ~Ó˚ Ùyl •°

a) 
1

2
b) 3 c) 

1

3
d) 

π

3

xiii) ( )x x dx+ +
−
∫ 2

1

1

1  ~Ó˚ Ùyl

a) 0 b)  log
1

2
c) log 2 d) 

1

2
2log

xiv)
d

dx

x

x
dxsin

−

+






∫ 1

2

0

1
2

1
 ~Ó˚ Ùyl •°

a) 0 b) π c) 
π

2
d) 

π

4

xv) Î!ò f x dx n
n

n

( ) =
+

∫
1

 •Î˚ñ ï˛ˆÏÓ f x dx

n

( )
2

1+

∫  ~Ó˚ Ùyl •ˆÏÓÈüÈ

a) 12 b) 10 c) 8 d) 9

xvi) Î!ò 
1

1 4 82

0
+

=∫ x
dx

a
π

 •Î˚ñ ï˛ˆÏÓ a ~Ó˚ Ùyl •°

a) 
π

4
b) 

1

2
c) 

π

2
d) 1
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xvii) Î!ò f x dx g x( ) ( )=∫ , ~ÓÇ f x dx h x( ) ( )=∫  •Î˚ñ ï˛ˆÏÓ

a) h(x)+g(x) = ô &ÓÜ˛ b) g(x) – h(x) = ô &ÓÜ˛

c) h(x).g(x) = ô &ÓÜ˛ d) g(x) = h(x)

áüüüÈ!ÓË˛yà

2] §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ å≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 3 l¡∫Ó˚ä
i) !l¡¨!°!áï˛ §ÙyÜ˛°=ˆÏ°yÓ˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ≠

a) 
x

x
dx

6

2

1

1

+
+∫ b) 

1

a b
dx

x x∫

c) 
tan

sec tan

x

x x
dx

+∫ d) 
xdx

x +∫
1

e) 
sin

sin cos

2
2 2 2 2

x

a x b x
dx

+∫ f) tan tan tanx x xdx2 3∫

g) 
sin( )

sin( )

x a

x b
dx

−
−∫ h) 2 2 2

22 2
x

x
x
dx∫

i) x x dx
x

1+( )∫ log j) 
dx

x x4 1−
∫

k) 
x

x
dx

2

2

1

4

−
+∫ l) 

x dx

x a

2

6 6+∫

m) 
x

a x
dx

3 3−∫ n) 
e dx

e

x

x16 2−
∫

o) e
x

x
dxx 2 2

1 2

−
−





∫

sin

cos
p) x x dx( )1 5

0

1

−∫

q) 
dx

x x( )( )− −∫
1 21

2

r) e dx
x| |

−
∫
1

1

s) [ ]

.

x dx
2

0

1 5

∫ t) 
e

e e
dx

x

x x

cos

cos cos+ −∫
0

π

ii) Î!ò f /(x)=x2+sin x ~ÓÇ f(0)=0 •Î˚, ï˛ˆÏÓ  f(x)ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

iii) Î!ò g x dx f x( ) ( )∫ = •Î˚, ï˛ˆÏÓ f x g x dx( ). ( )∫ ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

iv) Î!ò f(x)=x+φ(x), ˆÎáyˆÏl φ(x) •° ~Ü˛!ê˛ Î%@¬ xˆÏ˛õ«˛Ü˛ñ ï˛ˆÏÓ xf x dx( )
−
∫
1

1

ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

v) Î!ò f(x)=f(a+x) •Î˚ñ ï˛ˆÏÓ ˆòáyG ˆÎ f x dx

a t

( )
0

+

∫  ÈüÈ~Ó˚ Ùyl a !lÓ˚ˆÏ˛õ«˛–
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àüüüÈ!ÓË˛yà

ò#â≈ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 4 xÌÓy 6 l¡∫Ó˚]

3] !l¡¨!°!áï˛ §ÙyÜ˛°=ˆÏ°yÓ˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ≠

i) 
dx

x x x ecxtan cot sec cos+ + +∫ ii) 
dx

x xsin sec+∫

iii) 
dx

x x x6 7 2
2

log log( ) + +{ }∫ iv) sec x dx−∫ 1

v) 
a x

a x
dx

−
+∫ vi) sin

−

+∫ 1 x

a x
dx

vii) 
dx

x x3 2+ +∫ sin cos
viii) cot− − +( )∫ 1 21 x x dx

ix) e
x

x
dxx2 4 2

1 4

sin

cos

−
−







∫ x) 

x

x x
dx

2

2 2
1 4( )( )+ +∫

xi) 
dx

x xcos ( sin )5 4−∫ xii) 
xdx

x3 1−∫

xiii) 
dx

a x b x2 2 2 2
2

0

2

cos sin+( )∫
π

xiv) sin cosx x dx+∫
0

π

xv) log(sin cos )x x dx+
−
∫
π

π

4

4

xvi) 
x x

x ecx
dx

tan

sec cos
0

π

∫

4) Î!ò  r=2(1–cosθ) •Î˚ñ ï˛ˆÏÓ ˆòáyG ˆÎ r
dr

d
d

2

2

0

8+ 





 =∫ θ

θ
π

5) ˆòáyG ˆÎ 
xdx

x1
0

0
+

= < <∫ cos sin sin
( )

α

πα

α
α π

π

6) ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎ f x dx( ) =∫
1

4
19

2
, ˆÎáyˆÏl f(x) = |x–1|+|x–2|+|x–3|

7) ˆòáyG ˆÎ tan log− − +( ) =∫ 1 2

0

1

1 2x x dx
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8) ˆòáyG ˆÎ  
log( )

log
1

1 8
2

2

0

1 +
+

=∫
x

x
dx

π

9) ˆÎyàÊ˛ˆÏ°Ó˚ §#ÙyÓ˚*ˆÏ˛õ !l¡¨!°!áï˛ §ÙyÜ˛°=ˆÏ°yÓ˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y ≠

i) 3 5
2

0

1

x x dx−( )∫ ii) xdx
0

1

∫ iii) 3
0

1

x
dx∫ iv) 2 3 52

0

3

x x dx+ −( )∫

v) e dx
mx c

a

b

+∫

í z̨_Ó̊Ùy°y

Ü˛üüüÈ!ÓË˛yà

1) i) c ii) b iii) a iv) b v) c vi) d

vii) a viii) c ix) b x) a xi) b xii) c

xiii) a xiv) c xv) d xvi) b xvii) b

áüüüÈ!ÓË˛yà

2) i) a) 
x x

x c
5 3

5 3
− + + b) 

−
−

+
− −

a b

ab
c

x x

log( )
c) secx–tanx+x+c

   d) 
2

3
2 2 1

3
2x x x x c− + − + +log e) 

1
2 2

2 2 2 2

a b
a x b x c

−
+ +log sin cos

   f) − + +
1

3
3

1

2
2log | cos | log | cos | log | cos |x x x c

   g) xcos(b–a)+sin(b–a)log|sin(x–b)| +c h) 
1

2
2

3

2
2

log( )
+

x

c i) cx x +

   j) 
1

2

1 2sec− ( ) +x c k) x
x

c− 





 +−5

2 2

1tan

   l) 
1

3 3

1
3

3a

x

a
ctan− 







 + m) 

2

3

1

3
2

3
2

sin
−













+
x

a
c

   n) sin
− 







 +1

4

e
c

x

o)  C − extan x p) 
1

42

   q) π         r) 2(e–1) s) 2 2− t) 
π

2

ii)  
x

x
3

3
1− +cos
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iii) 
1

2

2

f x c( ){ } +

iv) 
2

3

 àüüüÈ!ÓË˛yà

3) i) 
1

2
(sin cos )x x x c− − + ii) 

1

2 3

3

3

1
log

sin cos

sin cos
tan (sin cos )

+ −
− +

+ + +−x x

x x
x x c

iii) log
log

log

2 1

3 2

x

x
c

+
+

+ iv) − +





 + + +log cos cos cosx x x c

1

2

2

v) a
x

a
a x csin− 






 + − +1 2 2

vi) x
x

a
ax a

x

a
ctan tan− −− + +1 1

vii) tan tan
− +






 +1

1
2

x
c

viii) x x x x x x ctan log ( ) tan ( ) log ( )− −− + − − − + + − +1 2 1 21

2
1 1 1

1

2
1 1

ix) 
1

2
22e x cx cot +

x) − + 





 +− −1

3

2

3 2

1 1tan tanx
x

c

xi) 
1

18
1

1

2
1

4

9
5 4log | sin | log sin log | sin |+ − − + − +x x x c

xii) 
1

3
1

1

6
1

1

3

2 1

3

2 1log | | log tanx x x
x

c− − + + +
+







 +−

xiii) 
π

4

2 2

3 3

a b

a b

+







 xiv) 2 2

xv) −
π

4
2log xvi) 

π 2

4

9) i) −
3

2
ii) 

1

4
iii) 

2
3log
e

iv) 
93

2
v) 

e

m
e e

c
mb ma−( )



95

§ÙyÜ˛ˆÏ°Ó˚ ≤ÃˆÏÎ˚yà˛
(Application of Integration)

=Ó˚&c˛õ)î≈ !Ó£ÏÎ˚ ~ÓÇ Ê˛°yÊ˛° ≠

ˆÜ˛y!ê˛mÎ˚ ~ÓÇ Óe´ myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° ≠

ÙˆÏlÜ˛!Ó˚ñ  y = f(x) ~Ü˛!ê˛ §hs˝ï˛ xˆÏ˛õ«˛Ü˛ Îy [a, b] xhs˝Ó˚yˆÏ° §ÇK˛yï˛–

● Î!ò y = f(x) Óe´!ê˛ [a, b] xhs˝Ó˚yˆÏ° x-xˆÏ«˛Ó˚ í˛z˛õˆÏÓ˚Ó˚ !òˆÏÜ˛ xÓ!fliï˛ •Î˚ñ ï˛ˆÏÓ y = f(x) Óe´, x-x«˛ ~ÓÇ x =

a G x = b ˆÜ˛y!ê˛mÎ˚ myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ÈüüüÈ

ˆ«˛eÊ˛° = ydx f x dx
a

b

a

b

∫ ∫= ( )

● Î!ò y = f(x) Óe´!ê˛ [a, b] xhs˝Ó˚yˆÏ° x-xˆÏ«˛Ó˚ l#ˆÏã˛Ó˚ !òˆÏÜ˛ xÓ!fliï˛ •Î˚ñ ï˛ˆÏÓ y=f(x) Óe´, x-x«˛ ~ÓÇ x=a

G x=b ˆÜ˛y!ê˛mÎ˚ myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ÈüüüÈ

ˆ«˛eÊ˛° = − = −∫ ∫ydx f x dx
a

b

a

b

( )

Ë%˛çmÎ˚ ~ÓÇ Óe´myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° ≠

● Î!ò x = f(y) Óe´!ê˛ [c, d] xhs˝Ó˚yˆÏ° yÈüÈxˆÏ«˛Ó˚ í˛yl !òˆÏÜ˛ xÓ!fliï˛ •Î˚ñ ï˛ˆÏÓ x=f(y) Óe´ñ y-x«˛ ~ÓÇ y=c G
y=d Ë)˛çmÎ˚ myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ÈüüüÈ

ˆ«˛eÊ˛° = xdy f y dy
c

d

c

d

∫ ∫= ( )

● Î!ò x = f(y) Óe´!ê˛ [c, d] xhs˝Ó˚yˆÏ° yÈüÈxˆÏ«˛Ó˚ ÓyÙ !òˆÏÜ˛ xÓ!fliï˛ •Î˚ñ ï˛ˆÏÓ x=f(y) Óe´ñ y-x«˛ ~ÓÇ y=c G
y = d Ë)˛çmÎ˚ myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ üüüÈ

ˆ«˛eÊ˛° = − = −∫ ∫xdy f y dy
c

d

c

d

( )

ò%!ê˛ ÓˆÏe´Ó˚ ÙôƒÓï˛#≈ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° ≠

● y=f (x), y=g(x) Óe´mÎ˚ ~ÓÇ x=a, x=b §Ó˚°ˆÏÓ˚áy myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ üüüÈ

ˆ«˛eÊ˛° = f x g x dx
a

b

( ) ( )−[ ]∫ , ˆÎáyˆÏl [a, b] xhs˝Ó˚yˆÏ° f(x)≥g(x)

● Î!ò [a, c] xhs˝Ó˚yˆÏ°  f(x)≥g(x) ~ÓÇ [c, b] xhs˝Ó˚yˆÏ°  f(x)≤g(x) •Î˚ñ ˆÎáyˆÏl a<c<b, ï˛ál

ˆ«˛eÊ˛° = f x g x dx g x f x dx
a

c

c

b

( ) ( ) ( ) ( )−[ ] + −[ ]∫ ∫

xôƒyÎ˚ÈüÈ 8
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xl%¢#°l#ÈüüÈ8

Ü˛ÈüüüÈ!ÓË˛yà

˜lÓƒ≈!_´Ü˛ ≤ÃŸ¿yÓ°# ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 1 xÌÓy 2  l¡∫Ó˚ ]

1) Ó‡Ù%á# !lÓ≈yã˛lôÙ#≈ ≤ÃŸ¿ ≠

i) (x–2)2+y2 =4 Ó,_myÓ˚y Ók˛ ˆ«˛ˆÏeÓ˚ ˆ«˛eÊ˛° •° ÈüüüÈ

a) 2π Óà≈ ~Ü˛Ü˛ b) 4π Óà≈ ~Ü˛Ü˛ c) 8π Óà≈ ~Ü˛Ü˛ d) 4π2 Óà≈ ~Ü˛Ü˛

ii) y = 4x–x2 Óe´ ~ÓÇ x-x«˛ myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° •° ÈüüüÈ

a) 
30

7
Óà≈ ~Ü˛Ü˛ b) 

31

7
Óà≈ ~Ü˛Ü˛ c) 

32

3
Óà≈ ~Ü˛Ü˛ d) 

34

4
Óà≈ ~Ü˛Ü˛

iii) y2 = 8x x!ôÓ,_, x-x«˛ ~ÓÇ ~Ó˚ ly!Ë˛°¡∫ myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° •° ÈüüüÈ

a) 
32

3
Óà≈ ~Ü˛Ü˛ b) 

16 2

3
Óà≈ ~Ü˛Ü˛ c) 

16

3
Óà≈ ~Ü˛Ü˛ d) 

23

3
Óà≈ ~Ü˛Ü˛

iv) y = –x §Ó˚°ˆÏÓ˚áy, y-x«˛ ~ÓÇ x = 3 ˆÓ˚áy myÓ˚y xyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° •° ÈüüüÈ

a) 6 Óà≈ ~Ü˛Ü˛ b) 3 Óà≈ ~Ü˛Ü˛ c) 9 Óà≈ ~Ü˛Ü˛ d) 
9

2
 Óà≈ ~Ü˛Ü˛

v) y2 = 4ax x!ôÓ,_ ~ÓÇ x=a ˆÜ˛y!ê˛ myÓ˚y xyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° •° ÈüüüÈ

a) 
4

3

2a
Óà≈ ~Ü˛Ü˛ b) 

4

3

a
Óà≈ ~Ü˛Ü˛ c) 

8

3

2a
Óà≈ ~Ü˛Ü˛ d) ~ˆÏòÓ˚ ˆÜ˛yl!ê˛•z lÎ˚

vi) y = asinx, x = 0, x = π ~ÓÇ x-x«˛ myÓ˚y xyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° •° ÈüüüÈ

a) a Óà≈ ~Ü˛Ü˛ b) 2a Óà≈ ~Ü˛Ü˛ c) 3a Óà≈ ~Ü˛Ü˛ d) ~ˆÏòÓ˚ ˆÜ˛yl!ê˛•z lÎ˚

vii)
x y2 2

16 9
1+ =  í˛z˛õÓ,_ myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° •° ÈüüüÈ

a) 12π Óà≈ ~Ü˛Ü˛ b) 6π Óà≈ ~Ü˛Ü˛ c) 3π Óà≈ ~Ü˛Ü˛ d) π Óà≈ ~Ü˛Ü˛

viii) y = ex  Óe´, x =1, x = e ~ÓÇ x-x«˛ myÓ˚y xyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° åÓà≈ ~Ü˛ˆÏÜ˛ä •° ÈüüüÈ

a) e–1 b) 1–e e) ee–e d) 1–ee

ix) y
e

x= log Óe´, x-x«˛, x =1 ~ÓÇ x = e §Ó˚°ˆÏÓ˚áy myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° åÓà≈ ~Ü˛ˆÏÜ˛ä •°ÈüüüÈ

a) 2e b) 1 c) 2e–1 d) 2e+1

x) x2 = y Óe´, x-x«˛, x = 1 ~ÓÇ x = k (k>1) ˆÓ˚áy myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° 
26

3
 Óà≈ ~Ü˛Ü˛ •Î˚ñ

ï˛ˆÏÓ kÈüÈ~Ó˚ Ùyl •° ÈüüüÈ

a) 2 b) 3 c) 4 d) ~ˆÏòÓ˚ ˆÜ˛yl!ê˛•z lÎ˚–
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áüüüÈ!ÓË˛yà

2] §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 3 l¡∫Ó˚ ]

i) y = |x| Óe´ˆÏÓ˚áyñ x = –1, x = 1 ~ÓÇ x-x«˛ myÓ˚y Ók˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

ii) x = y Óe´, y-x«˛ ~ÓÇ y = 1 ˆÓ˚áy myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

iii) y = tanx, x-x«˛ ~ÓÇ x =
π

4
 ˆÓ˚áy myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

iv) xy =1 Óe´ˆÏÓ˚áy, x-x«˛ ~ÓÇ x =1 G x = e ˆÜ˛y!ê˛mÎ˚ myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

v) §ÙyÜ˛°ˆÏlÓ˚ §y•yˆÏÎƒ y–1 = x §Ó˚°ˆÏÓ˚áy, x-x«˛ ~ÓÇ x = –2 G x = 3 ˆÜ˛y!ê˛mÎ˚ myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚
ˆ«˛eÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

àüüüÈ!ÓË˛yà

ò#â≈ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 4 xÌÓy 6 l¡∫Ó˚ ]

3) §ÙyÜ˛°ˆÏlÓ˚ §y•yˆÏÎƒñ xüÈxˆÏ«˛Ó˚ í˛z˛õÓ˚ ~ÓÇ x–2y+4 = 0, x = 3, x = 6 §Ó˚°ˆÏÓ˚áy=ˆÏ°y myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚
ˆ«˛eÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

4) ~Ü˛!ê˛ !eË%˛ˆÏçÓ˚ ˆ«˛eÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚yñ ÎyÓ˚ Óy‡=ˆÏ°y ÎÌye´ˆÏÙ y = 4x+5, x+y = 5 ~ÓÇ 4y = x+5–

5) §ÙyÜ˛° Ï̂lÓ̊ §y•y Ï̂Îƒñ ∆ABCÈüÈ~Ó̊ ˆ«˛eÊ˛° !lî≈Î̊ Ü˛ Ï̂Ó̊y ÎyÓ̊ ¢#£Ï≈!Ó®%= Ï̂°y •° A(2, 1), B(3, 4) ~ÓÇ C(5, 2)–

6) x y y ax, :( ) ≤{ }2 6  ~ÓÇ x y x y a, :( ) + ≤{ }2 2 26  xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

7) ˆòáyG ˆÎñ y x= −1  ~ÓÇ y x= − +1 Óe´ˆÏÓ˚áy=ˆÏ°y myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° 2 Óà≈ ~Ü˛Ü˛–

8) §ÙyÜ˛°ˆÏlÓ˚ §y•yˆÏÎƒ ˆòáyG ˆÎñ x = 0, y = 0 ~ÓÇ x y a+ =  Óe´ˆÏÓ˚áy=ˆÏ°y myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚

ˆ«˛eÊ˛° 
a2

6
 Óà≈ ~Ü˛Ü˛–

9) Î!ò y = ax2 ~ÓÇ x = ay2 (a>0) Óe´ˆÏÓ˚áy=ˆÏ°yÓ˚ ÙôƒÓï˛#≈ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° 1 Óà≈~Ü˛Ü˛ •Î˚ñ ï˛ˆÏÓ aÈüÈ~Ó˚ Ùyl
!lî≈Î˚ Ü˛ˆÏÓ˚y–

10) y = f(x) Óe´ˆÏÓ˚áyÓ˚ ( ))(, xfx  !Ó®%ˆÏï˛ flõ¢≈ˆÏÜ˛Ó˚ ≤ÃÓlï˛y •° 2x+1– Î!ò Óe´ˆÏÓ˚áy!ê˛ (1, 2) !Ó®%àyÙ# •Î˚ñ ï˛ˆÏÓ

Óe´ˆÏÓ˚áyñ x-x«˛ ~ÓÇ x = 1 ˆÜ˛y!ê˛ myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

11) §ÙyÜ˛°ˆÏlÓ˚ §y•yˆÏÎƒñ y2=2x+1 ~ÓÇ x–y–1=0 Óe´ˆÏÓ˚áy=ˆÏ°y myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

12) x y x y ax y ax x y, : , , ,( ) + ≤ ≥ ≥ ≥{ }2 2 2
2 0 0 xMÈ˛°!ê˛Ó˚ áí˛¸§y ̂ °á!ã˛e xÇÜ˛l Ü˛Ó˚ ~ÓÇ ̂ «˛eÊ˛° !lî≈Î˚

Ü˛ˆÏÓ˚y–

13) x y x y x y, : ,( ) + ≤ + ≥{ }2 2 4 2  xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–
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14) y = x3 Óe´ˆÏÓ˚áyñ y = x+6 ~ÓÇ y = 0 §Ó˚°ˆÏÓ˚áy=ˆÏ°y myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

15) x =3cos t ~ÓÇ y = 2sin t Óe´ˆÏÓ˚áy myÓ˚y §#ÙyÓk˛ xMÈ˛ˆÏ°Ó˚ ˆ«˛eÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

í z̨_Ó̊Ùy°y

Ü˛ÈüüüÈ!ÓË˛yà

1) i) b ii) c iii) c iv) d v) c vi) b

vii) a viii) c ix) b x) b

áüüüÈ!ÓË˛yà

2) i) 1 Óà≈ ~Ü˛Ü˛ ii) 
2

3
 Óà≈ ~Ü˛Ü˛ iii) 

1

2
log2 Óà≈ ~Ü˛Ü˛ iv) 1 Óà≈ ~Ü˛Ü˛ v) 

17

2
Óà≈ ~Ü˛Ü˛

àüüüÈ!ÓË˛yà

3)
51

4
 Óà≈ ~Ü˛Ü˛

4)
15

2
 Óà≈ ~Ü˛Ü˛

5) 4 Óà≈ ~Ü˛Ü˛

6)
4

3
4 3

2a
π +( )  Óà≈ ~Ü˛Ü˛

9) a =
1

3

10)
5

6
 Óà≈ ~Ü˛Ü˛

11)
16

3
 Óà≈ ~Ü˛Ü˛

12)
π a

a
2

2

4

2

3
−









  Óà≈ ~Ü˛Ü˛

13) (π–2) Óà≈ ~Ü˛Ü˛

14) 28 Óà≈ ~Ü˛Ü˛

15) 6π Óà≈ ~Ü˛Ü˛
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xÓÜ˛° §Ù#Ü˛Ó˚î
(Differential Equations)

=Ó˚&c˛õ)î≈ !Ó£ÏÎ˚Ó› G Ê˛°yÊ˛° ≠

§ÇK˛y ≠

~Ü˛!ê˛ §Ù#Ü˛Ó˚î Îy fl∫yô#l ã˛° åã˛°§Ù)•ä ~Ó˚ §yˆÏ˛õˆÏ«˛ xô#l ã˛ˆÏ°Ó˚ xhs˝Ó˚Ü˛°ç Î%_´ •Î˚ ï˛yˆÏÜ˛ Ó°y •Î˚ xÓÜ˛°
§Ù#Ü˛Ó˚î–

• xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ e´Ù •° G•z §Ù#Ü˛Ó˚ˆÏî xhs˝à≈ï˛ §ˆÏÓ≈yFã˛ e´ˆÏÙÓ˚ xhs˝Ó˚Ü˛°ˆÏçÓ˚ e´Ù–

• xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ Ùyey Óy âyï˛ §ÇK˛yï˛ •Î˚ Î!ò ~!ê˛ ï˛yÓ˚ xhs˝Ó˚Ü˛°ç §Ù)ˆÏ•Ó˚ Ó‡˛õò Ó˚y!¢Ùy°yÓ˚ §Ù#Ü˛Ó˚î •Î˚–

• xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ Ùyey åÎál §ÇK˛yï˛ä •° G•z §Ù#Ü˛Ó˚ˆÏîÓ˚ §ÇÎ%_´ §ˆÏÓ≈yFã˛ e´ˆÏÙÓ˚ xhs˝Ó˚Ü˛°ˆÏçÓ˚ Ùyey Óy âyï˛
åˆÜ˛Ó°Ùye ôlydÜ˛ xá[˛ §Çáƒyä–

• l#ˆÏã˛ Ü˛ˆÏÎ˚Ü˛!ê˛ xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ í˛zòy•Ó˚î ˆòGÎ˚y •° ≠

i) x
dy

dx
y= 2  ~ÓÇ xdy+y2dx=dx •° ≤ÃÌÙ e´Ù ~ÓÇ ≤ÃÌÙ ÙyeyÓ˚ §Ù#Ü˛Ó˚î–

ii)
d y

dx

dy

dx

2

2
=  •° !mï˛#Î˚ e´Ù ~ÓÇ ≤ÃÌÙ ÙyeyÓ˚ §Ù#Ü˛Ó˚î–

iii) y
dy

dx
x

dy

dx
x

2

2

2





 − =  ≤ÃÌÙ e´Ù ~ÓÇ !mï˛#Î˚ ÙyeyÓ˚ §Ù#Ü˛Ó˚î–

iv)
d y

dx
x

dy

dx

2

2

2 3







 = 






  •° !mï˛#Î˚ e´Ù ~ÓÇ !mï˛#Î˚ ÙyeyÓ˚ §Ù#Ü˛Ó˚î–

v) x
d y

dx
y

dy

dx
x2

3

3
2− =  •° ï,˛ï˛#Î˚ e´Ù ~ÓÇ ≤ÃÌÙ ÙyeyÓ˚ §Ù#Ü˛Ó˚î–

• ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ Îy ≤Ãò_ xÓÜ˛° §Ù#Ü˛Ó˚îˆÏÜ˛ !§k˛ Ü˛ˆÏÓ˚ ï˛yˆÏÜ˛ G•z §Ù#Ó˚ˆÏîÓ˚ §Ùyôyl Ó°y •Î˚– ˆÎ §ÙyôyˆÏl
xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ e´Ù§ÇáƒyÓ˚ §Ù§ÇáƒÜ˛ ˆfl∫FSÈy ô &ÓÜ˛ Î%_´ ÌyˆÏÜ˛ ï˛yˆÏÜ˛ Ó°y •Î˚ §yôyÓ˚î §Ùyôyl ~ÓÇ ˆÎ
§Ùyôyl!ê˛ ˆfl∫FSÈy ô &ÓÜ˛ Ù%_´ •Î˚ ï˛yˆÏÜ˛ Ó°y •Î˚ !ÓˆÏ¢£Ï §Ùyôyl–

• ~Ü˛!ê˛ ≤Ãò_ xˆÏ˛õ«˛Ü˛ ˆÌˆÏÜ˛ ~Ü˛!ê˛ xÓÜ˛° §Ù#Ü˛Ó˚î àë˛l Ü˛Ó˚yÓ˚ çlƒ xyÙÓ˚y xˆÏ˛õ«˛Ü˛!ê˛ˆÏï˛ Îï˛ §ÇáƒÜ˛ ˆfl∫FSÈy
ô &ÓÜ˛ xyˆÏSÈ ï˛ï˛ÓyÓ˚ xˆÏ˛õ«˛Ü˛!ê˛ˆÏÜ˛ ôyÓ˚yÓy!•Ü˛Ë˛yˆÏÓ xÓÜ˛°l Ü˛Ó˚Ó ~ÓÇ ï˛yÓ˚˛õÓ˚ ˆfl∫FSyÜ˛ ô &Ó=ˆÏ°yˆÏÜ˛ x˛õ§y!Ó˚ï˛
Ü˛Ó˚Ó–

xôƒyÎ˚ÈüÈ 9
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• ≤ÃÌÙ e´Ù G ≤ÃÌÙ ÙyeyÓ˚ xÓÜ˛° §Ù#Ü˛Ó˚î
(Differential equation of the first order and of the first degree) :

≤ÃÌÙ e´Ù G ≤ÃÌÙ ÙyeyÓ˚ ˆÎ ˆÜ˛yˆÏly xÓÜ˛° §Ù#Ü˛Ó˚îˆÏÜ˛ Mdx+Ndy=0 xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ñ ~áyˆÏl M
G N  í˛zË˛ˆÏÎ˚•z x G y ~Ó˚ xˆÏ˛õ«˛Ü˛ xÌÓy ô &ÓÜ˛– ~•z çyï˛#Î˚ xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ §yôyÓ˚î §ÙyôyˆÏl ˆÜ˛Ó°Ùye
~Ü˛!ê˛ x!l!ò≈‹T Óy ˆfl∫FSÈy ô &ÓÜ˛ åarbitrary constantä ÌyˆÏÜ˛–

• ã˛ˆÏ°Ó˚ ˛õ,ÌÜ˛#Ü˛Ó˚î ˛õk˛!ï˛ ≤ÃˆÏÎ˚yà Ü˛ˆÏÓ˚ ~Ùl ~Ü˛!ê˛ §Ù#Ü˛Ó˚î §Ùyôyl Ü˛Ó˚y ÎyÎ˚ ÎyÓ˚ ã˛°Ó˚y!¢ §Ù)•ˆÏÜ˛ §¡õ)î≈Ó˚*ˆÏ˛õ
˛õ,ÌÜ˛ Ü˛Ó˚y §Ω˛Ó– xÌ≈yÍ y Î%_´ ˛õò§Ù)• dy ~Ó˚ §yˆÏÌ ~ÓÇ x Î%_´ ˛õò§Ù)• dx ~Ó˚ §yˆÏÌ §Ó≈òy ÌyÜ˛ˆÏÓ–

• ~Ü˛!ê˛ xÓÜ˛° §Ù#Ü˛Ó˚î ÌyˆÏÜ˛ dy

dx
f x y= ( , )  xÌÓy 

dx

dy
g x y= ( , )  xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ñ ˆÎáyˆÏl f(x,y)

~ÓÇ g(x,y) •° ¢)îƒ Ùyey !Ó!¢‹T §ÙÙy!eÜ˛ xˆÏ˛õ«˛Ü˛ñ ï˛yˆÏÜ˛ §ÙÙy!eÜ˛ xÓÜ˛° §Ù#Ü˛Ó˚î Ó°y •Î˚–

• ~Ü˛!ê˛ 
dy

dx
Py Q+ = , xyÜ˛yÓ˚ !Ó!¢‹T xÓÜ˛° §Ù#Ü˛Ó˚îñ ˆÎáyˆÏl P ~ÓÇ Q •° ô &ÓÜ˛ xÌÓy ˆÜ˛Ó°Ùye xÈüÈ~Ó˚

xˆÏ˛õ«˛Ü˛ñ ï˛yˆÏÜ˛ Ó°y •Î˚ ~Ü˛!ê˛ ≤ÃÌÙ e´ˆÏÙÓ˚ ˜Ó˚!áÜ˛ xÓÜ˛° §Ù#Ü˛Ó˚î–

• ≤ÃÌÙ  e´Ù G ≤ÃÌÙ ÙyeyÓ˚ xÓÜ˛° §Ù#Ü˛Ó˚î §ÙyôyˆÏlÓ˚ ˛õk˛!ï˛ §Ù)•
åMethods of solving first order, first degree differential equationä :
~•z xl%ˆÏFSÈˆÏò xyÙÓ˚y ≤ÃÌÙ e´Ù G ≤ÃÌÙ ÙyeyÓ˚ xÓÜ˛° §Ù#Ü˛Ó˚î §ÙyôyˆÏlÓ˚ !ï˛l!ê˛ ˛õk˛!ï˛ !lˆÏÎ˚ xyˆÏ°yã˛ly Ü˛Ó˚Ó–

• ã˛°Ó˚y!¢Ó˚ ˛õ,ÌÜ˛#Ü˛Ó˚îˆÏÎyàƒ xÓÜ˛° §Ù#Ü˛Ó˚î
åDifferential equations with variables separableä :
~Ü˛!ê˛ ≤ÃÌÙ e´Ù G ≤ÃÌÙ ÙyeyÓ˚ xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ xyÜ˛yÓ˚ •°

dy

dx
F x y= ( , ) ...............................(1)

Î!ò F(x,y) ˆÜ˛ g(x) h(y) xyÜ˛yˆÏÓ˚Ó˚ =îÊ˛° Ó˚*ˆÏ˛õ ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ñ ˆÎáyˆÏl g(x) •° xÈüÈ~Ó˚ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛
~ÓÇ h(y) •° yÈüÈ~Ó˚ ~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ñ ï˛y•ˆÏ° (1) lÇ xÓÜ˛° §Ù#Ü˛Ó˚îˆÏÜ˛ Ó°y •Î˚ ã˛°Ó˚y!¢Ó˚ ˛õ,ÌÜ˛#Ü˛Ó˚îˆÏÎyàƒ
xyÜ˛yˆÏÓ˚Ó˚ xÓÜ˛° §Ù#Ü˛Ó˚î–
ï˛y•ˆÏ° (1) lÇ xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ xyÜ˛yÓ˚ •Î˚

dy

dx
h y g x= ( ). ( )  ............................(2)

Î!ò h(y) ≠ 0 •Î˚ñ ï˛ˆÏÓ ã˛°Ó˚y!¢ ò%!ê˛ ˛õ,ÌÜ˛ Ü˛ˆÏÓ˚ (2) lÇ §Ù#Ü˛Ó˚îˆÏÜ˛ ˛õ%lÓ˚yÎ˚ ˆ°áy ÎyÎ˚

1

h y
dy g x dx

( )
( )= ....................... (3)

(3) lÇ ~Ó˚ í˛zË˛Î˚˛õ«˛ˆÏÜ˛ §ÙyÜ˛°l Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•z

1

h y
dy g x dx

( )
( )=∫ ∫  .................... (4)

~Ë˛yˆÏÓ (4) lÇ §Ù#Ü˛Ó˚î ˆÌˆÏÜ˛ ≤Ãò_ xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl!ê˛ˆÏÜ˛ ˆ°áy ÎyÎ˚
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H(y) = G(x) + C

~áyˆÏl H(y) ~ÓÇ G(x) •° ÎÌye´ˆÏÙ 
1

h y( )
~ÓÇ g(x) ~Ó˚ !Ó˛õÓ˚#ï˛ xÓÜ˛°l ~ÓÇ C •° ˆfl∫FSÈyô &ÓÜ˛–

• §ÙÙy!eÜ˛ xˆÏ˛õ«˛Ü˛ ~ÓÇ §ÙÙy!eÜ˛ xÓÜ˛° §Ù#Ü˛Ó˚î
åHomogeneous function and Homogeneous differential equationä :

~Ü˛!ê˛ xˆÏ˛õ«˛Ü˛ F(x, y) ̂ Ü˛ n Ùyey Óy âyï˛ !Ó!¢‹T §ÙÙy!eÜ˛ xˆÏ˛õ«˛Ü˛ åHomogeneous function of degree

nä Ó°y •Î˚ñ Î!ò ˆÜ˛yˆÏly x¢)îƒ ô &ÓÜ˛ λ ~Ó˚ çlƒ F(λx, λy) = λnF(x,y) •Î˚–

dy

dx
F x y= ( , )  xyÜ˛yˆÏÓ˚Ó˚ xÓÜ˛° §Ù#Ü˛Ó˚îˆÏÜ˛ §ÙÙy!eÜ˛ åHomogeneousä Ó°y •Î˚ñ Î!ò F(x, y) ~Ü˛!ê˛ ¢)îƒ

Ùyey !Ó!¢‹T §ÙÙy!eÜ˛ xˆÏ˛õ«˛Ü˛ •Î˚ ï˛y•ˆÏ° F(λx, λy) = λ0F(x, y)

í˛zòy•Ó˚îfl∫Ó˚*˛õ ≠
(x2+xy) dy = (x2+y2)dx

Óyñ
dy

dx

x y

x xy
=

+
+

2 2

2
 ~Ü˛!ê˛ §ÙÙy!eÜ˛ xÓÜ˛° §Ù#Ü˛Ó˚î Ü˛yÓ˚î ~áyˆÏl ÈüüüÈ

F(x, y) =
x y

x xy

2 2

2

+
+

F(λx, λy) =
λ λ

λ λ λ

2 2 2 2

2 2

x y

x x y

+
+ .

=
λ

λ

2 2 2

2 2

x y

x xy

+( )
+( )

= λ0F(x, y)

∴ F(x, y) ~Ü˛!ê˛ ¢)îƒÙyey !Ó!¢‹T §ÙÙy!eÜ˛ xˆÏ˛õ«˛Ü˛–

∴ =
+
+

dy

dx

x y

x xy

2 2

2
 •° ~Ü˛!ê˛ §ÙÙy!eÜ˛ xÓÜ˛° §Ù#Ü˛Ó˚î–

a)
dy

dx
F x y= ( , )  xyÜ˛y Ï̂Ó˚Ó˚ xÓÜ˛° §Ù#Ü˛Ó˚î Ï̂Ü˛ §ÙÙy!eÜ˛ åHomogeneousä Ó°y •Î˚ñ Î!ò F(x, y) ~Ü˛!ê˛

¢)îƒ Ùyey !Ó!¢‹T §ÙÙy!eÜ˛ xˆÏ˛õ«˛Ü˛ •Î˚–

dy

dx
F x y g

y

x
= = 






( , )  ..................................................(1)

xyÜ˛yˆÏÓ˚Ó˚ §ÙÙy!eÜ˛ xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl Ü˛Ó˚yÓ˚ çlƒ xyÙÓ˚y ≤Ã!ï˛fliy˛õl Ü˛Ó˚Ó

y=v.x......................................(2)

(2) lÇ §Ù#Ü˛Ó˚îˆÏÜ˛ xÈüÈ~Ó˚ §yˆÏ˛õˆÏ«˛ xÓÜ˛°l Óy xhs˝Ó˚Ü˛°l Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zñ
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dy

dx
v x

dv

dx
= +  ............................................................(3)

(3) lÇ §Ù#Ü˛Ó˚ˆÏîÓ˚ 
dy

dx
 ÈüÈ~Ó˚ Ùyl (1) lÇ §Ù#Ü˛Ó˚ˆÏî ≤Ã!ï˛fliy˛õl Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•zñ

v x
dv

dx
g v+ = ( )

Óyñ x
dv

dx
g v v= −( )  .................................................(4)

(4) lÇ §Ù#Ü˛Ó˚ˆÏîÓ˚ ã˛°Ó˚!¢ §Ù)• ˛õ,ÌÜ˛ Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•z

dv

g v v

dx

x( ) −
= .............................................................(5)

(5) lÇ §Ù#Ü˛Ó˚ˆÏîÓ˚ í˛zË˛Î˚˛õ«˛ˆÏÜ˛ §ÙyÜ˛°l Ü˛ˆÏÓ˚ xyÙÓ˚y ˛õy•z

dv

g v v x
dx C

( ) −
= +∫∫

1
...............................................(6)

(6) lÇ §Ù#Ü˛Ó˚î •° (1) lÇ xÓÜ˛° §#Ü˛Ó˚ˆÏîÓ˚ §yôyÓ˚î §Ùyôyl åˆÙÔ!°Ü˛äñ Îál xyÙÓ˚y vÈüÈ~Ó˚ fliˆÏ° 
y

x

≤Ã!ï˛fliy˛õl Ü˛!Ó˚–

b) Î!ò §ÙÙy!eÜ˛ xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ xyÜ˛yÓ˚ 
dx

dy
F x y= ( , )  •Î˚ñ ˆÎáyˆÏl F(x, y) •° ¢)îƒ Ùyey !Ó!¢‹T

§ÙÙy!eÜ˛ xˆÏ˛õ«˛Ü˛ñ ï˛y•ˆÏ° xyÙÓ˚y 
x

y
v=  xÌ≈yÍ x=vy ≤Ã!ï˛fliy˛õl Ü˛!Ó˚ ~ÓÇ í˛z˛õˆÏÓ˚y_´ xyˆÏ°yã˛ly

xl%§yˆÏÓ˚ 
dx

dy
F x y h

x

y
= =









( , )  Ó˚*ˆÏ˛õ !°ˆÏá §yôyÓ˚î §Ùyôyl !lî≈ˆÏÎ˚ x@˝Ã§Ó˚ ••z–

• ˜Ó˚!áÜ˛ xÓÜ˛° §Ù#Ü˛Ó˚î
åLinear differential equationä ≠

dy

dx
Py Q+ =  xyÜ˛yÓ˚ !Ó!¢‹T ~Ü˛!ê˛ xÓÜ˛° §Ù#Ü˛Ó˚î ˆÎáyˆÏlñ P G Q ô &ÓÜ˛ xÌÓy ÷ô%Ùye x ÈüÈ~Ó˚ xˆÏ˛õ«˛Ü˛–

ï˛y•ˆÏ° §ÙyÜ˛° =îÜ˛ (I.F) = e
Pdx∫

~ál ≤Ãò_ xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl •° ≠

y I F Q I F dx C( . ) .= ×( ) +∫ ,       C = §ÙyÜ˛° ô &ÓÜ˛

y e efpdx fpdx. [ ]= ∫ Q dx +C.
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Î!ò ≤ÃÌÙ e´ˆÏÙÓ˚ ˜Ó˚!áÜ˛ xÓÜ˛° §Ù#Ü˛Ó˚î!ê˛Ó˚ xyÜ˛yÓ˚ 
dx

dy
Px Q+ =1 1  •Î˚, ˆÎáyˆÏl P

1
 ~ÓÇ Q

1
 ô &ÓÜ˛ xÌÓy

÷ô%Ùye yÈüÈ~Ó˚ xˆÏ˛õ«˛Ü˛ñ ï˛y•ˆÏ°  I.F = e
Pdy1∫  ~ÓÇ xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl •°

x I F Q I F dy C.( . ) .= ×( ) +∫ 1

Óy,     x e Q e dy C
Pdy Pdy

. .∫ = ∫





 +∫ 1 ,    C = §ÙyÜ˛° ô &ÓÜ˛

xl%¢#°l#ÈüüüÈ9

Ü˛ÈüüüÈ!ÓË˛yà

˜lÓƒ!_´Ü˛ ≤ÃŸ¿yÓ°# ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 1/2  l¡∫Ó˚ ]

1) Ó‡Ù%á# !lÓ≈yã˛lôÙ#≈ ≤ÃŸ¿ : ( §!ë˛Ü˛ í˛z_Ó˚!ê˛ !lÓ≈yã˛l Ü˛ˆÏÓ˚y )

i)
d y

dx

d y

dx

dy

dx

4

4

3 3

3
1









 + = +  xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ e´Ù ÈüüüÈ

a) 6 b) 4 c) 3 d) 7

ii)
d y

dx

d y

dx

dy

dx

dy

dx
y x

2

2

2
2

2

4

36








 + − 






 + + =  xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ Ùyey üüüÈ

a) 4 b) 3 c) 2 d) 1

iii)
d y

dx

dy

dx
x

2

2

1

4
1

5 0+ 





 + =  xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ e´Ù ~ÓÇ Ùyey ÎÌye´ˆÏÙ ÈüüüÈ

a) 2 ~ÓÇ 4 b) 2 ~ÓÇ 2 c) 2 ~ÓÇ 3 d) 3 ~ÓÇ 3

iv) l#ˆÏã˛Ó˚ xÓÜ˛° §Ù#Ü˛Ó˚î=!°Ó˚ ÙˆÏôƒ ˆÜ˛yl‰!ê˛ !mï˛#Î˚ e´ˆÏÙÓ˚ ⁄

a) (y/)2+x=y2 b) y/y//+y=sinx c) y///+(y//)2+y=0 d) y/=y2

v) y
dy

dx
x C+ =  xÓÜ˛° §Ù#Ü˛Ó˚î!ê˛ !lˆÏ¡¨ ˆÜ˛yl!ê˛ˆÏÜ˛ !lˆÏò≈¢ Ü˛ˆÏÓ˚ ÈüüüÈ

a) ˛õÓ˚yÓ,_ §Ù)ˆÏ•Ó˚ ˆ§ê˛ b) x!ôÓ,_ §Ù)ˆÏ•Ó˚ ˆ§ê˛

c) í˛z˛õÓ,_ §Ù)ˆÏ•Ó˚ ˆ§ê˛ d) Ó,_ §Ù)ˆÏ•Ó˚ ˆ§ê˛

vi)
d y

dx

d y

dx

dy

dx
y

3

3

2
2

2

4

43 2








 − + 






 =  xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ e´Ù ~ÓÇ Ùyey •° ÈüüüÈ

a) 1, 4 b) 3, 4 c) 2, 4 d) 3, 2
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vii) Î!ò y=e–x(Acosx+Bsinx), •Î˚ñ ï˛ˆÏÓ y ~Ó˚ §Ùyôyl •ˆÏÓ ÈüüüÈ

a) 
d y

dx

dy

dx

2

2
2 0+ = b) 

d y

dx

dy

dx
y

2

2
2 2 0− + =

c) 
d y

dx

dy

dx
y

2

2
2 2 0+ + = d) 

d y

dx
y

2

2
2 0+ =

viii) xdy–ydx=0 xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl!ê˛ •°

a) ~Ü˛!ê˛ xyÎ˚ï˛yÜ˛yÓ˚ ˛õÓ˚yÓ,_ b) x!ôÓ,_ ÎyÓ˚ ¢#£Ï≈!Ó®% Ù)°!Ó®%ˆÏï˛
c) Ù)°!Ó®%àyÙ# ~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áy d) ~Ü˛!ê˛ Ó,_ ÎyÓ˚ ˆÜ˛w Ù)°!Ó®%ˆÏï˛

ix)
dy

dx

y

x
=

+
−

1

1
, xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl §Çáƒy •ˆÏÓñ Îál y(1)=2

a) ~Ü˛ b) ò%•z c) x§Çáƒ d) ~ˆÏòÓ˚ ˆÜ˛yl!ê˛•z lÎ˚

x)
dy

dx

y

x
=

+
+

1

1

2

2
 xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl •ˆÏÓ

a) y=tan–1x b) y–x=K(1+xy) c) x=tan–1y d) tan(xy)=K

xi)
dy

dx
y x x+ − =tan sec 0  xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ §ÙyÜ˛° =îÜ˛ ÈüüüÈ

a) cosx b) secx c) ecosx d) esecx

xii) x
dy

dx
y x x− = −4

3  xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ §ÙyÜ˛° =îÜ˛ ÈüüüÈ

a) x b) logx c) 
1

x
d) –x

xiii)
dy

dx
y e x+ = − ~Ó˚ §Ùyôyl •ˆÏÓ Îál y(0)=0

a) y=ex(x–1) b) y=xe–x c) y=xe–x+1 d) y=(x+1)e–x

xiv) excosydx–exsinydy=0 ~Ó˚ §yôyÓ˚î §Ùyôyl •ˆÏÓ ÈüüüÈ

a) excosy=K b) exsiny=K c) ex=Kcosy d) ex=Ksiny

xv)
dy

dx
xex y= −2

2

 ~Ó˚ §yôyÓ˚î §Ùyôyl •ˆÏÓ ÈüüüÈ

a) e Cx y
2 − = b) e e Cy x− + =

2

c) e e Cy x= +
2

d) e Cx y
2 + =

2] x!ï˛ §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠  å≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 1 Óy 2  l¡∫Ó˚ä

i) 1

2 2

2
+ 




















=
dy

dx

d y

dx
 xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ e´Ù ~ÓÇ Ùyey !lî≈Î˚ Ü˛ˆÏÓ˚y–
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ii) §Ùyôyl Ü˛ˆÏÓ˚y ≠ e x

dy

dx = 2

iii) l#ˆÏã˛Ó˚ xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ e´Ù ~ÓÇ Ùyey !lî≈Î˚ Ü˛ˆÏÓ˚y ≠

y x
dy

dx
a

dy

dx
b= + 






 +2

2

2

iv) y Ax
B

x
= +  ~Ó˚ xÓÜ˛° §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚yñ ˆÎáyˆÏl A ~ÓÇ B •° ˆfl∫FSÈ ô &ÓÜ˛–

v) §Ùyôyl Ü˛ˆÏÓ˚y ≠ 
dy

dx
x y xy= − + −1

vi) 1 2 1+( ) + = −x
dy

dx
y xtan  xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ §ÙyÜ˛° =îÜ˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

vii) §Ùyôyl Ü˛ˆÏÓ˚y ≠ 
dy

dx

y x

x
−

+
=

( )1
0

viii) §Ùyôyl Ü˛ˆÏÓ˚y ≠ 
dy

dx
ex y= +− 1

ix)
dy

dx
y

y

x
+ =

+1
 xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ §ÙyÜ˛° =îÜ˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

x) §Ùyôyl Ü˛ˆÏÓ˚y ≠ (cosy+ycosx)dx+(sinx–xsiny)dy=0

áÈüüüÈ!ÓË˛yà

3] §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ å≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 3 l¡∫Ó˚ä

1) ˆòáyG ˆÎñ v
A

r
B= +  §Ùyôyl!ê˛ d v

dr r

dv

dr

2

2

2
0+ =  xÓÜ˛° §Ù#Ü˛Ó˚îˆÏÜ˛ !§k˛ Ü˛ˆÏÓ˚–

2) y2–2ay+x2=a2 §Ù#Ü˛Ó˚î ˆÌˆÏÜ˛ a x˛õlÎ˚l Ü˛ˆÏÓ˚ xÓÜ˛° §Ù#Ü˛Ó˚î àë˛l Ü˛ˆÏÓ˚y–

3) §Ùyôyl Ü˛ˆÏÓ˚y ≠ x y dx y x dy1 1 02 2− + − =

4) §Ùyôyl Ü˛ˆÏÓ˚y ≠ 
dy

dx

x y

x y
=

−
−

2 3

3 2

5) (2y–1)dx – (2x+3)dy = 0  xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

6)
dy

dx
y x x+ =tan sec  ~Ó˚ §yôyÓ˚î §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–
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7)
dy

dx
e x ex y y= +− −2  xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

8) §Ùyôyl Ü˛ˆÏÓ˚y ≠ x
dy

dx
y ex+ =

9) §Ùyôyl Ü˛ˆÏÓ˚y ≠
dy

dx

y

x
x+ = sin

10) x x
dy

dx
y xlog log( ) + = 2  xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ §ÙyÜ˛° =îÜ˛ !°ˆÏáy

à˛ÈüüüÈ!ÓË˛yà

4] ò#â≈ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 4/6 l¡∫Ó˚ ]

1) log
dy

dx
x y







 = +3 4 , xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ !ÓˆÏ¢£Ï §Ùyôyl !lî≈Î˚ Ü˛ˆÏÓ˚yñ ≤Ãò_ xyˆÏSÈ y=0 Îál x=0–

2) §Ùyôyl Ü˛ˆÏÓ˚y : 2 2 02 2x
dy

dx
xy y− + =

3)
dy

dx
x y x y= + + +1 2 2 2 2

, xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ !ÓˆÏ¢£Ï §Ùyôyl !lî≈Î˚ Ü˛ˆÏÓ˚yñ ≤Ãò_ y=1, Îál x=0–

4) x x
dy

dx

2 1 1−( ) = ; xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ !ÓˆÏ¢£Ï §Ùyôyl !lî≈Î˚ Ü˛ˆÏÓ˚yñ ≤Ãò_ y=0, Îál x=2–

5) §Ùyôyl Ü˛ˆÏÓ˚y : x
dy

dx
y x

y

x
= − 






tan

6) §Ùyôyl Ü˛ˆÏÓ˚y : 1 2 1+( ) + = −x
dy

dx
y xtan

7) ˆòáyG ̂ Îñ x
dy

dx

y

x
x y

y

x
sin sin







 + − 






 = 0  xÓÜ˛° §Ù#Ü˛Ó˚î!ê˛ §ÙÙy!eÜ˛ ~ÓÇ §Ù#Ü˛Ó˚î!ê˛Ó˚ !Ó Ï̂¢£Ï §Ùyôyl

!lî≈Î˚ Ü˛ˆÏÓ˚yñ ≤Ãò_ x=1, Îál y =
π

2
–

8) §Ùyôyl Ü˛ˆÏÓ˚y :     
dy

dx x
y

x
+ =

1 2

log
.

9) §Ùyôyl Ü˛ˆÏÓ˚y :      xy
dy

dx
y x y e

y

x− = +
−

2 2( )

10) 1 6 13 2 2+( ) + = +( )x
dy

dx
x y x  xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ !ÓˆÏ¢£Ï §Ùyôyl !lî≈Î˚ Ü˛ˆÏÓ˚yñ ≤Ãò_  y=1, Îál x=1–
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11) §Ùyôyl Ü˛ˆÏÓ˚y :  
dy

dx

x y

x y
=

− +
− +

1

2 2 3

12) §Ùyôyl Ü˛ˆÏÓ˚y : y x
dy

dx
x

dy

dx
− = +2 1 2( ) ≤Ãò_ y =1, Îál x=1.

13) ˆòáyG ˆÎñ xe y dx xdy

y

x +








 =  xÓÜ˛° §Ù#Ü˛Ó˚î!ê˛ §ÙÙy!eÜ˛ ~ÓÇ §Ù#Ü˛Ó˚î!ê˛Ó˚ !ÓˆÏ¢£Ï §Ùyôyl !lî≈Î˚ Ü˛ˆÏÓ˚yñ

≤Ãò_ ˆÎ x=1, Îál y=1–

14)
dx

dy
x y y y y y+ = + ≠cot cot , ( )2 0

2  xÓÜ˛° §Ù#Ü˛Ó˚î!ê˛Ó˚ !ÓˆÏ¢£Ï §Ùyôyl !lî≈Î˚ Ü˛Ó˚ñ ≤Ãò_ xyˆÏSÈ  x = 0,

Îál y =
π

2
–

15) ~Ùl ~Ü˛!ê˛ Óe´ˆÏÓ˚áyÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛Ó˚ Îy Ù)°!Ó®%àyÙ# ~ÓÇ 1 2 4
2 2+( ) + =x

dy

dx
xy x  xÓÜ˛° §Ù#Ü˛Ó˚îˆÏÜ˛

!§k˛ Ü˛ˆÏÓ˚–

16) §Ùyôyl Ü˛ˆÏÓ˚y : y
d

dx
xy x x x+ = +( ) (sin log )

17) (1+tany)(dx–dy)+2xdy=0 §yôyÓ˚î §Ùyôyl !lî≈Î˚ Ü˛ˆÏÓ˚y :

18) §Ùyôyl Ü˛ˆÏÓ˚y : 
dy

dx
x y x y= + + +cos( ) sin( )

19) (2,1) !Ó®%àyÙ# ˆÜ˛yˆÏly ÓˆÏe´Ó˚ Î!ò (x, y) !Ó®%ˆÏï˛ x!B˛ï˛ flõ¢≈ˆÏÜ˛Ó˚ l!ï˛ x y

xy

2 2

2

+
 •Î˚ ï˛ˆÏÓ Óe´!ê˛Ó˚ §Ù#Ü˛Ó˚î

!lî≈Î˚ Ü˛ˆÏÓ˚y–

20) (1,0) !Ó®%àyÙ# ˆÜ˛yˆÏly ÓˆÏe´Ó˚ Î!ò (x, y) !Ó®%ˆÏï˛ x!B˛ï˛ flõ¢≈ˆÏÜ˛Ó˚ l!ï˛ 
y

x x

−
+

1
2

•Î˚ ï˛ˆÏÓ Óe´!ê˛Ó˚ §Ù#Ü˛Ó˚î

!lî≈Î˚ Ü˛ˆÏÓ˚y–

21) §Ùyôyl Ü˛ˆÏÓ˚y : x
dy

dx
y y x= − +( )log log 1

22) (1, 1) !Ó®%àyÙ# ˆÜ˛yˆÏly ÓˆÏe´Ó˚ Î!ò ÓˆÏe´Ó˚ í˛z˛õÓ˚ P(x,y) ˆÎ ˆÜ˛yˆÏly !Ó®%ˆÏï˛ x!B˛ï˛ flõ¢≈Ü˛ fliylyB˛ x«˛mÎ˚ˆÏÜ˛ A
~ÓÇ B !Ó®%ˆÏï˛ ~ÙlË˛yˆÏÓ ˆSÈò Ü˛ˆÏÓ˚ ÎyˆÏï˛ P !Ó®%!ê˛ AB ˆÓ˚áyÇˆÏ¢Ó˚ Ùôƒ!Ó®% •Î˚ ï˛ˆÏÓ Óe´!ê˛Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚
Ü˛ˆÏÓ˚y–

23)
dy

dx
y x− =3 2sin ÈüÈ~Ó˚ §yôyÓ˚î §Ùyôyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

24) dy=cosx(2–ycosecx)dx xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl !lî≈Î˚ Ü˛ˆÏÓ˚yñ ≤Ãò_ xyˆÏSÈ y=2 Îál x =
π

2
–

25) 1 02
1

+( ) + −( ) =
−

y x e
dy

dx

ytan xÓÜ˛° §Ù#Ü˛Ó˚ˆÏîÓ˚ §yôyÓ˚î §Ùyôyl !lî≈Î˚ Ü˛ˆÏÓ˚y–
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í z̨_Ó̊Ùy°y
Ü˛ÈüüüÈ!ÓË˛yà

1) Ó‡Ù%á# !lÓ≈yã˛lôÙ#≈ ≤ÃŸ¿ ≠
i) b ii) c iii) a iv) b v) d vi)d

vii) c viii) c ix) a x) b xi) b xii) c

xiii) b xiv) a xv) c

2) x!ï˛ §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠
i) e´Ù = 2 ~ÓÇ Ùyey = 1 ii) y=2(xlogx–x)+c iii) e´Ù = 1 ~ÓÇ Ùyey = 2

iv) x
d y

dx
x

dy

dx
y2

2

2
0+ − = v) log | |1

2

2

+ = − +y x
x

c vi) x
e

1tan−

vii) y=xex+c viii) ey–x=x+c ix) e
x

x
.
1

x) xcosy+ysinx = c

áüüüÈ!ÓË˛yà

3) x!ï˛ §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠

2) 2y2y
1

2+4xyy
1
+x2(1–y

1

2)=0

3) 1 12 2− + − =x y C

4) y2–3xy+x2 = C

5)
2 3

2 1

x

y
K

+
−

+ ,  ˆÎáyˆÏl K=c2

6) ysecx = tanx+c

7) e e
x

Cy x− = +
3

3

8) y
e

x

K

x

x

= +

9) x(y+cosx) = sinx+c

10) logx

àÈüüüÈ!ÓË˛yà

4) ò#â≈ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠

1) 4e3x + 3e–4y = 7

2) log | |x c
x

y
+ =

2

3) tan− = + +1
3

3 4
y x

x π
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4) y
x

x
=

−
−

1

2

1 1

2

3

4

2

2
log log

5) x
y

x
Csin =

6) y x Ce
x= −( ) +− − −

tan
tan1

1
1

7) cos log | |
y

x
x=

8) y log x = (log x)2 + C

9) (x+y)log |xc| = xe

y

x

10) y x
x x x

x1
6 4 3

9

4

3
2

6 4 3

+( ) = + + + +

11) x y x y c− = − + +2 2log

12) (y−2)2  (2x + 1)2 =9x2

13) e x e

y

x

y

xlog − + =
−1

1 0

14) x y y ysin sin= −2
2

4

π

15) y
x

x
=

+
4

3 1

3

2
( )

16) y x
x

x

x

x

x
x

x
Cx= − + + + − + −cos

sin cos
log

2 2

3 92

2

17) x(siny+cosy) = siny+Ce–y

18) log tan1
2

+
+

= +
x y

x c

19) 2(x2–y2)=3x

20) (y–1)(x+1)+2x = 0

21) log
y

x
Cx







 =

22) xy = 1

23) y x x Ce x= − + +
1

13
2 2 3 2 3( cos sin )

24) y x xsin cos= − +
1

2
2

3

2

25) 2
1 12xe e Ky ytan tan− −

= +
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ˆË˛QÓ˚ Ó#çà!îï˛
(Vector Algebra)

=Ó˚&c˛õ)î≈ !Ó£ÏÎ˚ ~ÓÇ Ê˛°yÊ˛° ≠

• ˆË˛QÓ˚ åVectorä :

~Ü˛!ê˛ Ó˚y!¢ ÎyÓ˚ Ùyl ~ÓÇ ˛õy¢y˛õy!¢ !òÜ˛G xyˆÏSÈñ ï˛yˆÏÜ˛ ˆË˛QÓ˚ åVectorä ÓˆÏ°–

~Ü˛!ê˛ !òÜ‰˛ !lˆÏò≈!¢ï˛ ˆÓ˚áyÇ¢ •° ~Ü˛!ê˛ ˆË˛QÓ˚ñ Îy  Óy §•çË˛yˆÏÓ a
→

 myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚ ~ÓÇ ~ˆÏÜ˛

ÚˆË˛QÓ˚ AB
u ruu

’ Óy ‘ˆË˛QÓ˚ a
→

’ !•ˆÏ§ˆÏÓ ˛õí˛¸y •Î˚–

~Ü˛!ê˛ !Ó®%  A  ˆÎáyl ˆÌˆÏÜ˛ ˆË˛QÓ˚ AB
u ruu

÷Ó˚& •Î˚ ï˛yˆÏÜ˛ ~Ó˚ ≤ÃyÓ˚!Ω˛Ü˛ !Ó®% åinitial pointä ÓˆÏ°ñ ~ÓÇ B !Ó®%
ˆÎáyˆÏl ˆË˛QÓ˚!ê˛ ˆ¢£Ï •Î˚ñ ï˛yˆÏÜ˛ ~Ó˚ x!hs˝Ù !Ó®% återminal pointä ÓˆÏ°ñ ˆË˛QˆÏÓ˚Ó˚ ≤ÃyÓ˚!Ω˛Ü˛ ~ÓÇ x!hs˝Ù !Ó®%Ó˚

ÙˆÏôƒÜ˛yÓ˚ ò)Ó˚cˆÏÜ˛ ˆË˛QÓ˚!ê˛Ó˚ Ùyl åÓy ˜òâ≈ƒä Ó°y •Î˚ñ Îy AB
u ruu

 Óy a
→  Óy aÈüÈ~Ó˚ ÙyôƒˆÏÙ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

• xÓfliyl ̂ Ë˛QÓ˚ åPosition Vectorä :

ÙˆÏlÜ˛ˆÏÓ˚yñ O ~Ü˛!ê˛ x!l!ò≈‹T !Ó®%– ï˛y•ˆÏ°ñ OP
u ruu

ˆË˛QÓ˚ˆÏÜ˛ O !Ó®%Ó˚
§y Į̈̂ õ Ï̂«˛ P !Ó®%Ó̊ xÓfliyl ̂ Ë˛QÓ̊ åposition vectorä Ó°y •Î̊– ≤ÃyÓ̊!Ω˛Ü˛
!Ó®% åinitial pointä O ̂ Ü˛ !lˆÏò≈¢ï˛ˆÏsfÓ˚ Ù)°!Ó®% Ó°y •Î˚–
Ù Ï̂lÜ˛ Ï̂Ó˚yñ O Ù)°!Ó®% §y Į̈̂ õ Ï̂«˛ P G Q !Ó®%Ó˚ xÓfliyl ̂ Ë˛QÓ˚ ÎÌye´ Ï̂Ù

a
→

 ~ÓÇ b
→

ó ï˛y•ˆÏ° a
→

=OP
u ruu

 ~ÓÇ b
→

=OQ
u ruu

–
∴ PQ = (QÈüÈ~Ó˚ xÓfliyl ˆË˛QÓ˚) – (PüÈ~Ó˚ xÓfliyl ˆË˛QÓ˚ )

= b
→

– a
→

• P(x, y, z)  !Ó®%Ó˚ xÓfliyl ˆË˛QÓ˚ˆÏÜ˛ ˆ°áy •Î˚

OP
u ruu

 = x i y j z k
∧ ∧ ∧

+ + Ó˚*ˆÏ˛õ ~ÓÇ ~Ó˚ Ùyl •°

OP x y z
u ruu

= + +2 2 2 –

~áyˆÏl i
∧

, j
∧

~ÓÇ k
∧

ÎÌye´ˆÏÙ OX
u ruu

, OY
u ruu

  ~ÓÇ

OZ
u ruu

 x«˛ ÓÓ˚yÓÓ˚ ~Ü˛Ü˛ ˆË˛QÓ˚–

xôƒyÎ˚ÈüÈ 10
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• P ~ÓÇ Q ÎyˆÏòÓ˚ xÓfliyl ˆË˛QÓ˚ ÎÌye´ˆÏÙ a
→

 ~ÓÇ b
→

– G•z !Ó®%mˆÏÎ˚Ó˚ §ÇˆÏÎyàÜ˛yÓ˚# ˆÓ˚áyÇ¢ˆÏÜ˛ R !Ó®%!ê˛ m:n

xl%˛õyˆÏï˛ !ÓË˛_´ Ü˛Ó˚ˆÏ° ï˛yÓ˚ xÓfliyl ˆË˛QÓ˚ •ˆÏÓ ~ÓÇ

i)
n a m b

m n

→ →

+

+
 xhs˝!Ó≈Ë˛!_´Ó˚ ˆ«˛ˆÏe–

ii)
m b n a

m n

→ →

−

−
 Ó!•!Ó≈Ë˛!_´Ó˚ ˆ«˛ˆÏe–

• !òÜ‰˛ ÈüÈ ˆÜ˛y§y•zl åDirection Cosines of Vectorsä :

ôÓ˚y ÎyÜ˛ó !ã˛ˆÏe ≤Ãò!¢≈ï˛ P(x,y,z) !Ó®%Ó˚ xÓfliyl ˆË˛QÓ˚ •° OP
u ruu

 (Óy r
→

)– r
→  ˆË˛QÓ˚ x, y ~ÓÇ züÈxˆÏ«˛Ó˚

ôlydÜ˛  !òˆÏÜ˛Ó˚ §ˆÏD ÎÌye´ˆÏÙ α, β, γ ˆÜ˛yî í˛zÍ˛õß¨ Ü˛Ó˚ˆÏ°ñ ˆÜ˛yî=ˆÏ°yˆÏÜ˛ r
→ ÈüÈ~Ó˚ !òÜ‰˛ÈüÈˆÜ˛yî ådirection

anglesä Ó°y •Î˚– ~•z ̂ Ü˛yî=ˆÏ°yÓ˚ ̂ Ü˛y§y•zˆÏlÓ˚ Ùyl xÌ≈yÍ cosα, cosβ ~ÓÇ cosγ ̂ Ü˛ ̂ Ë˛QˆÏÓ˚Ó˚ !òÜ‰˛ÈüÈˆÜ˛y§y•zl
Ó°y •Î˚ ~ÓÇ ÎÌye´ˆÏÙ l, m ~ÓÇ n myÓ˚y §yôyÓ˚îï˛ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

!ã˛e ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•z ˆÎñ OAP •° ~Ü˛!ê˛ §ÙˆÏÜ˛yî# !eË%˛ç ~ÓÇ ~Ó˚ ˆÌˆÏÜ˛ ˛õy•z cosα =
x

r
– ~Ü˛•zË˛yˆÏÓ

OBP ~ÓÇ OCP §ÙˆÏÜ˛yî# !eË%˛ç ˆÌˆÏÜ˛ cos β =
y

r
 ~ÓÇ cosγ =

z

r
– ~•zË˛yˆÏÓñ P !Ó®%Ó˚ fliylyB˛ ålr, mr, nrä

Ó˚*ˆÏ˛õG ≤ÃÜ˛y¢ Ü˛Ó˚y ÎyÎ˚– !òÜ‰˛ÈüÈˆÜ˛y§y•zˆÏlÓ˚ §ˆÏD §Ùyl%˛õy!ï˛Ü˛ lr, mr ~ÓÇ nr §Çáƒy !ï˛l!ê˛ˆÏÜ˛ r
→ ˆË˛QˆÏÓ˚Ó˚

!òÜ‰˛ÈüÈxl%˛õyï˛ ådirection - ratiosä Ó°y •Î˚ ~ÓÇ ÎÌye´ˆÏÙ a, b ~ÓÇ c myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

• ˆË˛QˆÏÓ˚Ó˚ !Ó!Ë˛ß¨ ≤ÃÜ˛yÓ˚ åTypes of Vectorsä :

• ¢)lƒ ˆË˛QÓ˚ åZero Vectorä : ˆÜ˛yˆÏly ˆË˛QˆÏÓ˚Ó˚ ≤ÃyÓ˚!Ω˛Ü˛ ~ÓÇ x!hs˝Ù !Ó®% §Ù˛õy!ï˛ï˛ •ˆÏ°ñ ï˛yˆÏÜ˛ ¢)lƒ ˆË˛QÓ˚

åÓy xÜ˛yÎ≈Ü˛Ó˚ ˆË˛QÓ˚ä Ó°y •Î˚ ~ÓÇ ~!ê˛ 0
→

 myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– ¢)lƒ ˆË˛QˆÏÓ˚Ó˚ ˆÜ˛yˆÏly !l!ò≈‹T !òÜ˛ xyˆÏÓ˚y!˛õï˛
Ü˛Ó˚y ÎyÎ˚ ly Ü˛yÓ˚î ~Ó˚ Ùyl ¢)lƒ– xÌÓy !ÓÜ˛“Ë˛yˆÏÓ xlƒÌyÎ˚ ~!ê˛ ˆÎ ˆÜ˛yˆÏly !òÜ‰˛ÈüÈ!lˆÏò≈¢Ü˛ !•ˆÏ§ˆÏÓ !ÓˆÏÓ!ã˛ï˛

•ˆÏï˛ ˛õyˆÏÓ˚– AA
u ruu

, BB
u ruu

ˆË˛QÓ˚mÎ˚ ¢)lƒ ˆË˛QÓ˚ˆÏÜ˛ í˛z˛õfliy!˛õï˛ Ü˛ˆÏÓ˚–
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• ~Ü˛Ü˛ ˆË˛QÓ˚ åUnit Vectorä : ~Ü˛!ê˛ ˆË˛QÓ˚ ÎyÓ˚ Ùyl ~Ü˛ åxÌ≈yÍ 1 ~Ü˛Ü˛äó ï˛yˆÏÜ˛ ~Ü˛Ü˛ ˆË˛QÓ˚ Ó°y •Î˚– ≤Ãò_

ˆË˛QÓ˚ a
→ üÈ~Ó˚ !òÜ˛ ÓÓ˚yÓÓ˚ ~Ü˛Ü˛ ˆË˛QÓ˚ˆÏÜ˛ a

∧  ≤Ãï˛#Ü˛ myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ ~ÓÇ a
a

a

∧
→

→
= –

• §ÙÈüÈ≤ÃyÓ˚!Ω˛Ü˛ ˆË˛QÓ˚ åCoinitial Vectorsä : ò%•z Óy ï˛ˆÏï˛y!ôÜ˛ ˆË˛QˆÏÓ˚Ó˚ ~Ü˛•z ≤ÃyÓ˚!Ω˛Ü˛ !Ó®% ÌyÜ˛ˆÏ°ñ ï˛yˆÏòÓ˚
§ÙÈüÈ≤ÃyÓ˚!Ω˛Ü˛ ˆË˛QÓ˚ Ó°y •Î˚–

• §ÙˆÏÓ˚á ˆË˛QÓ˚ åCollinear Vectorsä : ò%•z Óy ï˛ˆÏï˛y!ôÜ˛ ˆË˛QÓ˚ˆÏÜ˛ §ÙˆÏÓ˚á Ó°y •ˆÏÓñ Î!ò Ùyl ~ÓÇ !òÜ‰˛
!l!Ó≈ˆÏ¢ˆÏ£Ï ï˛yÓ˚y ~Ü˛•z §Ó˚°ˆÏÓ˚áyÓ˚ §Ùyhs˝Ó˚y° •Î˚–

• §Ùyl ˆË˛QÓ˚ åEqual Vectorsä : ò%!ê˛ ˆË˛QÓ˚ a
→

 ~ÓÇ b
→

ˆÜ˛ §Ùyl Ó°y •ˆÏÓñ Î!ò ï˛yˆÏòÓ˚ Ùyl §Ùyl •Î˚ ~ÓÇ

!òˆÏÜ˛Ó˚ ˆ«˛ˆÏe ï˛yˆÏòÓ˚ ≤ÃyÓ˚!Ω˛Ü˛ !Ó®%Ó˚ xÓfliyl x@˝Ãy•ƒ Ü˛Ó˚y •Î˚ ~ÓÇ ï˛y a b
→ →

= Ó˚*ˆÏ˛õ ˆ°áy •Î˚–

• }îydÜ˛ ˆË˛QÓ˚ åNegative of a Vectorä : ~Ü˛!ê˛ ˆË˛QÓ˚ ÎyÓ˚ Ùyl ≤Ãò_ ˆË˛QˆÏÓ˚Ó˚ (ôÓ˚yÎyÜ˛ñ AB
u ruu

) §Ùyl !Ü˛v

~Ó˚ !òÜ˛ ≤Ãò_ ˆË˛QˆÏÓ˚Ó˚ !Ó˛õÓ˚#ï˛ó ï˛yˆÏÜ˛ ≤Ãò_ ˆË˛QˆÏÓ˚Ó˚ }îydÜ˛ ˆË˛QÓ˚ Ó°y •Î˚– ˆÎÙl ÈüÈ ˆË˛QÓ˚ BA
u ruu

•° AB
u ruu

ˆË˛QˆÏÓ˚Ó˚ }îydÜ˛ ˆË˛QÓ˚ ~ÓÇ BA AB
u ruu u ruu

= − Ó˚*ˆÏ˛õ ˆ°áy ÎyÎ˚–

• §yÙï˛!°Ü˛ Óy ~Ü˛ï˛°#Î˚ ˆË˛QÓ˚ åCoplanar Vectorsä : !ï˛l Óy ï˛yÓ˚ ˆÓ!¢ §ÇáƒÜ˛ ˆË˛QÓ˚ ~Ü˛•z §Ùï˛ˆÏ°
xÓ!fliï˛ •ˆÏ° xÌÓy ~Ü˛•z §Ùï˛ˆÏ°Ó˚ §Ùyhs˝Ó˚y° •ˆÏ°ñ ˆË˛QÓ˚=!°ˆÏÜ˛ §yÙï˛!°Ü˛ Óy ~Ü˛ï˛°#Î˚ Ó°y •Î˚–

• Ù%_´ ˆË˛QÓ˚ åFree Vectorsä : ~Ü˛!ê˛ !l!ò≈‹T !Ó®% !òˆÏÎ˚ ˆÜ˛yˆÏly ≤Ãò_ ˆË˛QˆÏÓ˚Ó˚ §Ùyhs˝Ó˚y° Ü˛ˆÏÓ˚ x!B˛ï˛ ˆË˛QÓ˚ˆÏÜ˛
fliy!lÜ˛ ˆË˛QÓ˚ ÓˆÏ°ó !Ü˛v ˆÜ˛yˆÏly ˆË˛QÓ˚ Îál ˆÜ˛Ó°Ùye ï˛yÓ˚ Ùyl G !òˆÏÜ˛Ó˚ G˛õÓ˚ !lË≈˛Ó˚ Ü˛ˆÏÓ˚ ~ÓÇ ï˛yÓ˚ xÓfliyl
§yˆÏ˛õˆÏ«˛ !lÓ˚ˆÏ˛õ«˛ •Î˚ñ ï˛ál ï˛yˆÏÜ˛ Ù%_´ ˆË˛QÓ˚ ÓˆÏ°–

• ˆË˛QˆÏÓ˚Ó˚ ̂ Îyà ~ÓÇ !ÓˆÏÎ˚yà åAddition and Subtraction of Vectorsä :

Î!ò O, A, C ~Ó˚*˛õ !ï˛l!ê˛ !Ó®% •Î˚ ˆÎñ OA a AC b
u ruu

r

u ruu r

= =, ,  ï˛ˆÏÓñ OC
u ruu

•ˆÏÓ a
→  G b

→

ˆË˛QÓ˚ ò%!ê˛Ó˚ ˆÎyàÊ˛°

~ÓÇ ï˛y r
r

a b+ xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚– §%ï˛Ó˚yÇ r
r u ruu u ruu u ruu

a b OA AC OC+ = + = –
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ò%!ê˛ ˆË˛QˆÏÓ˚Ó˚ ˆÎyàÊ˛° !lî≈ˆÏÎ˚Ó˚ ~•z ≤Ã!e´Î˚yˆÏÜ˛ ˆË˛QÓ˚ ˆÎyˆÏàÓ˚ !eË%˛ç §)e ÓˆÏ°–

xyÓyÓ˚ñ a
→  ˆË˛QˆÏÓ˚Ó˚ §ˆÏD −

r

b ˆÎyà Ü˛ˆÏÓ˚ a
→  ˆË˛QÓ˚ ˆÌˆÏÜ˛ b

→

 ˆË˛QˆÏÓ˚Ó˚ !ÓˆÏÎ˚yà §ÇK˛yï˛ •Î˚– §%ï˛Ó˚yÇ
r

r

r

r

a b a b− = + −( ) –

Î!ò AB AC
u ruu u ruu

= −  •Î˚ñ ï˛ˆÏÓ

r

r u ruu u ruu

u ruu u ruu

u ruu u ruu

u ruu

a b OA AB

OA AB

OA AC

OC

− = −

= + −( )
= +

=

• Î!ò ò%!ê˛ ˆË˛QÓ˚ a
→ ~ÓÇ b

→

~Ü˛!ê˛ §yÙyhs˝!Ó˚ˆÏÜ˛Ó˚ ò%!ê˛ §!ß¨!•ï˛ Óy‡ myÓ˚y Ùyl G !òÜ‰˛ˆÏÜ˛ ≤ÃÜ˛y¢ •Î˚– Óy‡mˆÏÎ˚Ó˚

§yôyÓ˚î !Ó®% !òˆÏÎ˚ x!B˛ï˛ §yÙyhs˝!Ó˚ˆÏÜ˛Ó˚ Ü˛î≈ ˆË˛QÓ˚mˆÏÎ˚Ó˚ §Ù!‹T  ~Ó˚ Ùyl G !òÜ‰˛ !lˆÏò≈¢ Ü˛ˆÏÓ˚– ~!ê˛ ˆË˛QÓ˚
ˆÎyˆÏàÓ˚ §yÙyhs˝!Ó˚Ü˛ §)e !•ˆÏ§ˆÏÓ ˛õ!Ó˚!ã˛ï˛–
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• ˆË˛QÓ˚ ̂ ÎyˆÏàÓ˚ ôÙ≈yÓ°# åProperties of  Vector additionä :

i) ˆÎˆÏÜ˛yl ò%!ê˛ ˆË˛QÓ˚ a
→

 ~ÓÇ b
→

ÈüÈ~Ó˚ çlƒ
r

r r

r

a b b a+ = +  (!Ó!lÙÎ˚ ôÙ≈)

ii) ˆÎˆÏÜ˛yl ò%!ê˛ ˆË˛QÓ˚ a
→

, b
→

~ÓÇ c
→ ÈüÈ~Ó˚ çlƒ

r

r

r r

r

r

a b c a b c+( ) + = + +( )
iii) ˆÎˆÏÜ˛yl ˆË˛QÓ˚ a

→ üÈ~Ó˚ çlƒ
r

r r

r r

a a a+ = + =0 0

~áyˆÏlñ ¢)lƒ ˆË˛QÓ˚ 0
→

 ˆÜ˛ ˆË˛QÓ˚ ˆÎyˆÏàÓ˚ ˆ«˛ˆÏe ˆÎyàç xˆÏË˛ò åadditive identityä Ó°y •Î˚–

• ˆÜ˛yˆÏly ˆË˛QÓ˚ˆÏÜ˛ ~Ü˛!ê˛ ˆflÒ°yÓ˚ !òˆÏÎ˚ =î åMultiplication of a vector by a scalarä :

1. ôÓ˚y ÎyÜ˛ñ a
→  •° ~Ü˛!ê˛ ≤Ãò_ ̂ Ë˛QÓ˚ ~ÓÇ λ ~Ü˛!ê˛ ̂ flÒ°yÓ˚– ï˛ˆÏÓ ̂ Ë˛QÓ˚ a→  ~Ó˚ §yˆÏÌ ̂ flÒ°yÓ˚ λÈüÈ~Ó˚ =îˆÏÜ˛

ˆflÒ°yÓ˚ λ !òˆÏÎ˚ ˆË˛QÓ˚ a
→  ˆÜ˛ =î Ü˛Ó˚y Ó°y •Î˚ñ Îy λ

r

a  Ó˚*ˆÏ˛õ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

i) Îy a
→  ˆË˛QˆÏÓ˚Ó˚ §ˆÏD §ÙˆÏÓ˚á–

ii) ÎyÓ˚ Ùyl åmagnitude or modulusä = 
r

a λ

iii) ÎyÓ˚ !òÜ˛ a
→  ˆË˛QˆÏÓ˚Ó˚ x!Ë˛Ù%ˆÏáñ Îál λ>0 ~ÓÇ a

→  ˆË˛QˆÏÓ˚Ó˚ !Ó˛õÓ˚#ï˛ x!Ë˛Ù%ˆÏáñ Îál λ<0–

Î!ò λ=0  xÌÓy a
→ →

= 0  ï˛ˆÏÓ λ
r

a  ~Ü˛!ê˛ ¢)îƒ ˆË˛QÓ˚– xyÓyÓ˚ a
→  ˆË˛QˆÏÓ˚Ó˚ x!Ë˛Ù%ˆÏá ~Ü˛Ü˛ ˆË˛QÓ˚ a

∧

•ˆÏ° a a a
→ → ∧

=  Óy a
a

a

∧
→

→
= –

2. m G n ò%!ê˛ ˆflÒ°yÓ˚ ~ÓÇ a
→

 ~Ü˛!ê˛ ˆË˛QÓ˚ •ˆÏ°ñ ˆË˛QÓ˚ˆÏÜ˛ ˆflÒ°yÓ˚ myÓ˚y =îˆÏlÓ˚ §ÇK˛yÓ˚ §y•yˆÏÎƒ ˛õy•zñ

m n a mn a n m a
→ → →







 = =









( ) ~ÓÇ

m n a m a n a+( ) = +
→ → →

• ~Ü˛!ê˛ ˆË˛QˆÏÓ˚Ó˚ í˛z˛õyÇ¢ åComponents of a vectorä :

~Ü˛!ê˛ !Ó®% P(x,y,z) ~Ó˚ xÓfliyl ˆË˛QÓ˚OP
u ruu

!ÓˆÏÓã˛ly Ü˛!Ó˚– ôÓ˚y ÎyÜ˛ñ P
1
 •° !Ó®% ˆÌˆÏÜ˛ XOY §Ùï˛ˆÏ°Ó˚ í˛z˛õÓ˚

°ˆÏ¡∫Ó˚ ˛õyò!Ó®%– ~•zË˛yˆÏÓñ xyÙÓ˚y ˆòáˆÏï˛ ˛õy!Ó˚ ˆÎ P
1
P •° ZÈüÈxˆÏ«˛Ó˚ §Ùyhs˝Ó˚y°– ˆÎˆÏ•ï%˛ i

∧
, j

∧
~ÓÇ k

∧

 •°

ÎÌye´ˆÏÙ x, y ~ÓÇ z x«˛ ÓÓ˚yÓÓ˚ ~Ü˛Ü˛ ˆË˛QÓ˚ ~ÓÇ P !Ó®%Ó˚ fliylyˆÏB˛Ó˚

§ÇK˛y ̂ ÌˆÏÜ˛ xyÙÓ˚y ̨ õy•z PP OR
1

u ruu u ruu

= = z k
∧

ñ

xl%Ó˚* Į̈̂ õ QP OS1

u ruu u ruu

= = y j
∧

~ÓÇ QQ
u ruu

= x i
∧

–

xï˛~Óñ OP OQ QP x i y j1 1

u ruu u ruu u ruu

= + = +
∧ ∧

OP OP PP
u ruu u ruu u ruu

= + =1 1
x i y j z k

∧ ∧ ∧
+ +

Z

XO

P

Q

S

R

y j
∧

P
xi

yj

u

r

u

u

=
+ˆ

ˆ

x
i

y
j

z
k

∧

∧

∧

+
+

j z k
∧

+

j z k
∧

+

Y P
1

x i
∧
+
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§%ï˛Ó˚yÇñ O !Ó®%Ó˚ §yˆÏ˛õˆÏ«˛ P !Ó®%Ó˚ xÓfliyl ˆË˛QÓ˚ !l¡¨!°!áï˛Ë˛yˆÏÓ ˆ°áy ÎyÎ˚ ÈüüüÈ

 ( Óy r
→

) = + +
∧ ∧ ∧

x i y j z k

~•z xyÜ˛yˆÏÓ˚Ó˚ ˆÜ˛yˆÏly ˆË˛QÓ˚ˆÏÜ˛ ~Ó˚ í˛z˛õyÇ¢ xyÜ˛yÓ˚ åcomponent formä ÓˆÏ°– ˆÎáyˆÏl x, y ~ÓÇ z ˆÜ˛ ˆË˛QÓ˚

r
→ ÈüÈ~Ó˚ ˆflÒ°yÓ˚ í˛z˛õyÇ¢ Ó°y •Î˚ ~ÓÇ x i

∧
, y j

∧
~ÓÇ z k

∧
ˆÜ˛ ÎÌye´ˆÏÙ xl%Ó˚*˛õ x«˛ ÓÓ˚yÓÓ˚ r

→ È~Ó˚ ̂ Ë˛QÓ˚ í˛z˛õyÇ¢
Ó°y •Î˚–

• ˆÎˆÏÜ˛yˆÏly ˆË˛QÓ˚ r x i y j z k
→ ∧ ∧ ∧

= + + ÈüÈ~Ó˚ ˜òâ≈ƒ !lî≈ˆÏÎ˚Ó˚ çlƒ §ÙˆÏÜ˛yî# !eË%˛ç OQP
1 
ˆÌˆÏÜ˛ ˛õy•zñ

OP OQ QP x y1

2

1

2
2 2

u ruu u ruu u ruu

= + = +

~ÓÇ OPP
1 
 !eË%˛ç ˆÌˆÏÜ˛ OP (PP )2 + bP1

u ruu ur ur

= = + +)2 2 2 2z x y

∴ ˆÎˆÏÜ˛yˆÏly ˆË˛QÓ˚ r x i y j z k
→ ∧ ∧ ∧

= + + ÈüÈ~Ó˚ ˜òâ≈ƒ r x i y j z k x y z
→ ∧ ∧ ∧

= + + = + +2 2 2

• Î!ò a
→

 ~ÓÇ b
→

ˆË˛QÓ˚ ò%!ê˛Ó˚ í˛z˛õyÇ¢ xyÜ˛yÓ˚ ÎÌye´ˆÏÙ a i a j a k1 2 3

∧ ∧ ∧
+ +  ~ÓÇ b i b j b k

1 2 3

∧ ∧ ∧
+ + •Î˚ñ ï˛ˆÏÓ

i) ˆË˛QÓ˚ a
→

 ~ÓÇ b
→

üÈ~Ó˚ §Ù!‹T Óy Ê˛°yÊ˛° •°

a b a b i a b j a b k
→ → ∧ ∧ ∧

+ = +( ) + +( ) + +( )1 1 2 2 3 3

ii) ˆË˛QÓ˚ a
→

 ~ÓÇ b
→

ÈüÈ~Ó˚ xhs˝Ó˚Ê˛° •°

a b a b i a b j a b k
→ → ∧ ∧ ∧

− = −( ) + −( ) + −( )1 1 2 2 3 3

iii) ˆË˛QÓ˚ a
→ ~ÓÇ b

→
§Ùyl •ˆÏÓ Î!ò ~ÓÇ ˆÜ˛Ó°Ùye Î!ò a

1
=b

1
, a

2
=b

2
 ~ÓÇ a

3
=b

3
–

iv) ˆÎˆÏÜ˛yˆÏly ˆflÒ°yÓ˚ λ myÓ˚y ˆË˛QÓ˚ a
→ ÈüÈ~Ó˚ =îÊ˛° •° ÈüüüÈ

λ λ λ λa a i a j a k
→ ∧ ∧ ∧

= ( ) + ( ) + ( )1 2 3

v) a
→

 ~ÓÇ b
→

ˆË˛QÓ˚ §ÙˆÏÓ˚á •ˆÏÓ Î!ò ~ÓÇ ˆÜ˛Ó°Ùye Î!ò

b

a

b

a

b

a

1

1

2

2

3

3

= = = λ

vi) Î!ò a a i a j a k
→ ∧ ∧ ∧

= + +1 2 3  ï˛ˆÏÓ a
1
, a

2
, a

3
 ˆÜ˛ a

→
 ÈüÈ~Ó˚ !òÜ‰˛ÈüÈxl%˛õyï˛ Ó°y •Î˚–

• ò%!ê˛ !Ó®%Ó˚ §ÇˆÏÎyà ̂ Ë˛QÓ˚ åVector joining two pointsä :

Î!ò P
1
(x

1
, y

1
, z

1
) ~ÓÇ P

2
(x

2
, y

2
, z

2
) ˆÎˆÏÜ˛yˆÏly ò%!ê˛ !Ó®% •Î˚ñ ï˛ˆÏÓ P

1
 ~ÓÇ P

2
 ÈüÈ~Ó˚ §ÇˆÏÎyàÜ˛yÓ˚# ˆË˛QÓ˚!ê˛

•ˆÏ°y PP1 2

u ruuu

–

PP1 2

u ruuu

 ˆË˛QÓ˚!ê˛Ó˚ Ùyl •°

PP x x y y z z1 2 2 1

2

2 1

2

2 1

2
u ruuu

= −( ) + −( ) + −( )
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• ò%!ê˛ ˆË˛QˆÏÓ˚Ó˚ ˆflÒ°yÓ˚ åÓy í˛ê‰˛ä =î
å Scalar (or dot) product of two vectorsä :

ò%!ê˛ x¢)lƒ ˆË˛QÓ˚ a
→

 ~ÓÇ b
→

ÈüÈ~Ó˚ ˆflÒ°yÓ˚ =îÊ˛° a b
→ →

. myÓ˚y

≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ ~ÓÇ ~!ê˛ Ï̂Ü˛ a b a b
→ → → →

=. | || | cosθ  Ó˚* Į̈̂ õ §ÇK˛y!Î˚ï˛

Ü˛Ó˚y •Î˚ñ ˆÎáyˆÏl θ •° a
→

 ~ÓÇ b
→

~Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yî ~ÓÇ
0≤θ≤π–

• i) ôˆÏÓ˚yñ a
→

 ~ÓÇ b
→

 ò%!ê˛ x¢)îƒ ˆË˛QÓ˚ñ ï˛ˆÏÓ a b
→ →

=. 0 •ˆÏÓ Î!ò ~ÓÇ ˆÜ˛Ó°Ùye Î!ò a
→

 ~ÓÇ b
→

˛õÓ˚flõÓ˚

°¡∫ •Î˚– xÌ≈yÍ a b a b
→ → → →

= ⇔ ⊥. 0 –

ii) Î!ò  θ = 0 •Î˚ñ ï˛ˆÏÓ a b a b
→ → → →

=. | || |

iii) Î!ò  θ = π •Î˚ñ ï˛ˆÏÓ 
r

r

r

r

a b a b. | || |= −

iv) ˛õÓ˚flõÓ˚ °¡∫ !ï˛l!ê˛ ~Ü˛Ü˛ ˆË˛QÓ˚ i
∧

, j
∧

~ÓÇ k
∧

ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•z ÈüüüÈ

i i j j k k
∧ ∧ ∧ ∧ ∧ ∧

= = =. . . 1

i j j k k i
∧ ∧ ∧ ∧ ∧ ∧

= = =. . . 0

v) ò%!ê˛ x¢)lƒ ˆË˛QÓ˚ a
→

 ~ÓÇ b
→

üÈ~Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yî θ •ˆÏ°ñ

cos
.

| || |
θ =

r

r

r

r

a b

a b
 Óy θ =











−
cos

.

| || |

1

r

r

r

r

a b

a b

vi) ˆflÒ°yÓ˚ =îñ !Ó!lÙÎ˚ ôÙ≈ ˆÙˆÏl ã˛ˆÏ°ñ xÌ≈yÍ
r

r r

r

a b b a. .=
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vii) Î!ò ò%!ê˛ ˆË˛QÓ˚ 
r

a  ~ÓÇ 
r

b ˆÜ˛ a i a j a k
1 2 3

∧ ∧ ∧
+ + ~ÓÇ b i b j b k1 2 3

∧ ∧ ∧
+ + í˛z˛õyÇ¢ xyÜ˛yˆÏÓ˚ ˆ°áy ÎyÎ˚ñ ï˛ˆÏÓ ï˛yˆÏòÓ˚

ˆflÒ°yÓ˚ =îÊ˛° •° ÈüüüÈ
r

r

a b a b a b a b. = + +1 1 2 2 3 3

• ˆÜ˛yˆÏly §Ó˚°ˆÏÓ˚áyÓ˚ í˛z˛õÓ˚ ~Ü˛!ê˛ ˆË˛QˆÏÓ˚Ó˚ x!Ë˛ˆÏ«˛˛õ åProjection of a vector on a lineä :

ôÓ˚y ÎyÜ˛ñ ~Ü˛!ê˛ ˆË˛QÓ˚ AB
u ruu

 â!í˛¸Ó˚ ÜÑ˛yê˛yÓ˚ !Ó˛õÓ˚#ï˛ !òˆÏÜ˛ñ ~Ü˛!ê˛ ≤Ãò_ !òÜ˛ !lˆÏò≈!¢ï˛ ˆÓ˚áy l åô!Ó˚ä ~Ó˚ §yˆÏÌ θ

ˆÜ˛yî í˛zÍ˛õß¨ Ü˛ˆÏÓ˚– ï˛ˆÏÓ lÈüÈ~Ó˚ í˛z˛õÓ˚ AB
u ruu

ÈüÈ~Ó˚ x!Ë˛ˆÏ«˛˛õ •° ~Ü˛!ê˛ ˆË˛QÓ˚ rp  åôˆÏÓ˚yä ÎyÓ˚ Ùyl AB
u ruu

cosθ

~ÓÇ rp  G §Ó˚°ˆÏÓ˚áy lÈüÈ~Ó˚ x!Ë˛Ù%á ~Ü˛•z !òˆÏÜ˛ åÓy !Ó˛õÓ˚#ˆÏï˛ä •ˆÏÓ ï˛y !lË≈˛Ó˚ Ü˛ˆÏÓ˚ cosθ ~Ó˚ Ùyl ôlydÜ˛ ly !Ü˛

}lydÜ˛– ˆË˛QÓ˚ rp ÈüÈˆÜ˛ Ó°y •Î˚ x!Ë˛ˆÏ«˛˛õ ˆË˛QÓ˚ åProjection Vectorä ~ÓÇ ~Ó˚ Ùyl 
r

p  ˆÜ˛ §yôyÓ˚îï˛ !òÜ‰˛

!lˆÏò≈!¢ï˛ ˆÓ˚áy l ~Ó˚ í˛z˛õÓ˚ ˆË˛QÓ˚ AB
u ruu

 ~Ó˚ x!Ë˛ˆÏ«˛˛õ Ó°y •Î˚–

• i) Î!ò l ˆÓ˚áy ÓÓ˚yÓÓ˚ p
∧

~Ü˛!ê˛ ~Ü˛Ü˛ ˆË˛QÓ˚ •Î˚ñ ï˛ˆÏÓ l ˆÓ˚áyÓ˚ í˛z˛õÓ˚ 
r

a  ˆË˛QˆÏÓ˚Ó˚ x!Ë˛ˆÏ«˛˛õ •° ra p.
∧ –

ii)
r

b  ˆË˛QˆÏÓ˚Ó˚ í˛z˛õÓ˚ ra  ˆË˛QˆÏÓ˚Ó˚ x!Ë˛ˆÏ«˛˛õ 
r

r

ra
b

b
.














, Óy 
1
r

r

r

b
a b.( ) .

iii) Î!ò θ=0 •Î˚ñ ï˛ˆÏÓ AB
u ruu

 ~Ó˚ x!Ë˛ˆÏ«˛˛õ ˆË˛QÓ˚ •ˆÏÓ AB
u ruu

 !lˆÏç•z ~ÓÇ Î!ò θ = π •Î˚ ï˛ˆÏÓ AB
u ruu

 ~Ó˚

x!Ë˛ˆÏ«˛˛õ ˆË˛QÓ˚ •ˆÏÓ BA
u ruu

–

iv) Î!ò θ π=
2

 Óy θ π= 3
2

•Î˚ñ ï˛ˆÏÓ AB
u ruu

 ÈüÈ~Ó˚ x!Ë˛ˆÏ«˛˛õ •ˆÏÓ ¢)lƒ ˆË˛QÓ˚–

• ò%!ê˛ ˆË˛QˆÏÓ˚Ó˚ ˆË˛QÓ˚ åÓy e´§ä =î åVector (or cross) product of two vectorsä :

ò%!ê˛ x¢)lƒ ˆË˛QÓ˚ 
r

a  ~ÓÇ 
r

b ÈüÈ~Ó˚ ˆË˛QÓ˚ =îˆÏÜ˛ 
r

r

a b×  myÓ˚y ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ ~ÓÇ !l¡¨Ó˚*ˆÏ˛õ §ÇK˛y!Î˚ï˛ Ü˛Ó˚y ÎyÎ˚–
r

r

r

r

a b a b× = sinθ n
∧

 ˆÎáyˆÏlñ θ •° 
r

a  ~ÓÇ 
r

b ÈÈüÈ~Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yîñ 0≤θ≤π ~ÓÇ n
∧  •° 

r

a  ~ÓÇ 
r

b Èí˛zË˛ˆÏÎ˚Ó˚

í˛z˛õÓ˚ °¡∫ ~Ü˛!ê˛ ~Ü˛Ü˛ ˆË˛QÓ˚–
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i) ôÓ˚y ÎyÜ˛ñ 
r

a  ~ÓÇ 
r

b Èò%!ê˛ x¢)lƒ ̂ Ë˛QÓ˚– ï˛ˆÏÓ r
r

a b× = 0  •ˆÏÓ Î!ò ~ÓÇ ̂ Ü˛Ó°Ùye Î!ò 
r

a  ~ÓÇ 
r

b ˛õÓ˚flõÓ˚

§Ùyhs˝Ó˚y° åÓy §ÙˆÏÓ˚áä •Î˚ñ xÌ≈yÍ
r

r r

r

r

a b a b× = ⇔0 || –

ii) Î!òθ
π

=
2

 •Î˚ñ ï˛ˆÏÓ 
r

r

r

r

a b a b× =  •Î˚–

iii) i
∧

, j
∧

~ÓÇ k
∧

ˆË˛QÓ˚ !ï˛l!ê˛ ˛õÓ˚flõÓ˚ °¡∫ ~Ü˛Ü˛ ˆË˛QˆÏÓ˚Ó˚ çlƒ xyÙÓ˚y ˛õy•z ÈüüüÈ

i i j j k k
∧ ∧ ∧ ∧ ∧ ∧
× = × = × =

r

0

i j k j k i k i j
∧ ∧ ∧ ∧ ∧ ∧ ∧ ∧ ∧
× = × = × =, ,

iv) ˆË˛QÓ˚ =ˆÏîÓ˚ xyÜ˛yˆÏÓ˚ñ ò%!ê˛ ˆË˛QÓ˚ 
r

a  ~ÓÇ 
r

b ~Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yîˆÏÜ˛ !l¡¨Ó˚*ˆÏ˛õ ˆ°áy ÎyÎ˚ ÈüüüÈ

sinθ =
×
r

r

r

r

a b

a b

v) ò%•z!ê˛ ˆËQˆÏÓ˚Ó˚ ˆË˛QÓ˚ =îl Ü˛ál•z !Ó!lÙÎ˚ §)e Ùylƒ Ü˛ˆÏÓ˚ lyñ Ü˛yÓ˚î a × b = −  b × a

≤ÃÜ,˛ï˛˛õˆÏ«˛ñ r
r

r

r

a b a b× = sinθ n
∧  ˆÎáyˆÏl a b

r r

,  G n
∧  ò!«˛îyÓï≈˛# ï˛sf àë˛l Ü˛ˆÏÓ˚–

vi) j i k k j i
∧ ∧ ∧ ∧ ∧ ∧
× = − × = −, ~ÓÇ i k j

∧ ∧ ∧
× = −

vii) Î!ò 
r

a  ~ÓÇ 
r

b ~Ü˛!ê˛ !eË%˛ˆÏçÓ˚ ò%•z!ê˛ §Ç°@¿ Óy‡ˆÏÜ˛ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ !eË%˛ç!ê˛Ó˚ ˆ«˛eÊ˛° •° 
1

2

r

r

a b× –

viii) Î!ò 
r

a  ~ÓÇ 
r

b ~Ü˛!ê˛ §yÙhs˝!Ó˚ˆÏÜ˛Ó˚ ò%•z!ê˛ §Ç°@¿ Óy‡ˆÏÜ˛ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ §yÙhs˝!Ó˚Ü˛!ê˛Ó˚ ˆ«˛eÊ˛°ˆÏÜ˛
r

r

a b× myÓ˚y ˆ°áy ÎyÎ˚–

ix) Î!ò 
r

r

a b,  ~ÓÇ 
r

c  ˆÎˆÏÜ˛yˆÏly !ï˛l!ê˛ ˆË˛QÓ˚ ~ÓÇ λ ~Ü˛!ê˛ ˆflÒ°yÓ˚ñ ï˛ˆÏÓ

i)
r

r

r r

r

r r

a b c a b a c× +( ) = × + ×

ii) λ λ λ
r

r

r

r

r

r

a b a b a b×( ) = ( )× = × ( )
x) ôÓ˚y ÎyÜ˛ñ 

r

a  ~ÓÇ 
r

b ò%!ê˛ ≤Ãò_ ˆË˛QˆÏÓ ˚Ó ˚ í˛ z ˛õyÇ¢ xyÜ˛yÓ˚ ÎÌye´ˆ ÏÙ a i a j a k1 2 3

∧ ∧ ∧
+ + ~ÓÇ

b i b j b k
1 2 3

∧ ∧ ∧
+ + ó ï˛y•ˆÏ° ï˛yˆÏòÓ˚ e´§ =îÊ˛°ˆÏÜ˛ åcross productä ˆ°áy •Î˚

r

r

a b

i j k

a a a

b b b

× =

∧ ∧ ∧

1 2 3

1 2 3

• ˆÎˆÏÜ˛yˆÏly ˆË˛QˆÏÓ˚Ó˚ Ùyl (r), !òÜ˛ÈüÈxl%˛õyï˛ (a, b, c) ~ÓÇ !òÜ˛ÈüÈˆÜ˛y§y•zl (l, m, n) !l¡¨Ó˚*ˆÏ˛õ §¡∫¶˛Î%_´

l
a

r
m

b

r
n

c

r
= = =, ,



119

• ~Ü˛!ê˛ ˆË˛QˆÏÓ˚Ó˚ ˆflÒ°yÓ˚ í˛z˛õyÇ¢ •° ï˛yÓ˚ !òÜ‰˛ÈüÈxl%˛õyï˛ ~ÓÇ xl%Ó˚*˛õ x«˛ ÓÓ˚yÓÓ˚ ï˛yÓ˚ x!Ë˛ˆÏ«˛˛õ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚–

• ˆÜ˛yl !l!ò≈‹T e´ˆÏÙ à,•#ï˛ ~Ü˛!ê˛ !eË%˛ˆÏçÓ˚ !ï˛l!ê˛ Óy‡Ó˚ ˆË˛QÓ˚ ˆÎyàÊ˛° •° 0
�

–

• ò%!ê˛ §ÙÈüÈ≤ÃyÓ˚!Ω˛Ü˛ ˆË˛QÓ˚ÈüÈ~Ó˚ ˆË˛QÓ˚ ˆÎyàÊ˛° §yÙhs˝!Ó˚Ü˛!ê˛Ó˚ Ü˛î≈ ÓÓ˚yÓÓ˚ ≤ÃÜ˛y¢ Ü˛Ó˚y •Î˚ ˆÎáyˆÏl §Ç°@¿ Óy‡mÎ˚
•° ≤Ãò_ ˆË˛QÓ˚mÎ˚–

xl%¢#°l#Èüüü10

Ü˛ÈüüüÈ!ÓË˛yà

˜lÓƒ!_≈´Ü˛ ≤ÃŸ¿yÓ°# ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 1 xÌÓy 2  l¡∫Ó˚ ]

1) §!ë˛Ü˛ í˛z_Ó˚!ê˛ !lÓ≈yã˛l Ü˛ˆÏÓ˚y  :

i) A ˆÌˆÏÜ˛ B ~Ó˚ !òˆÏÜ˛ñ A(–2, 1, 0) ~ÓÇ B(–1, 2, 3) !Ó®% §ÇˆÏÎyàÜ˛yÓ˚# ˆËQÓ˚!ê˛ •ˆÏÓ

a) i j k
∧ ∧ ∧
− +3 3 b) − − +

∧ ∧ ∧
3 3i j k c) 3 3i j k

∧ ∧ ∧
− − d) i j k

∧ ∧ ∧
+ + 3

ii) (3, –1, 2) ~ÓÇ (5, –4, 2) !Ó®%§ÇˆÏÎyàÜ˛yÓ˚# ˆË˛QÓ˚!ê˛Ó˚ !òÜ‰˛ ˆÜ˛y§y•zl •ˆÏÓ ÈüüüÈ

a) 
2

13

3

13
0, ,

−







 b) 

3

13

2

13
0, ,











c) 
− −









2

13

3

13
0, , d) ˆÜ˛yˆÏly!ê˛•z lÎ˚–

iii) AB
u ruu

 ˆË˛QÓ˚!ê˛Ó˚ ~Ü˛Ü˛ ˆË˛QÓ˚ •ˆÏÓñ ˆÎáyˆÏl A ~ÓÇ B !Ó®%=ˆÏ°y •° (5, –3, 2) ~ÓÇ (3, 3, 5) ÈüüüÈ

a) − + +
∧ ∧ ∧2

7

6

7

3

7
i j k b) 

8 7

113

i j k
∧ ∧ ∧
+ +

c) 
8 7

113

i k
∧ ∧
+

d) 
2

7

6

7

3

7
i j k
∧ ∧ ∧
+ +

iv) (1, 2, –1) ~ÓÇ (–1, 1, 1) !Ó®% §ÇˆÏÎyàÜ˛yÓ˚# ˆÓ˚áy ˆÎ !Ó®%ˆÏï˛ 2:3 xl%˛õyˆÏï˛ xhs˝!Ó≈Ë˛_´ •Î˚ñ ˆ§•z !Ó®%Ó˚
xÓfliyl ˆË˛QÓ˚ •ˆÏÓ ÈüüüÈ

a) −







1

5

7

5

1

5
, , b) −








1

5

8

5

1

5
, , c) 

1

5

8

5

1

5
, ,

−





 d) 

2

5

3

5

1

5
, ,

−







v) 2 3i j k
∧ ∧ ∧
+ −  ~ÓÇ 6 9i j k

∧ ∧ ∧
+ −λ  ˆË˛QÓ˚ ò%!ê˛ §Ùï˛°#Î˚ •ˆÏ° λ ~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ

a) 
1

3
b) 3 c) –3 d) ˆÜ˛yˆÏly!ê˛•z lÎ˚–

vi) Î!ò 
r

a = 3  ~ÓÇ − ≤ ≤1 2K  •ˆÏ° Ka
r

 xhs˝Ó˚yˆÏ° ÌyÜ˛ˆÏÓ ÈüüüÈ

a) [0, 6] b) [–3, 6] c) [3, 6] d) [1, 2]
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vii) O ˆÜ˛w!Ó!¢‹T Ó,ˆÏ_ §%£ÏÙ £Ïí˛¸Ë%˛ç ABCDEF xhs˝!°≈!áï˛ñ ï˛ˆÏÓ È AB AC AD AE AF
u ruu u ruu u ruu u ruu u ruu

+ + + +  §Ùyl
•ˆÏÓ ÈüüüÈ

a) 2AO
u ruu

b) 4AO
u ruu

c) 6AO
u ruu

d) 6OA
u ruu

viii) ~Ü˛!ê˛ ˆË˛QÓ˚ 
r

r  ÈüÈ~Ó˚ Ùyl 23  ~Ü˛Ü˛Èó Îy y  ~ÓÇ z xˆÏ«˛Ó˚ §yˆÏÌ ÎÌye´ˆÏÙ 
π

4
 ~ÓÇ 

π

2
 ˆÜ˛yî í˛zÍ˛õß¨

Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ 
r

r  •ˆÏÓ ÈüüüÈ

a) i j
∧ ∧
+ b) ± +





∧ ∧1

2
i j c) ± +





∧ ∧
3 3i j d) ± +

∧ ∧
3 3i j

ix) i j k j i k k i j
∧ ∧ ∧ ∧ ∧ ∧ ∧ ∧ ∧

×



 + +



 + +



. . .  ~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ

a) 2 b) –1 c) 3 d) 1

x) Î!ò 
r

r

r

a b c= = =2 3 4, ,  ~ÓÇ r
r

r

r

a b c+ + = 0  ï˛ˆÏÓ 
r

r r r r

r

b c c a a b. . .+ + §Ùyl •ˆÏÓ ÈüüüÈ

a) 
29

2
b) −

29

2
c) 

19

2
d) −

19

2

2] x!ï˛ §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ : [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 1 xÌÓy 2  l¡∫Ó˚ ]

i) ˆòáyG ˆÎñ − +
∧ ∧
i j ,  − −

∧ ∧
4 6i j  ~ÓÇ 5 5i j

∧ ∧
+  •° §ÙˆÏÜ˛yî# !eË%˛ˆÏçÓ˚ Óy‡–

ii) Î!ò A ~ÓÇ B !Ó®%Ó˚ xÓfliyl ˆË˛QÓ˚ ÎÌye´ˆÏÙ 
r

a i j= −
∧ ∧

4 3 ~ÓÇ 
r

b i j= − +
∧ ∧

2 5 •Î˚ñ ï˛ˆÏÓ AB
u ruu

§ÇˆÏÎyàÜ˛yÓ˚# ˆÓ˚áyÓ˚ Ùôƒ!Ó®%Ó˚ xÓfliyl ˆË˛QÓ˚ !lî≈Î˚ Ü˛ˆÏÓ˚y–

iii) A G B !Ó®%Ó˚ xÓfliyl ˆË˛QÓ˚ ÎÌye´ˆÏÙ 3 7i j k
∧ ∧ ∧
− + ~ÓÇ 4 3i j k

∧ ∧ ∧
− − ; ï˛ˆÏÓ AB

u ruu

ˆË˛QˆÏÓ˚Ó˚ Ùyl ~ÓÇ
!òÜ‰˛ÈüÈˆÜ˛y§y•zl !lî≈Î˚ Ü˛ˆÏÓ˚y–

iv) ˆòáyG ˆÎñ 
r

α = − − +
∧ ∧ ∧

3 2i j k ~ÓÇ 
r

β = − + −
∧ ∧ ∧

2 4i j k ˆË˛QÓ˚ ò%ˆÏê˛y ˛õÓ˚flõÓ˚ °¡∫–

vi) Î!ò 
r

a i j k= − +∧ ∧ ∧
2 3 ~ÓÇ 

r

b i j k= − −
∧ ∧ ∧

3 2 , ï˛ˆÏÓ r
r

a b+( )  ~ÓÇ r
r

a b−( )  ˆË˛QˆÏÓ˚Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yî

!lî≈Î˚ Ü˛ˆÏÓ˚y–

vi) ò%!ê˛ ˆË˛QÓ˚ 
r

a  ~ÓÇ 
r

b  ~Ó˚*˛õ ˆÎ 
r

r

r

r

a b a b. = × , ï˛ˆÏÓ 
r

a  ~ÓÇ
r

b ÈüÈ~Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yî !lî≈Î˚ Ü˛ˆÏÓ˚y–

vii) Î!ò 
r

r

a i j k b i j k= − + + = + +∧ ∧ ∧ ∧ ∧ ∧
2 3 2,  ~ÓÇ 

r

c i j k= + +
∧ ∧ ∧

2 3  •Î˚ñ ï˛ˆÏÓ 
r r

r

c a b



  !lî≈Î˚ Ü˛ˆÏÓ˚y–

viii) a) (2, –1, 40) ~ÓÇ (0, 1, 5)      b) (4, 3, –5) ~ÓÇ (–2, 1, –8) !Ó®%mˆÏÎ˚Ó˚ §ÇˆÏÎyàÜ˛yÓ˚# ˆÓ˚áyÓ˚ !òÜ‰˛
ˆÜ˛y§y•zl !lî≈Î˚ Ü˛ˆÏÓ˚y–

ix) BA ~ÓÇ BC §Ó˚°ˆÏÓ˚áyÓ˚ ÙôƒÓï˛#≈ ˆÜ˛yˆÏîÓ˚ ˆÜ˛y§y•zl !lî≈Î˚ Ü˛ˆÏÓ˚yñ ˆÎáyˆÏl A, B, C !Ó®%=ˆÏ°y ÎÌye´ˆÏÙ
(1, 2, 3), (2, 5, –1) ~ÓÇ (–1, 1, 2)–

x) Î!ò X i j k i j k
∧ ∧ ∧ ∧ ∧ ∧
− + + +4 5 2, ~ÓÇ 2 i j k

∧ ∧ ∧
− +  ˆË˛QÓ˚ ~Ü˛ï˛°#Î˚ •Î˚ñ ï˛ˆÏÓ XÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–
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á˛ÈüüüÈ!ÓË˛yà

3] §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 3  l¡∫Ó˚ ]

i) (4, –3, –1) ~ÓÇ (1, –1, 5) !Ó®%mÎ˚ §ÇˆÏÎyàÜ˛yÓ˚# ˆÓ˚áyÓ˚ !òÜ‰˛ÈüÈˆÜ˛y§y•zl !lî≈Î˚ Ü˛ˆÏÓ˚y–

ii) Î!ò i j
∧ ∧
+  ˆË˛QˆÏÓ˚Ó˚ í˛z˛õÓ˚ λ i j

∧ ∧
−  ˆË˛QˆÏÓ˚Ó˚ x!Ë˛ˆÏ«˛˛õ ¢)lƒ •Î˚ñ ï˛ˆÏÓ λÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

iii) ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ 
r

r

r

r

r

r

a b a b a b×( ) + ( ) =
2 2 2 2

.

iv) Î!ò 
r

a i j k= + −
∧ ∧ ∧

2 ~ÓÇ 
r

b i j k= + −
∧ ∧ ∧

3 5  •Î˚ñ ï˛ˆÏÓ 
r

r

a b−( )  ˆË˛QˆÏÓ˚Ó˚ §Ùyhs˝Ó˚y° !òˆÏÜ˛ ~Ü˛Ü˛ ˆË˛QÓ˚
!lî≈Î˚ Ü˛ˆÏÓ˚y–

v) Î!ò 
r

a i j k= + +
∧ ∧ ∧

2 3 , 
r

b i j k= − +
∧ ∧ ∧

2 ~ÓÇ rc i j k= − + +
∧ ∧ ∧

3 2 , ï˛ˆÏÓ 
r

r

r

a b c



  !lî≈Î˚ Ü˛ˆÏÓ˚y–

vi)
r

α ~Ü˛!ê˛ ˆË˛QÓ˚ ÎyÓ˚ Ùyl 5 2 , Îy ÈXüÈxˆÏ«˛Ó˚ §!•ï˛ π 4 ñ YÈüÈxˆÏ«˛Ó˚ §!•ï˛ π 2  ~ÓÇ ZÈüÈxˆÏ«˛Ó˚ §!•ï˛

§)-ˆÏÜ˛yî θ í˛zÍ˛õß¨ Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ 
r

α !lî≈Î˚ Ü˛ˆÏÓ˚y–

vii) X-x«˛ ~ÓÇ i j k
∧ ∧ ∧
+ + 3  ˆË˛QˆÏÓ˚Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yî !lî≈Î˚ Ü˛ˆÏÓ˚y–

viii) ~Ü˛!ê˛ !eË%˛ˆÏçÓ˚ Óy‡=ˆÏ°yÓ˚ Ùôƒ!Ó®% ÎÌye´ˆÏÙ (1, 5, –1), (0, 4, –2) ~ÓÇ (2, 3, 4)– ï˛ˆÏÓ !eË%˛ç!ê˛Ó˚
¢#£Ï≈!Ó®%Ó˚ fliylyB˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

ix) ~Ü˛!ê˛ ˆÓ˚áyÓ˚ !òÜ‰˛ ˆÜ˛yî ådirection angleä ÎÌye´ˆÏÙ α, β, γ •ˆÏ°ñ ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎ ÈüüüÈ
sin2α + sin2β + sin2γ = 2

x)
r

r

r

α β γ, ,  !ï˛l!ê˛ ~Ü˛Ü˛ ˆË˛QÓ˚ ~Ó˚*˛õ ˆÎ
r

r

r

α β γ+ + = 1 ~ÓÇ
r

α ñ 
r

β ÈüÈ~Ó˚ í˛z˛õÓ˚ °¡∫ ˆÎáyˆÏl rγ ñ 
r

α  ~ÓÇ
r

β üÈ~Ó˚ §!•ï˛ ÎÌye´ˆÏÙ θ ~ÓÇ φ ˆÜ˛yî í˛zÍ˛õß¨ Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ cosθ+cosφÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

à˛ÈüüüÈ!ÓË˛yà

4] ò#â≈ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ : [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 4 xÌÓy 6  l¡∫Ó˚ ]

i) Î!ò r
r

α = + − = − +
∧ ∧ ∧ ∧ ∧ ∧

3 4 3 4i j k b i j k, ~ÓÇ rc i j k= − +
∧ ∧ ∧

5 6 4 ~Ü˛!ê˛ ˆË˛QÓ˚ rr  !lî≈Î˚ Ü˛ˆÏÓ˚y Îy 
r

a  ~ÓÇ 
r

b

í˛zË˛Î˚ ˆË˛QˆÏÓ˚Ó˚ í˛z˛õÓ˚ °¡∫ ~ÓÇ 
r r

r c. = 0  §¡∫¶˛!ê˛ !§k˛ Ü˛ˆÏÓ˚–

ii) Î!ò ò%ˆÏê˛y ~Ü˛Ü˛ ˆË˛QˆÏÓ˚Ó˚ §Ù!‹T ~Ü˛!ê˛ ~Ü˛Ü˛ ˆË˛QÓ˚ •Î˚ñ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎ ï˛yˆÏòÓ˚ xhs˝Ó˚Ê˛ˆÏ°Ó˚ Ùyl •ˆÏÓ 3 –

iii) Î!ò 
r

r r

r r r

a b b c c a× + × + × = 0  •Î˚ñ ï˛ˆÏÓ ˆòáyG ˆÎ 
r

r

r

a b c, , ˆË˛QÓ˚ !ï˛l!ê˛ ~Ü˛ï˛°#Î˚–

iv) Î!ò 
r

a i j= −
∧ ∧

3 ~ÓÇ 
r

b i j k= + −
∧ ∧ ∧

2 3 •Î˚ ï˛ˆÏÓ 
r

b ˆÜ˛ 
r r r

b b b= +
1 2  xyÜ˛yˆÏÓ˚ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚yñ ˆÎáyˆÏl 

r

r

b a1 ||

~ÓÇ 
r

r

b a2 ⊥ –

v) Î!ò 
r

r

a b,  ~ÓÇ 
r

c  ˆË˛QÓ˚ !ï˛l!ê˛ ~Ü˛•z Ùyl !Ó!¢‹T ˛õÓ˚flõÓ˚ °¡∫ ˆË˛QÓ˚ •Î˚ñ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ 
r

r

r

a b c+ +( )

ˆË˛QÓ˚!ê˛ 
r

r

a b,  ~ÓÇ 
r

c ~Ó˚ §!•ï˛ ~Ü˛•z ˆÜ˛yˆÏî xylï˛–

vi)
r

a i j k= + +
∧ ∧ ∧

ˆË˛QˆÏÓ˚Ó˚ §ˆÏD 
r

b i j k= + −
∧ ∧ ∧

2 4 5  ~ÓÇ 
r

c i j k= + +
∧ ∧ ∧

λ 3 3 ˆË˛QÓ˚ ò%!ê˛Ó˚ §Ù!‹TÓ˚ !òÜ‰˛ ÓÓ˚yÓÓ˚
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~Ü˛Ü˛ ˆË˛QˆÏÓ˚Ó˚ ˆflÒ°yÓ˚ =ˆÏîÓ˚ Ùyl 1 •ˆÏ° λ ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

vii) Î!ò ~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áyñ ~Ü˛!ê˛ âîˆÏÜ˛Ó˚ ã˛yÓ˚!ê˛ Ü˛ˆÏî≈Ó˚ §ˆÏD α, β, γ, δ ˆÜ˛yî í˛zÍ˛õß¨ Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ

cos2α+cos2β+cos2γ+cos2δ= 4
3 –

viii) A, B, C, D !Ó®%=ˆÏ°yÓ˚ xÓfliyl ˆË˛QÓ˚ ÎÌye´ˆÏÙ i j k i j i j k
∧ ∧ ∧ ∧ ∧ ∧ ∧ ∧
+ + + + −, ,2 5 3 2 3 ~ÓÇ i j k

∧ ∧ ∧
− −6 •ˆÏ°ñ

AB
u ruu

 G CD
u ruu

 §Ó˚°ˆÏÓ˚áymˆÏÎ˚Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yî !lî≈Î˚ Ü˛ˆÏÓ˚y–

ix) A  !Ó®%Ó˚ xÓfliyl ̂ Ë˛QÓ˚ r
r

a b+ 2  ~ÓÇ AB ̂ Ó˚áyˆÏÜ˛ 
r

a ñ 2:3 xl%˛õyˆÏï˛ xhs˝!Ó≈Ë˛_´ Ü˛Ó˚ˆÏ° B !Ó®%Ó˚ xÓfliyl ̂ Ë˛QÓ˚
!lî≈Î˚ Ü˛ˆÏÓ˚y–

x) ~Ü˛!ê˛ !l!ò≈‹T ̂ Ë˛Q Ï̂Ó˚Ó˚ § Ï̂D i j k
∧ ∧ ∧
− + , 2 3i j k

∧ ∧ ∧
+ − ~ÓÇ i j k

∧ ∧ ∧
+ +  ̂ Ë˛QÓ˚ !ï˛l!ê˛Ó˚ í˛ê˛ =îÊ˛ Ï̂°Ó˚ Ùyl ÎÌye´ Ï̂Ù

4, 0 ~ÓÇ 2 •ˆÏ° ˆË˛QÓ˚!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

xi) ~Ü˛!ê˛ §yÙhs˝!Ó˚ˆÏÜ˛Ó˚ ò%!ê˛ §!ß¨!•ï˛ Óy‡ •° 2 4 5i j k
∧ ∧ ∧
− −  ~ÓÇ 2 2 3i j k

∧ ∧ ∧
+ + – §yÙhs˝!Ó˚Ü˛!ê˛Ó˚ Ü˛î≈ ò%ˆÏê˛yÓ˚

§Ùyhs˝Ó˚y° ~Ü˛Ü˛ ˆË˛QÓ˚ !lî≈Î˚ Ü˛ˆÏÓ˚y– ï˛ySÈyí˛¸yñ Ü˛î≈ ˆË˛QÓ˚ ≤ÃˆÏÎ˚yˆÏà §yÙyhs˝!Ó˚Ü˛!ê˛Ó˚ ˆ«˛eÊ˛° !lî≈Î˚ Ü˛ˆÏÓ˚y–

xii) ≤ÃÙyî Ü˛ˆÏÓ˚y ≠ 
r

r

r

r

r

r r

rr

r

a b c d abd acd+  =   +  

xiii) B(0,–11,4) ~ÓÇ C(2,–3,1) !Ó®% ò%!ê˛Ó˚ §ÇˆÏÎyçÜ˛ §Ó˚°ˆÏÓ˚áyÓ˚ í˛z˛õÓ˚  A(1,8,4) !Ó®% ˆÌˆÏÜ˛ x!B˛ï˛ °ˆÏ¡∫Ó˚
˛õyò!Ó®%Ó˚ fliylyB˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

xiv)
r

e
1 G 
r

e2  ò%!ê˛ ~Ü˛Ü˛ ˆË˛QÓ˚ ~ÓÇ ˆË˛QÓ˚ ò%!ê˛Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yî θ •ˆÏ° ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎñ 
r r

e e1 2 2
2

− = sinθ –

xv) Î!ò ~Ü˛!ê˛ ˆË˛QÓ˚ 
r

v  ~Ó˚*˛õ ˆÎñ 2 2 2
r r

v v i j i k+ × +





= +
∧ ∧ ∧ ∧

~ÓÇ 
r

v m=
1

3
, ï˛ˆÏÓ m ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–
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í z̨_Ó̊Ùy°y

Ü˛ÈüüüÈ!ÓË˛yà

1) i)  d ii)  a iii)  a iv)  c v)  b vi)  a

vii)  c viii)  d ix)  d x)  b

2) ii) i j
∧ ∧
+ iii)  69 ~ÓÇ 

1

69

2

69

8

69
, ,

− −
v) π 2

vi) π
4 vii)  –10

viii) a) − − −2
3

2
3

1
3

2
3

2
3

1
3

, , , ,or

b) − − −6
7

2
7

3
7

6
7

2
7

3
7

, , , ,or

ix) cos− 









1 27

2 221
x) x =

29

3

á˛ÈüüüÈ!ÓË˛yà

3) i)    
−3

7

2

7

6

7
, , ii)  λ=1 iv)  

1

21
2 4− + +( )˘ ˘ ˘i j k

v)     –3 vi) 
r

α = +
∧ ∧

5 5i k vii)  cos− 









1 1
3

viii) (27, –18, –54),  (27, –18, 54),  (–27, 18, –54) ix)   –1

à˛ÈüüüÈ!ÓË˛yà

4) i) 13 i j k
∧ ∧ ∧
− −





iv)
r r r

b b i j k b
1 2

2 3+ = + − =
∧ ∧ ∧

v) cos
− 









1 1
3

vi) λ = + −
∧ ∧ ∧

1
3

7

6

7

2

7
, i j k

viii) π

ix) r

r

a b− 3

x)
r

a i j k= − +
∧ ∧ ∧

2

xi) 2 101 Óà≈ ~Ü˛Ü˛
xiii) (4, 5, –2)

xv) 6
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!eÙy!eÜ˛ çƒy!Ù!ï˛
(Three dimensional Geometry)

=Ó˚&c˛õ)î≈ !Ó£ÏÎ˚ ~ÓÇ Ê˛°yÊ˛° :

• ~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ !òÜ‰˛ ˆÜ˛y§y•zl ~ÓÇ !òÜ‰˛ xl%˛õyï˛

åDirection cosines and direction ratios of a lineä :

Ù)°!Ó®%àyÙ# ˆÜ˛yˆÏly !lˆÏò≈!¢ï˛ ˆÓ˚áy OP
u ruu

 Î!ò x, y G z xˆÏ«˛Ó˚ §yˆÏÌ ÎÌye´ˆÏÙ α, β G γ ˆÜ˛yî í˛zÍ˛õß¨ Ü˛ˆÏÓ˚ñ

ÎyˆÏòÓ˚ !òÜ‰˛ÈüÈˆÜ˛yî Ó°y •Î˚ñ ï˛ˆÏÓ ï˛yˆÏòÓ˚ ˆÜ˛y§y•zló ÎÌy ÈüÈ cosα, cosβ G cosγÈüÈˆÜ˛ ~•z !lˆÏò≈!¢ï˛ ˆÓ˚áy OP
u ruu

üÈ~Ó˚
!òÜ‰˛ ˆÜ˛y§y•zl Ó°y •Î˚–

Î!ò xyÙÓ˚y OP
u ruu

üÈ~Ó˚ !òÜ˛!ê˛ˆÏÜ˛ í˛z!Œê˛ˆÏÎ˚ !ò•zñ ï˛ˆÏÓ !òÜ‰˛ÈüÈˆÜ˛yî=ˆÏ°y ï˛yˆÏòÓ˚ §¡õ)Ó˚Ü˛ñ xÌ≈yÍ π–α, π–βñ ~ÓÇ
π–γ myÓ˚y ≤Ã!ï˛fliy!˛õï˛ •ˆÏÓ–

• ~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ !òÜ‰˛ÈüÈxl%˛õyï˛
åDirection ratios of a Lineä :

ˆÎˆÏÜ˛yˆÏly !ï˛l!ê˛ §Çáƒy ˆÎ=ˆÏ°y ~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ !òÜ‰˛ ˆÜ˛y§y•zˆÏlÓ˚ §yˆÏÌ §Ùyl%˛õy!ï˛Ü˛ñ ï˛yˆÏòÓ˚ G•z §Ó˚°ˆÏÓ˚áyÓ˚
!òÜ‰˛ÈüÈxl%˛õyï˛ ådirection ratioä Ó°y •Î˚– Î!ò §Ó˚°ˆÏÓ˚áyÓ˚ !òÜ‰˛ÈüÈˆÜ˛y§y•zl=ˆÏ°y l, m, n G !òÜ‰˛ÈüÈxl%˛õyï˛=ˆÏ°y
a, b, c •Î˚ñ ï˛ˆÏÓ a =λl, b =λm ~ÓÇ c =λn •ˆÏÓ– ˆÎ ˆÜ˛yˆÏly xÈüÈ¢)lƒ §Çáƒy λ∈RÈüÈ~Ó˚ çlƒ–

xôƒyÎ˚ÈüÈ 11
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• Î!ò ~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ !òÜ‰˛ÈüÈˆÜ˛y§y•zl §Ù)• l, m, n •Î˚ñ ï˛ˆÏÓ l2+m2+n2=1

• Î!ò ~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ !òÜ‰˛ÈüÈˆÜ˛y§y•zl=ˆÏ°y l, m, n ~ÓÇ í˛z•yÓ˚ !òÜ‰˛ÈüÈxl%˛õyï˛=ˆÏ°y a, b, c •Î˚ñ ï˛ˆÏÓ

l
a

a b c
=

+ +2 2 2
, m

b

a b c
=

+ +2 2 2
, n

c

a b c
=

+ +2 2 2
–

• P(x
1
,y

1
,z

1
) ~ÓÇ Q(x

2
,y

2
,z

2
) !Ó®%mˆÏÎ˚Ó˚ §ÇˆÏÎyçÜ˛ §Ó˚°ˆÏÓ˚áyÓ˚ !òÜ‰˛ÈüÈˆÜ˛y§y•zl=ˆÏ°y •ˆÏ°y 

x x

PQ

2 1−
, 

y y

PQ

2 1−
,

z z

PQ

2 1−
– ˆÎáyˆÏl PQ x x y y z z= −( ) + −( ) + −( )2 1

2

2 1

2

2 1

2

–

• P(x
1
,y

1
,z

1
) ~ÓÇ Q(x

2
,y

2
,z

2
) !Ó®%mˆÏÎ˚Ó˚ §ÇˆÏÎyçÜ˛ ˆÓ˚áyÇˆÏ¢Ó˚ !òÜÈüÈxl%˛õyï˛=ˆÏ°y !l¡¨Ó˚*ˆÏ˛õ ˆòGÎ˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚ñ

x
2
-x

1
, y

2
–y

1
, z

2
–z

1
 xÌÓy x

1
–x

2
, y

1
–y

2
, z

1
–z

2
–

• !eÙy!eÜ˛ ˆòˆÏ¢ ~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ §Ù#Ü˛Ó˚î åEquation of a line in spaceä :

~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áy fl∫ï˛sfÓ˚*ˆÏ˛õ !lô≈yÓ˚î Ü˛Ó˚y ÎyÎ˚ñ Î!òñ

i) •z•y ~Ü˛!ê˛ ≤Ãò_ !Ó®%àyÙ# ~ÓÇ í˛z•yÓ˚ ~Ü˛!ê˛ ≤Ãò_ !òÜ‰˛ ÌyˆÏÜ˛ñ xÌÓy

ii) •z•y ≤Ãò_ ò%!ê˛ !Ó®%àyÙ# •Î˚–

• ˆÎ §Ó˚°ˆÏÓ˚áy!ê˛ ~Ü˛!ê˛ ≤Ãò_ !Ó®%àyÙ# ÎyÓ˚ xÓfliyl ˆË˛QÓ ̊
r

a  ~ÓÇ í˛z•y ~Ü˛!ê˛ ≤Ãò_ ˆË˛QÓ˚ 
r

b ~Ó˚ §Ùyhs˝Ó˚y°ñï˛yÓ˚

ˆË˛QÓ˚ §Ù#Ü˛Ó˚î •ˆÏ°y 
r r

r

r a b= + λ –

• (x
1
,y

1
,z

1
) !Ó®%àyÙ# ~ÓÇ l, m, n !òÜ‰˛ÈüÈˆÜ˛y§y•zl !Ó!¢‹T ~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ §Ù#Ü˛Ó˚î •ˆÏ°y

x x

l

y y

m

z z

n

−
=

−
=

−1 1 1

• (x
1
, y

1
, z

1
) !Ó®%àyÙ# ~ÓÇ a, b, c !òÜ‰˛ÈüÈxl%˛õyï˛ !Ó!¢‹T ~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ §Ù#Ü˛Ó˚î

x x

a

y y

b

z z

c

−
=

−
=

−
1 1 1

~!ê˛ •ˆÏ°y §Ó˚°ˆÏÓ˚áyÓ˚ Ü˛yˆÏï≈˛§#Î˚ §Ù#Ü˛Ó˚î–

• ò%!ê˛ !Ó®%àyÙ# §Ó˚°ˆÏÓ˚áy ÎyˆÏòÓ˚ xÓfliyl ˆË˛QÓ˚ 
r

a  G 
r

b ñ ˆ§•z ˆÓ˚áy!ê˛Ó˚ ˆË˛QÓ˚ §Ù#Ü˛Ó˚î •ˆÏ°y
r r

r

r

r a b a= + −( )λ

• ˆÎ §Ó˚°ˆÏÓ˚áy (x
1
,y

1
,z

1
) G (x

2
,y

2
,z

2
) ò%!ê˛ !Ó®%àyÙ#ñ ï˛yÓ˚ Ü˛yˆÏï≈˛§#Î˚ §Ù#Ü˛Ó˚î •ˆÏ°y

x x

x x

y y

y y

z z

z z

−

−
=

−

−
=

−

−
1

2 1

1

2 1

1

2 1
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• Î!ò ò%!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ !òÜ˛ÈüÈxl%˛õyï˛=ˆÏ°y ÎÌye´ˆÏÙ a
1
, b

1
, c

1
 G a

2
, b

2
, c

2
 ~ÓÇ ï˛yˆÏòÓ˚ ÙôƒÓï˛#≈ §)-ˆÏÜ˛yî θ •Î˚ñ

ï˛ˆÏÓ cos
.

θ =
+ +

+ + + +

a a b b c c

a b c a b c

1 2 1 2 1 2

1

2

1

2

1

2

2

2

2

2

2

2
–

• Î!ò ò%!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ !òÜ˛ÈüÈˆÜ˛y§y•zl=ˆÏ°y ÎÌye´ˆÏÙ l
1
, m

1
, n

1
 G l

2
, m

2
, n

2
 ~ÓÇ ï˛yˆÏòÓ˚ ÙôƒÓï˛#≈ §)-ˆÏÜ˛yî θ

•Î˚ñ ï˛ˆÏÓ

cosθ = + +l l m m n n1 2 1 2 1 2  ~ÓÇ

sinθ = −( ) − −( ) + −( )l m l m m n m n n l n l
1 1 2 2 1 2 2 1

2

1 2 2 1

2

• Î!ò 
r r

r

r a b= +1 1λ  G 
r r

r

r a b= +2 2λ  ~Ó˚ ÙôƒÓï˛#≈ §)-ˆÏÜ˛yî θ •Î˚ñ ï˛ˆÏÓ cos
.

θ =

r r

r r

b b

b b

1 2

1 2

.

• Î!ò ò%!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ §Ù#Ü˛Ó˚î 
x x

l

y y

m

z z

n

−
=

−
=

−
1

1

1

1

1

1

 G 
x x

l

y y

m

z z

n

−
=

−
=

−2

2

2

2

2

2

 •Î˚ñ ï˛ˆÏÓ ï˛yˆÏòÓ˚

ÙôƒÓï˛#≈ §)-ˆÏÜ˛yîˆÏÜ˛ !l¡¨Ó˚*ˆÏ˛õ ˆ°áy ÎyÎ˚

cosθ = + +l l m m n n1 2 1 2 1 2

• ò%!ê˛ §Ó˚°ˆÏÓ˚áyñ ÎyˆÏòÓ˚ !òÜ‰˛ÈüÈxl%˛õyï˛ a
1
, b

1
, c

1
 ~ÓÇ a

2
, b

2
, c

2

i) °¡∫ •ˆÏÓñ Î!ò θ = 900ñ ï˛ˆÏÓ a
1
a

2
+b

1
b

2
+c

1
c

2
=0

ii) §Ùyhs˝Ó˚y° xÌ≈yÍ Î!ò θ = 0ñ ï˛ˆÏÓ 
a

a

b

b

c

c

1

2

1

2

1

2

= =

• ˆÜ˛yˆÏly !eÙy!eÜ˛ ˆòˆÏ¢ x§yÙï˛!°Ü˛ §Ó˚°ˆÏÓ˚áy •ˆÏ°y ~•z §Ó˚°ˆÏÓ˚áy=ˆÏ°y ˆÎ=ˆÏ°y ˆSÈ!òï˛ xÌÓy §Ùyhs˝Ó˚y°
~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚– ï˛yÓ˚y !Ë˛ß¨ !Ë˛ß¨ §Ùï˛ˆÏ° xÓ!fliï˛–

• x§yÙï˛!°Ü˛ ˆÓ˚áyÓ˚ ÙôƒÓï˛#≈ ˆÜ˛yî •ˆÏ°y ˆÎÈüÈˆÜ˛yly !Ó®% åÙ)°!Ó®%àyÙ# x@˝Ãy!ôÜ˛yÓ˚ˆÏÎyàƒä ˆÌˆÏÜ˛ x!B˛ï˛ ˛õÓ˚flõÓ˚
ˆFSÈ!ò ≤Ã!ï˛!ê˛ x§yÙï˛!°Ü˛ ̂ Ó˚áyÓ˚ §Ùyhs˝Ó˚y° ̂ Ó˚áymˆÏÎ˚Ó˚ ÙôƒÓï≈˛# ̂ Ü˛yî–

• ò%!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ ÙˆÏôƒ «%˛oï˛Ù ò)Ó˚c Ó°ˆÏï˛ xyÙÓ˚y Ó%!V˛ ˆÎñ ~Ü˛!ê˛ §Ó˚°ˆÏÓ˚áyÓ˚ G˛õÓ˚ xÓ!fliï˛ ~Ü˛!ê˛ !Ó®%Ó˚ §ˆÏD
x˛õÓ˚ §Ó˚°ˆÏÓ˚áyÓ˚ G˛õÓ˚ xÓ!fliï˛ xyˆÏÓ˚Ü˛!ê˛ !Ó®%ˆÏÜ˛ ~ÙlË˛yˆÏÓ Î%_´ Ü˛Ó˚ˆÏï˛ •ˆÏÓ ÎyˆÏï˛ ≤ÃyÆ ˆÓ˚áyÇˆÏ¢Ó˚ ˜òâ≈ƒ
«%˛oï˛Ù •ˆÏÓ–

x§yÙï˛!°Ü˛ §Ó˚°ˆÏÓ˚áyÓ˚ ˆ«˛ˆÏeñ «%˛oï˛Ù ò)Ó˚ˆÏcÓ˚ ˆÓ˚áy!ê˛ í˛zË˛Î˚ §Ó˚°ˆÏÓ˚áyÓ˚ í˛z˛õÓ˚ °¡∫ •ˆÏÓ–

• ò%!ê˛ x§yÙï˛!°Ü˛ §Ó˚°ˆÏÓ˚áyÓ˚ ÙôƒÓï˛#≈ «%˛oï˛Ù ò)Ó˚c •ˆÏ°y ~Ü˛!ê˛ ˆÓ˚áyÇ¢ ˆÎ!ê˛ í˛zË˛Î˚ §Ó˚°ˆÏÓ˚áyÓ˚ í˛z˛õÓ˚ °¡∫–

~Ó˚*˛õ ò%!ê˛ §Ó˚°ˆÏÓ˚áy 11 bar
�

��

λ+=  G 22 bar
�

��

µ+=  ~Ó˚ ÙôƒÓï˛#≈ «%˛oï˛Ù ò)Ó˚c •ˆÏ°y



127

r r

r r

r r

b b a a

b b

1 2 2 1

1 2

×( )⋅ −( )

×

•
x x

a

y y

b

z z

c

−
=

−
=

−
1

1

1

1

1

1

 ~ÓÇ 
x x

a

y y

b

z z

c

−
=

−
=

−
2

2

2

2

2

2

 §Ó˚°ˆÏÓ˚áy ò%!ê˛Ó˚ ÙôƒÓï˛#≈ «%˛oï˛Ù ò)Ó˚c •ˆÏ°y

= 

x x y y z z

a b c

a b c

b c b c c a c a a b

2 1 2 1 2 1

1 1 1

2 2 2

1 2 2 1

2

1 2 2 1

2

1 2

− − −

−( ) + −( ) + − aa b2 1

2

( )

• §Ùyhs˝Ó˚y° §Ó˚°ˆÏÓ˚áy 
r r

r

r a b= +1 λ  ~ÓÇ 
r r

r

r a b= +2 µ  ~Ó˚ ÙôƒÓï˛#≈ ò)Ó˚c •ˆÏ°y 

r

r r

r

b a a

b

× −( )2 1 –

• ~Ü˛!ê˛ §Ùï˛°ˆÏÜ˛ xllƒÓ˚*ˆÏ˛õ åuniquelyä !lî≈Î˚ Ü˛Ó˚y ÎyÎ˚ Î!ò !l¡¨!°!áï˛=ˆÏ°yÓ˚ ÙˆÏôƒ ˆÎÈüÈˆÜ˛yl ~Ü˛!ê˛ çyly
ÌyˆÏÜ˛ ≠

i) §Ùï˛°!ê˛Ó˚ x!Ë˛°¡∫ ~ÓÇ Ù)°!Ó®% ˆÌˆÏÜ˛ í˛z•yÓ˚ ò)Ó˚c ˆòGÎ˚y ÌyÜ˛ˆÏ°ñ xÌ≈yÍ §Ùï˛ˆÏ°Ó˚ x!Ë˛°¡∫ xyÜ˛yˆÏÓ˚
§Ù#Ü˛Ó˚î–

ii) •z•y ~Ü˛!ê˛ !Ó®%àyÙ# ~ÓÇ ~Ü˛!ê˛ ≤Ãò_ x!Ë˛Ù%ˆÏáÓ˚ §ˆÏD °¡∫–

iii) •z•y !ï˛l!ê˛ ≤Ãò_ x§ÙˆÏÓ˚á !Ó®%àyÙ#–

• ˆË˛QÓ˚ xyÜ˛yˆÏÓ˚ñ ˆÎ §Ùï˛°!ê˛ Ù)°!Ó® ˆÌˆÏÜ˛ d ~Ü˛Ü˛ ò)Ó˚ˆÏc xÓ!fliï˛ ~ÓÇ §Ùï˛°!ê˛Ó˚ x!Ë˛°ˆÏ¡∫Ó˚ ~Ü˛Ü˛ ˆË˛QÓ˚ n∧

Î!ò Ù)°!Ó®%àyÙ# •Î˚ ï˛ˆÏÓñ G•z §Ùï˛°!ê˛Ó˚ §Ù#Ü˛Ó˚î •ˆÏÓ rr n d.
∧ = –

• ˆÎ §Ùï˛°!ê˛ Ù)°!Ó®% ˆÌˆÏÜ˛ d ~Ü˛Ü˛ ò)Ó˚ˆÏc xÓ!fliï˛ ~ÓÇ í˛z•yÓ˚ x!Ë˛°ˆÏ¡∫Ó˚ !òÜ‰˛ÈüÈˆÜ˛y§y•zl=ˆÏ°y ÎÌy l, m, n •Î˚
ï˛ˆÏÓñ §Ùï˛°!ê˛Ó˚ §Ù#Ü˛Ó˚î •ˆÏÓ lx+my+nz = d –

• Î!ò 
r

r a i b j c k d.
∧ ∧ ∧
+ +



 = ˆÜ˛yˆÏly ~Ü˛!ê˛ §Ùï˛ˆÏ°Ó˚ ˆË˛QÓ˚ §Ù#Ü˛Ó˚î •Î˚ñ ï˛ˆÏÓ ax+by+cz=d §Ùï˛°!ê˛Ó˚

Ü˛yˆÏï≈˛§#Î˚ §Ù#Ü˛Ó˚î •ˆÏÓñ ˆÎáyˆÏl a, b ~ÓÇ c •° §Ùï˛°!ê˛Ó˚ x!Ë˛°ˆÏ¡∫Ó˚ !òÜ‰˛ÈüÈxl%˛õyï˛–

• Î!ò Ù)°!Ó®% ˆÌˆÏÜ˛ ò)Ó˚c d ~ÓÇ Ù)°!Ó®%àyÙ# §Ùï˛ˆÏ°Ó˚ í˛z˛õÓ˚ x!Ë˛°ˆÏ¡∫Ó˚ !òÜ‰˛ÈüÈˆÜ˛y§y•zl=ˆÏ°y l, m, n •Î˚ ï˛ˆÏÓñ
°ˆÏ¡∫Ó˚ ˛õyò!Ó®%Ó˚ fliylyB˛ •° (ld, md, nd )–

• ˆÎ §Ùï˛°!ê˛ ~Ü˛!ê˛ !Ó®%àyÙ# ÎyÓ˚ xÓfliyl ˆË˛QÓ˚ 
r

a  ~ÓÇ í˛z•y ˆË˛QÓ˚ N
uru

 ~Ó˚ í˛z˛õÓ˚ °¡∫ñ ï˛yÓ˚ §Ù#Ü˛Ó˚î •ˆÏ°y
r r

uru

r a N−( ) =. 0 –
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• ˆÎ §Ùï˛°!ê˛ A, B, C !òÜ‰˛ xl%˛õyï˛ !Ó!¢‹T ~Ü˛!ê˛ ≤Ãò_ §Ó˚°ˆÏÓ˚áyÓ˚ í˛z˛õÓ˚ °¡∫ ~ÓÇ ~Ü˛!ê˛ ≤Ãò_ !Ó®% (x
1
, y

1
,

z
1
)ÈüÈàyÙ#ñ ï˛yÓ˚ §Ù#Ü˛Ó˚î •ˆÏ°y ÈüüüÈ

A(x–x
1
)+B(y–y

1
)+C(z–z

1
) = 0

• !ï˛l!ê˛ x§ÙˆÏÓ˚á !Ó®% ÎÌy ÈüüüÈ (x
1
, y

1
, z

1
), (x

2
, y

2
, z

2
) G (x

3
, y

3
, z

3
)ÈüÈàyÙ# ~Ü˛!ê˛ §Ùï˛ˆÏ°Ó˚ §Ù#Ü˛Ó˚î •ˆÏ°y ÈüüüÈ

x x y y z z

x x y y z z

x x y y z z

− − −

− − −

− − −

1 1 1

2 1 2 1 2 1

3 1 3 1 3 1

= 0

•
r

r

a b,  G 
r

c  xÓfliyl ˆË˛QÓ˚ !Ó!¢‹T !ï˛l!ê˛ x§ÙˆÏÓ˚á !Ó®% ôyÓ˚îÜ˛yÓ˚# ~Ü˛!ê˛ §Ùï˛ˆÏ°Ó˚ ˆË˛QÓ˚ §Ù#Ü˛Ó˚î •ˆÏ°

r r

r

r r r

r a b a c a−( ) −( )× −( )





. = 0

• ˆÎ §Ùï˛°!ê˛ fliylyB˛ x«˛=ˆÏ°yˆÏÜ˛ (a, 0, 0), (0, b, 0) G (0, 0, c) !Ó®%ˆÏï˛ ˆSÈò Ü˛ˆÏÓ˚ñ ï˛yÓ˚ §Ù#Ü˛Ó˚î •ˆÏ°y

x

a

y

b

z

c
+ + =1 –

•
r r

r n d. 1 1=  ~ÓÇ 
r r

r n d. 2 2=  §Ùï˛ˆÏ°Ó˚ ˆSÈòÜ˛ÈüÈ§Ó˚°ˆÏÓ˚áyàyÙ# ~Ü˛!ê˛ §Ùï˛ˆÏ°Ó˚ ˆË˛QÓ˚ §Ù#Ü˛Ó˚î •ˆÏ°y
r r r

r n n d d. 1 2 1 2+( ) = +λ λ , ˆÎáyˆÏl λ •ˆÏ°y ˆÎ ˆÜ˛yˆÏly ~Ü˛!ê˛ xÈüÈ¢)lƒ ô &ÓÜ˛ Ó˚y!¢–

• ò%!ê˛ ≤Ãò_ §Ùï˛° ÎÌy A
1
x+B

1
y+C

1
z+D

l
=0 ~ÓÇ A

2
x+B

2
y+C

2
z+D

2
=0 ÈüÈ~Ó˚ ˆSÈòÜ˛ÈüÈ§Ó˚°ˆÏÓ˚áyàyÙ# ~Ü˛!ê˛

§Ùï˛ˆÏ°Ó˚ Ü˛yˆÏï≈˛§#Î˚ §Ù#Ü˛Ó˚î •ˆÏ°y ÈüüüÈ
(A

1
x+B

1
y+C

1
z+D

1
)+λ(A

2
x+B

2
y+C

2
z+D

2
)=0

• ò%!ê˛ §Ó˚°ˆÏÓ˚áy 
r r

r a b= +1 1λ  ~ÓÇ 
r r

r a b= +2 2µ  §yÙï˛!°Ü˛ •ˆÏÓ Î!ò 
r r

r r

a a b b2 1 1 2 0−( ) ×( ) =.  •Î˚–

• Ü˛yˆÏï≈˛§#Î˚ xyÜ˛yˆÏÓ˚ x x

a

y y

b

z z

c

−
=

−
=

−1

1

1

1

1

1

 ~ÓÇ 
x x

a

y y

b

z z

c

−
=

−
=

−
2

2

2

2

2

2

 §Ó˚°ˆÏÓ˚áy ò%!ê˛ §yÙï˛!°Ü˛

•ˆÏÓ Î!ò  

x x y y z z

a b c

a b c

2 1 2 1 2 1

1 1 1

2 2 2

0

− − −

=  •Î˚–

• ò%!ê˛ §Ùï˛ˆÏ°Ó˚ ÙôƒÓï˛#≈ ̂ Ü˛yî åAngle between two planesä :

ò%!ê˛ §Ùï˛ˆÏ°Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yî Ó°ˆÏï˛ ï˛yˆÏòÓ˚ x!Ë˛°ˆÏ¡∫Ó˚ xhs˝Ë%≈˛_´ ˆÜ˛yîˆÏÜ˛ ˆÓyV˛yÎ˚– Î!ò ò%!ê˛ §Ùï˛ˆÏ°Ó˚ ÙôƒÓï˛#≈
~Ü˛!ê˛ ˆÜ˛yî θ •Î˚ ï˛ˆÏÓ x˛õÓ˚!ê˛ •ˆÏÓ å180–θä– xyÙÓ˚y ò%!ê˛ §Ùï˛ˆÏ°Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yî !•ˆÏ§ˆÏÓ §)-ˆÏÜ˛yî!ê˛ˆÏÜ˛
ˆlˆÏÓy–
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Î!ò 
r r

r n d. 1 1=  ~ÓÇ r rr n d. 2 2=  §Ùï˛°ò%!ê˛Ó˚ x!Ë˛°¡∫ 
r

n1  G 
r

n2  ~ÓÇ ÙôƒÓï˛#≈ ˆÜ˛yî θ •Î˚ñ ï˛ˆÏÓ §Ùï˛° ò%!ê˛Ó˚
ˆÜ˛yˆÏly §yôyÓ˚î !Ó®% ˆÌˆÏÜ˛ §Ùï˛° ò%!ê˛ˆÏï˛ x!B˛ï˛ x!Ë˛°¡∫ ò%!ê˛Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yî θ •ˆÏÓ–

xï˛~Óñ cos
.

θ =

r r

r r

n n

n n

1 2

1 2

.

• §Ùï˛° ò%!ê˛ ˛õÓ˚flõÓ˚ °¡∫ •ˆÏÎ Î!ò 
r r

n n
1 2

0. =  •Î˚ ~ÓÇ §Ùyhs˝Ó˚y° •ˆÏÓ Î!ò 
r

n
1  G 
r

n
2  §Ùyhs˝Ó˚y° •Î˚–

• Ü˛yˆÏï≈˛§#Î˚ xyÜ˛yÓ˚ñ Î!ò A
1
x+B

1
y+C

1
z+D

1
=0 G A

2
x+B

2
y+C

2
z+D

2
=0 §Ùï˛° ò%!ê˛Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yî θñ

§Ùï˛° ò%!ê˛Ó˚ x!Ë˛°ˆÏ¡∫Ó˚ !òÜ‰˛ÈüÈxl%˛õyï˛ §Ù)• ÎÌye´ˆÏÙ A
1
, B

1
, C

1
 ~ÓÇ A

2
, B

2
, C

2
–

∴ cosθ =
+ +

+ + + +

A A B B C C

A B C A B C

1 2 1 2 1 2

1

2

1

2

1

2

2

2

2

2

2

2

• Î!ò §Ùï˛° ò%!ê˛ §ÙˆÏÜ˛yˆÏî lï˛ •Î˚ñ ï˛ˆÏÓ θ=900 ~ÓÇ ï˛y•z cosθ=0– §%ï˛Ó˚yÇ cosθ=A
1
A

2
+B

1
B

2
+C

1
C

2
=0–

• Î!ò §Ùï˛° ò%!ê˛ §Ùyhs˝Ó˚y° •Î˚ñ ï˛ˆÏÓ
A

A

B

B

C

C

1

2

1

2

1

2

= = –

• §Ó˚°ˆÏÓ˚áy 
r r

r

r a b= + λ   ~ÓÇ §Ùï˛° 
r

r n d.
∧

=  ~Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yî φ •ˆÏ°ñ sin
.

ϕ =
∧

∧

r

r

b n

b n

–

•
r

r n d.
∧

=  §Ùï˛° ˆÌˆÏÜ˛ xÓfliyl ˆË˛QÓ˚ 
r

a  !Ó!¢‹T ~Ü˛!ê˛ !Ó®%Ó˚ ò)Ó˚c •ˆÏ°y d a n− ∧r
. –

• (x
1
, y

1
, z

1
) !Ó®% ˆÌˆÏÜ˛ Ax+By+Cz+D=0 §Ùï˛ˆÏ°Ó˚ ò)Ó˚c •ˆÏ°y 

Ax By Cz D

A B C

1 1 1

2 2 2

+ + +

+ +
–
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xl%¢#°l#Èüü11

Ü˛ÈüüüÈ!ÓË˛yà

˜lÓƒ!_´Ü˛ ≤ÃŸ¿yÓ°# ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 1 xÌÓy 2  l¡∫Ó˚ ]

1) §!ë˛Ü˛ í˛z_Ó˚!ê˛ !lÓ≈yã˛l Ü˛ˆÏÓ˚y :

i) 2x+3y–z=5 ~ÓÇ 3x–my+3z=6 §Ùï˛°ò%!ê˛ ˛õÓ˚flõÓ˚ °¡∫ •ˆÏ° m ~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ

a) –1 b) 1
2 c) 1 d) − 1

2

ii) Î!ò !ï˛l!ê˛ ˆË˛QÓ˚ ra i j k= − +
∧ ∧ ∧

2 , 
r

b i j k= + −
∧ ∧ ∧

2 3 ~ÓÇ
r

c i j k= + +
∧ ∧ ∧

3 5λ ~Ü˛ï˛°#Î˚ •ˆÏ°ñ λ ~Ó˚

Ùyl •ˆÏÓ ÈüüüÈ
a) –3 b) 3 c) –4 d) 4

iii)
x y z−

=
−

−
=

+1

2

2

3

5

4
 §Ó˚°ˆÏÓ˚áy 2x+4y–z=3 §Ùï˛°ˆÏÜ˛ ˆSÈò Ü˛Ó˚ˆÏ°ñ ˆSÈò!Ó®%Ó˚ fliylyB˛ •ˆÏÓ ÈüüüÈ

a) (3, 1, –1) b) (3, –1, 1) c) (3, –1, –1) d) ˆÜ˛yˆÏly!ê˛•z lÎ˚–

iv) x+y+2z=6 ~ÓÇ 2x–y+z=9 is §Ùï˛ˆÏ°Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yî •ˆÏÓ ÈüüüÈ

a) π 4 b) π 6 c) π 2 d) π 3

v) (1, 0, 2) !Ó®% ˆÌˆÏÜ˛ 
x y z−

=
+

=
−2

3

1

4

2

12
 §Ó˚°ˆÏÓ˚áy ~ÓÇ x–y+z=16 §Ùï˛ˆÏ°Ó˚ ˆSÈò!Ó®%Ó˚ ò)Ó˚c

•ˆÏÓ ÈüüüÈ

a) 3 21 b) 13 c) 2 14 d) 8

vi) Î!ò 
x y z−

=
−

=
−1

1

1

1

1

1
 ~ÓÇ 

x y z−
=

−
=

−2

1

3

1

4

1
 §Ó˚°ˆÏÓ˚áy ò%!ê˛Ó˚ ÙôƒÓï˛#≈ «%˛oï˛Ù ò)Ó˚c K

•Î˚ñ ï˛ˆÏÓ K ÈüÈ~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ

a) 3 b) 4 c) 2 d) 5

vii) (1, 1, 2) !Ó®% ˆÌˆÏÜ˛ 2x–2y+4z+5=0 §Ùï˛ˆÏ°Ó˚ í˛z˛õÓ˚ x!B˛ï˛ °ˆÏ¡∫Ó˚ ˛õyò!Ó®%Ó˚ fliylyB˛ •ˆÏÓ ÈüüüÈ

a) 
1

12

25

12

2

12
, ,









 b) −

−









1

12

25

12

2

12
, , c) 

1

12

25

12

2

12
, ,

−







 d) ˆÜ˛yˆÏly!ê˛•z lÎ˚–

viii) 3x–3y+10z–26=0 §Ùï˛° §yˆÏ˛õˆÏ«˛ 
x y z−

=
−

−
=

+

−

1

9

2

1

3

3
 ˆÓ˚áyÓ˚ ≤Ã!ï˛!Ó¡∫ ˆÓ˚áy •° ÈüüüÈ

a) 
2 5

18

2 1

2

2

3

x y z−
=

−
=

−
b) 

2 5

18

2 1

2

2

3

x y z−
=

+

−
=

−

c) 
2 5

18

2 1

2

2

3

x y z+
=

−
=

−

−
d) 

2 5

18

2 1

2

2

3

x y z−
=

−

−
=

−

−
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ix) Î!ò rr i j k.
∧ ∧ ∧
− +



 =3 2 15 §Ùï˛° ~ÓÇ rr i j k s i j k= + +



 + + −





∧ ∧ ∧ ∧ ∧ ∧
2 3 §Ó˚°ˆÏÓ˚áyÓ˚ ÙôƒÓï˛#≈

ˆÜ˛yî θ •Î˚ñ ï˛ˆÏÓ cosecθ ~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ
a) 5 b) 2 c) 4 d) 3

x)
r r

r

r a tb= +  G 
r r

r

r a sb= +1  §Ùyhs˝Ó˚y° §Ó˚°ˆÏÓ˚áy ò%!ê˛ §ÙˆÏÓ˚á •GÎ˚yÓ˚ ¢ï≈˛ •° ÈüüüÈ

a) 
r r

r

a a b−( ) ⋅ =1 0 b) 
r r

r

a a b+( ) ⋅ =1 0

c) 
r r

r

a a b+( )× =1 0 d) 
r r

r

a a b−( )× =1 0

2] x!ï˛ §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ : [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 1 xÌÓy 2  l¡∫Ó˚ ]

i) 6x–2 = 3y+1 = 2z–4 §Ó˚°ˆÏÓ˚áyÓ˚ !òÜ˛ ˆÜ˛y§y•zl=ˆÏ°y !°á–

ii) (1, 2, 3) !Ó®%àyÙ# ̂ Î §Ó˚°ˆÏÓ˚áy
x y

z
−

=
−

= −
1

2

7

3
 §Ó˚°ˆÏÓ˚áyÓ˚ §Ùyhs˝Ó˚y°ñ ï˛yÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–

iii) (1,1,0)  !Ó®% ˆÌˆÏÜ˛ Z-xˆÏ«˛Ó˚ °¡∫ ò)Ó˚c !lî≈Î˚ Ü˛ˆÏÓ˚y–

iv) (2, 3, –1) !Ó®%àyÙ# ˆÎ §Ùï˛° !ï˛l!ê˛ x«˛ˆÏÜ˛ ôlydÜ˛ !òˆÏÜ˛ Ù)°!Ó®% ˆÌˆÏÜ˛ §Ùyl ò)Ó˚ˆÏc ˆSÈò Ü˛ˆÏÓ˚ñ ï˛yÓ˚
§Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–

v) (2, 1, –1) !Ó®%àyÙ# ˆÎ §Ùï˛° x–y+z=1 G 3x+4y–2z=0 §Ùï˛ˆÏ°Ó˚ ≤ÃˆÏï˛ƒÜ˛!ê˛Ó˚ G˛õÓ˚ °¡∫ñ ï˛yÓ˚
§Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–

vi) (0,0,0) ~ÓÇ (3,–1,2) !Ó®%àyÙ# ̂ Î §Ùï˛° 
x y z−

=
+

−
=

+4

1

3

1

1

7
§Ó˚° Ï̂Ó˚áyÓ˚ §Ùyhs˝Ó˚y°ñ ï˛yÓ˚ §Ù#Ü˛Ó˚î

!lî≈Î˚ Ü˛ˆÏÓ˚y–

vii)
r

r i j k.
∧ ∧ ∧
− +



 =2 3 17 §Ùï˛°!ê˛ − + +

∧ ∧ ∧
2 4 7i j k ~ÓÇ3 5 8i j k

∧ ∧ ∧
− + !Ó®%mˆÏÎ˚Ó˚ §ÇˆÏÎyçÜ˛

ˆÓ˚áyÇ¢ˆÏÜ˛ Ü˛# xl%˛õyˆÏï˛ !ÓË˛_´ Ü˛Ó˚ˆÏÓ !lî≈Î˚ Ü˛ˆÏÓ˚y–

viii) (1,–3,–2) !Ó®%àyÙ# ~ÓÇ x+2y+2z=5 G 3x+3y+2z=8 §Ùï˛° ò%!ê˛Ó˚ G˛õÓ˚ °¡∫ §Ùï˛°!ê˛Ó˚ §Ù#Ü˛Ó˚î
!lî≈Î˚ Ü˛ˆÏÓ˚y–

ix) x=y=z §Ó˚°ˆÏÓ˚áy ÓÓ˚yÓÓ˚ (1, –5, 9) !Ó®% ˆÌˆÏÜ˛ x–y+z=5 §Ùï˛ˆÏ°Ó˚ ò)Ó˚c !lî≈Î˚ Ü˛ˆÏÓ˚y–

x) Î!ò 
x y z−

=
+

−
=

+3

2

2

1

4

3
 §Ó˚°ˆÏÓ˚áy!ê˛ lx+my–z=9 ï˛ˆÏ° xÓ!fliï˛ •Î˚ñ ï˛ˆÏÓ ˆòáyG ˆÎ l2+m2 ~Ó˚

Ùyl 2 •ˆÏÓ–

á˛ÈüüüÈ!ÓË˛yà

3) §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ : [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 3 l¡∫Ó˚ ]

i) l
1
: x=5, 

y z

3 2−
=

−α
  ~ÓÇ  l

2
:x=α, 

y z

−
=

−1 2 α
 §Ó˚°ˆÏÓ˚áy ò%!ê˛ §Ùï˛°#Î˚ •ˆÏ°ñ αÈüÈ~Ó˚ Ùyl

!lî≈Î˚ Ü˛ˆÏÓ˚y–
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ii)
r

r i j k t i j k= + −



 + + −





∧ ∧ ∧ ∧ ∧ ∧
2 3 5

1

2
~ÓÇ rr i k t i j k= −



 + ′ + −





∧ ∧ ∧ ∧ ∧
2 6 2 2 §Ó˚°ˆÏÓ˚áy ò%!ê˛Ó˚

ÙôƒÓï˛#≈ ˆÜ˛yî !lî≈Î˚ Ü˛ˆÏÓ˚y–

iii) ˆòáyG ˆÎñ x y z−
=

+
=

−1

3

1

2

1

5
 ~ÓÇ 

x y z+
=

−
=

+

−

2

4

1

3

1

2
 §Ó˚°ˆÏÓ˚áymÎ˚ ˛õÓ˚flõÓ˚ˆÏÜ˛ ˆSÈò

Ü˛ˆÏÓ˚ ly–

iv) ˆòáyG ˆÎ rr i t i j k= + + +





∧ ∧ ∧ ∧
5 2 ~ÓÇ rr i s i j k= + − − −





∧ ∧ ∧ ∧
10 4 2 §Ó˚°ˆÏÓ˚áy ò%!ê˛ §Ùy˛õ!ï˛ï˛–

v) (1, 2, 3), (2, 3, 1) G (3, 1, 2) !Ó®%àyÙ# §Ùï˛°!ê˛Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–

vi) ˆòáyG ˆÎñ (1, 2, 1), (-2, 2, -1) G (1, 1, 0) ˛myÓ˚y à!ë˛ï˛ !eË%˛ˆÏçÓ˚ fliylyB˛ ( , , )−
1

2
2 0 –

vii) x+8y–6z+16 = 0 §Ùï˛° ~ÓÇ xy, yz G zx §Ùï˛°=!°Ó˚ ÙôƒÓï˛#≈ ˆÜ˛yî=!° !lî≈Î˚ Ü˛ˆÏÓ˚y–

viii) ˆÎ §Ùï˛°!ê˛  2x–2y–z–3 = 0  §Ùï˛ˆÏ°Ó˚ §Ùyhs˝Ó˚y° ~ÓÇ §Ùï˛°!ê˛ ˆÌˆÏÜ˛ 7 ~Ü˛Ü˛ ò)ˆÏÓ˚ xÓ!fliï˛ ï˛yÓ˚
§Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–

ix) Î!ò AB §Ó˚°ˆÏÓ˚áyÓ˚ Ü˛yˆÏï≈˛§#Î˚ §Ù#Ü˛Ó˚î 
x y z−

=
−

=
+1

2

2 1

12

5

3
 •Î˚ñ ï˛ˆÏÓ AB §Ó˚°ˆÏÓ˚áyÓ˚ §Ùyhs˝Ó˚y°

§Ó˚°ˆÏÓ˚áyÓ˚ !òÜ‰˛ ˆÜ˛y§y•zl !lî≈Î˚ Ü˛ˆÏÓ˚y–

x) ˆÎ §Ùï˛°!ê˛ (1, –1, 2) !Ó®%àyÙ# ~ÓÇ §Ùï˛°!ê˛Ó˚ x!Ë˛°ˆÏ¡∫Ó˚ !òÜ˛ xl%˛õyï˛ 2, 3, 2 •ˆÏ°ñ ï˛yÓ˚ §Ù#Ü˛Ó˚î
!lî≈Î˚ Ü˛ˆÏÓ˚y–

à˛ÈüüüÈ!ÓË˛yà

4] ò#â≈ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 4 xÌÓy 6 l¡∫Ó˚ ]

i)
x y z

1

1

2

2

3
=

−
=

−
 §Ó˚°ˆÏÓ˚áy!ê˛Ó˚ §yˆÏ˛õˆÏ«˛ (1, 6, 3) !Ó®%Ó˚ ≤Ã!ï˛!Ó¡∫ !Ó®% !lî≈Î˚ Ü˛ˆÏÓ˚y ~ÓÇ ≤Ãò_ !Ó®% G ï˛yÓ˚

≤Ã!ï˛!ÓˆÏ¡∫Ó˚ §ÇˆÏÎyçÜ˛ §Ó˚°ˆÏÓ˚áyÓ˚ §Ù#Ü˛Ó˚î ~ÓÇ í˛z_´ ˆÓ˚áyÇˆÏ¢Ó˚ ˜òâ≈ƒ !lî≈Î˚ Ü˛ˆÏÓ˚y–

ii)
x y z−

=
−

=
−1

2

2

3

3

4
 ~ÓÇ 

x y z

2

5

3

1

4
=

−
=

+
 §Ó˚°ˆÏÓ˚áy ò%!ê˛Ó˚ l)ƒlï˛Ù ò)Ó˚c !lî≈Î˚ Ü˛ˆÏÓ˚y–

iii) ~Ü˛!ê˛ !Ó®%Ó˚ xÓfliyl ˆË˛QÓ˚ 3 2i j k
∧ ∧ ∧
+ +





•ˆÏ°ñ rr i j k. 2 4
∧ ∧ ∧
− +





= §Ùï˛ˆÏ° !Ó®%!ê˛Ó˚ ≤Ã!ï˛!Ó¡∫ !Ó®%Ó˚

xÓfliyl ˆË˛QÓ˚ !lî≈Î˚ Ü˛ˆÏÓ˚y–

iv)
x y z

2 3 6
= =

−
 §Ó˚°ˆÏ°áyÓ˚ §Ùyhs˝Ó˚y° !òˆÏÜ˛ ˛õ!Ó˚!Ùï˛ (1, –2, 3) !Ó®%!ê˛Ó˚ ˆÌˆÏÜ˛ x–y+z=5 §Ùï˛ˆÏ°Ó˚ ò)Ó˚c

!lî≈Î˚ Ü˛ˆÏÓ˚y–

v)
r

r i j k. 2 3 4 1
∧ ∧ ∧
− +



 = ~ÓÇ rr i j.

∧ ∧
−



 + =4 0  §Ùï˛°mˆÏÎ˚Ó˚ ˆSÈòˆÏÓ˚áyàyÙ# ˆÎ §Ùï˛°
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r

r i j k. 2 8 0
∧ ∧ ∧
− +



 + =  §Ùï˛ˆÏ°Ó˚ í˛z˛õÓ˚ °¡∫ñ ï˛yÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–

vi) (1, 2, 4) !Ó®%àyÙ# ̂ Î §Ó˚°ˆÏÓ˚áy 3x + 2y − z − 4 = 0 G x − 2y − 2z − 5 = 0 ï˛°mˆÏÎ˚Ó˚ §yˆÏÌ §Ùyhs˝Ó˚y° ï˛yÓ˚
§Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–

vii)
r

r i j i j k= + + + −
∧ ∧ ∧ ∧ ∧

λ( )2 ~ÓÇ
r

r i j i j k= + + + −
∧ ∧ ∧ ∧ ∧

µ( )2 §Ù!ß∫ï˛ §Ùï˛ˆÏ°Ó˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y– Ù)°!Ó®%
ˆÌˆÏÜ˛ §Ùï˛°!ê˛Ó˚ ò)Ó˚c !lî≈Î˚ Ü˛ˆÏÓ˚y– ï˛ySÈyí˛¸y (2, 2, 2) !Ó®% ˆÌˆÏÜ˛ §Ùï˛°!ê˛Ó˚ ò)Ó˚c !lî≈Î˚ Ü˛ˆÏÓ˚y–

viii) 2x–y+z+3=0 §Ùï˛ˆÏ°Ó˚ §yˆÏ˛õˆÏ«˛ 
x y z−

=
−

=
−

−

1

3

3

1

4

5
 §Ó˚°ˆÏÓ˚áyÓ˚ ≤Ã!ï˛!Ó¡∫ !lî≈Î˚ Ü˛ˆÏÓ˚y–

ix) (1, –1, 2) !Ó®%àyÙ# ~ÓÇ 2x+3y–2z = 5  G x+2y–3z = 8 §Ùï˛° ò%!ê˛Ó˚ G˛õÓ˚ °¡∫Ó˚ §Ùï˛°!ê˛Ó˚ §Ù#Ü˛Ó˚î
!lî≈Î˚ Ü˛ˆÏÓ˚y– xï˛˛õÓ˚ §Ùï˛°!ê˛ ˆÌˆÏÜ˛ P(–2, 5, 5) !Ó®%Ó˚ ò)Ó˚c !lî≈Î˚ Ü˛ˆÏÓ˚y–

x) ÙˆÏl Ü˛ˆÏÓ˚yñ x–y+z=3 §Ùï˛ˆÏ°Ó˚ §yˆÏ˛õˆÏ«˛ (3, 1, 7) !Ó®%Ó˚ ≤Ã!ï˛!Ó¡∫ P – ̂ Î §Ùï˛° P !Ó®%àyÙ# ~ÓÇ 
x y z

1 2 1
= =

§Ó˚°ˆÏÓ˚áyÓ˚ ôyÓ˚Ü˛ ï˛yÓ˚ §Ù#Ü˛Ó˚î !lî≈Î˚ Ü˛ˆÏÓ˚y–
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í z̨_Ó̊Ùy°y

Ü˛ÈüüüÈ!ÓË˛yà

1) i) c ii) c iii) c iv) d v) b vi) c

vii) b viii) d ix) b x) b

2) i) 
1

14

2

14

3

14
, , ii) 

x y z−
=

−
=

−11

2

2

3

3

1

iii) 4.18 ~Ü˛Ü˛ iv) x+y+z=4

v) –2(x–2)+5(y–1)+7(z+1)=0 vi) x–19y–11z=0

vii) 766; 3:10 viii) 2x–4y+3z–8=0

ix) 10 3  ~Ü˛Ü˛
á˛ÈüüüÈ!ÓË˛yà

3) i) 4, 1      ii) 0 v) x+y+z=6

vii) xy §Ùï˛° : cos− −









1 6

101
;  yz §Ùï˛° : cos− 









1 1

101
; zx §Ùï˛° : cos− 









1 8

101

viii) 2x–2y–z = 24  ~ÓÇ  2x–2y–z+18 = 0

ix) 2 7
6

7
3

7
, , x) 

r

r i j k. 2 3 2 3
∧ ∧ ∧
+ +



 =

à˛ÈüüüÈ!ÓË˛yà

4) i) (1,0,7) ~ÓÇ 2 13  ~Ü˛Ü˛ ii) 4.817 ~Ü˛Ü˛

iii)  i j k
∧ ∧ ∧
+ +



 iv) 1

v) rr i j k. − + +



 =

∧ ∧ ∧
5 2 12 47 vi) 

x y z−
=

−

−
=

−1

6

2

5

4

8

vii) –x+y+z=0, 
2

3
 ~Ü˛Ü˛ viii) 

x y z+
=

−
=

−

−

3

3

5

1

2

5

ix) 5x–4y–z–7=0 ~ÓÇ 42  ~Ü˛Ü˛ x) x–4y+7z=0
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˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô
(Linear Programming Problems)

=Ó˚&c˛õ)î≈ !Ó£ÏÎ˚Ó› ~ÓÇ Ê˛°yÊ˛° ≠

● ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô :

˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô ~Ùl ~Ü˛!ê˛ ¢!_´¢y°# ày!î!ï˛Ü˛ ˛õk˛!ï˛ Îy ≤ÃˆÏÎ˚yˆÏà §#!Ùï˛ §¡õòˆÏÜ˛ åresourcesä [ˆÎÙl
ÈÈüüüÈ ç!Ù ålandäñ ◊Ù ålabouräñ Ù)°ôl åcapitaläñ §ÙÎ˚ åtimeäñ Îsf̨ õy!ï˛ åmachinesäñ §Çàë˛l åorganiserä]
Ü˛yˆÏç °y!àˆÏÎ˚ í˛zÍ˛õyòˆÏÜ˛Ó˚ Ù%lyÊ˛y §Ó≈y!ôÜ˛ åmaximum profitä xÌÓy í˛zÍ˛õyòl ÓƒÎ˚ §Ó≈!l¡¨ åminimum costä
Ü˛Ó˚y ÎyÎ˚–

● ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy :

~Ü˛!ê˛ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy •° ≤Ãy!hs˝Ü˛#Ü˛Ó˚î §Ù§ƒy åoptimisation problemä ˆÎáyˆÏlñ

i) ~Ü˛!ê˛ ˜Ó˚!áÜ˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ åxˆÏ˛õ«˛Ü˛!ê˛ ò%•z Óy ï˛ˆÏï˛y!ôÜ˛ !§k˛yhs˝ ã˛°Ó˚y!¢Ó˚ ˜Ó˚!áÜ˛ xˆÏ˛õ«˛Ü˛ä ã˛Ó˚Ù ~ÓÇ
xÓÙ Ùyl !lî≈Î˚ Ü˛Ó˚yÓ˚ ̂ ã˛‹TyˆÏÜ˛ Ó°y •Î˚ !Ó£ÏÎ˚ydÜ˛ xˆÏ˛õ«˛Ü˛ (objective function)–

ii) !§k˛yhs˝ ã˛°Ó˚y!¢=!° xÓ¢ƒ•z ÓyôyˆÏày¤˛# åconstraintsä ˆÜ˛ !§k˛ Ü˛Ó˚ˆÏÓ– ÓyôyˆÏày¤˛#Ó˚ ≤Ã!ï˛!ê˛ ¢ï≈˛ ~Ü˛!ê˛
˜Ó˚!áÜ˛ §Ù#Ü˛Ó˚î Óy ~Ü˛!ê˛ ˜Ó˚!áÜ˛ x§Ù#Ü˛Ó˚î–

iii) ≤Ã!ï˛!ê˛ !§k˛yhs˝ ã˛° x
j 
~Ó˚ !ã˛•´ }lydÜ˛ •ˆÏÓ ly xÌ≈yÍñ x

j
≥0–

˜Ó˚!áÜ˛ ̂ ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy §Ó ~Ü˛!ê˛ ≤Ãy!hs˝Ü˛#Ü˛Ó˚î §Ù§ƒy åoptimization problemä ~ÓÇ ~•z §Ù§ƒyÎ˚ }lydÜ˛
lÎ˚ ~Ùl ò%•z Óy ï˛ Ï̂ï˛y!ôÜ˛ ÓyhflÏÓ ã˛ Ï̂°Ó˚ åreal variablesä ~Ü˛!ê˛ ̃ Ó˚!áÜ˛ x Į̈̂ õ«˛ Ï̂Ü˛Ó˚ åÎyÓ˚ lyÙ !Ó£ÏÎ˚Ó› x Į̈̂ õ«˛Ü˛ä
ã˛Ó˚Ù Óy xÓÙ åmaximum or minimumä Ùyl !lî≈Î˚ Ü˛Ó˚y •Î˚ ~Ü˛ Óy ~Ü˛y!ôÜ˛ ¢ï≈˛§yˆÏ˛õˆÏ«˛– ¢ï≈˛=!° Îy ÓyhflÏÓ
ã˛°=!°Ó˚ ̃ Ó˚!áÜ˛ §Ù#Ü˛Ó˚î Óy x§Ù#Ü˛Ó˚îˆÏÜ˛ ÓyôyˆÏày¤˛# åconstraintsä ÓˆÏ°– ã˛°=!°ˆÏÜ˛ Ó°y •Î˚ !§k˛yhs˝  ã˛°Ó˚y!¢
ådecision variablesä–

~álñ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ §ˆÏD Î%_´ Ü˛ˆÏÎ˚Ü˛!ê˛ =Ó˚&c˛õ)î≈ ˛õˆÏòÓ˚ §ÇK˛y ˆòGÎ˚y •°–

i) !Ó£ÏÎ˚ydÜ˛ x Į̈̂ õ«˛Ü˛ åObjective functionä :

˜Ó˚!áÜ˛ xˆÏ˛õ«˛Ü˛ Z = ax+by, ˆÎáyˆÏl a, b •° ô &ÓÜ˛ñ ÎyÓ˚ ã˛Ó˚Ù Óy xÓÙ Ùyl !lî≈Î˚ Ü˛Ó˚ˆÏï˛ •ˆÏÓ– ï˛yˆÏÜ˛
!Ó£ÏÎ˚ydÜ˛ xˆÏ˛õ«˛Ü˛ Ó°y •Î˚–

ii) !§k˛yhs˝ ã˛°Ó˚y!¢ åDecision variablesä :

Î!ò Z=ax+by ~Ü˛!ê˛ ˜Ó˚!áÜ˛ !Ó£ÏÎ˚ydÜ˛ xˆÏ˛õ«˛Ü˛ •Î˚ ï˛ˆÏÓ ã˛°Ó˚y!¢ x ~ÓÇ y ˆÜ˛ Ó°y •Î˚ !§k˛yhs˝
ã˛°Ó˚y!¢–

iii) Óyôy ̂ ày¤˛# åConstraintsä :

˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÎ˚ ã˛°Ó˚y!¢Ó˚ í˛z˛õÓ˚ ˜Ó˚!áÜ˛ x§Ùï˛y xÌÓy §Ùï˛y xÌÓy §#ÙyÓk˛ï˛yˆÏÜ˛ ÓyôyˆÏày¤˛#
Ó°y •Î˚–  x≥0, y≥0 ¢ï≈˛=ˆÏ°yˆÏÜ˛ Ó°y •Î˚ xÈüÈ}lydÜ˛ §#ÙyÓk˛ï˛y–

xôƒyÎ˚ÈüÈ 12
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iv) ≤Ãy!hs˝Ü˛#Ü˛Ó˚î §Ù§ƒy åOptimisation Problemä :

~Ü˛!ê˛ §Ù§ƒy Îy ~Ü˛!ê˛ ˜Ó˚!áÜ˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ åˆÎÙl x ~ÓÇ y ò%!ê˛ ã˛°Ó˚y!¢ä !l!ò≈‹T ÓyôyˆÏày¤˛#Ó˚ §yˆÏ˛õˆÏ«˛
~Ü˛!ê˛ ˜Ó˚!áÜ˛ x§Ùï˛yÓ˚ ˆ§ˆÏê˛Ó˚ ã˛Ó˚Ù Óy xÓÙ Ùyl !lî≈Î˚ Ü˛Ó˚ˆÏï˛ ã˛yÎ˚ñ ï˛yˆÏÜ˛ ≤Ãy!hs˝Ü˛#Ü˛Ó˚î §Ù§ƒy ÓˆÏ°–
˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy •ˆÏ°y !ÓˆÏ¢£Ï ôÓ˚ˆÏîÓ˚ ≤Ãy!hs˝Ü˛#Ü˛Ó˚î §Ù§ƒy–

● ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ !Ó!Ë˛ß¨ ≤ÃÜ˛yÓ˚ˆÏË˛ò
åDifferent types of Linear programming problemsä  :

!Ü˛S%È =Ó˚&c˛õ)î≈ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy !lˆÏ¡¨ !°!˛õÓk˛ Ü˛Ó˚y •ˆÏ°y ÈüüüÈ

1) í z̨Í˛õyòl §Ù§ƒy åManufacturing Problemsä :

~•z §Ù§ƒyÎ˚ñ xyÙÓ˚y !lî≈Î˚ Ü˛Ó˚Ó ˆÎñ ~Ü˛!ê˛ í˛zÍ˛õyòl §Çfliy myÓ˚y !Ó!Ë˛ß¨ ˛õˆÏîƒÓ˚ §Çáƒy Îy í˛zÍ˛õyòl Ü˛Ó˚y
~ÓÇ !Ó!e´ Ü˛Ó˚y í˛z!ã˛ï˛ñ Îál ≤Ã!ï˛!ê˛ ˛õˆÏîƒÓ˚ çlƒ ~Ü˛!ê˛ !l!ò≈‹T §ÇáƒÜ˛ ◊!ÙÜ˛ §Çáƒyñ ˆÙ!¢ˆÏl ÓƒÓ•*ï˛
§ÙÎ˚ñ ◊Ùârê˛yñ í˛zÍ˛õy!òï˛ ̨ õˆÏîƒÓ˚ çlƒ =òyˆÏÙ Ó˚yáyÓ˚ çyÎ˚ày •zï˛ƒy!òÓ˚ í˛z˛õÓ˚ °«˛ Ó˚yáˆÏï˛ •ˆÏÓ ÎyˆÏï˛ §Ó≈y!ôÜ˛
°yË˛ •Î˚–

2) ˛õîƒ !Ó£ÏÎ˚Ü˛ §Ù§ƒy åDiet Problemsä :

~•z §Ù§ƒyÎ˚ñ xyÙÓ˚y !Ó!Ë˛ß¨ ôÓ˚ˆÏîÓ˚ í˛z˛õyòyl ˛õ%!‹TÓ˚ ˛õ!Ó˚Ùyî !lî≈Î˚ Ü˛Ó˚Ó Îy ˛õˆÏÌƒÓ˚ ÙˆÏôƒ ÌyÜ˛y í˛z!ã˛ï˛ ÎyˆÏï˛
≤ÃˆÏÎ˚yçl#Î˚ ˛õˆÏ«˛Ó˚ Ù)°ƒ §Ó≈!l¡¨ •Î˚ñ ˆÎáyˆÏl ~ˆÏòÓ˚ ≤Ã!ï˛!ê˛Ó˚ ÙˆÏôƒ §Ó≈!l¡¨ ˛õ!Ó˚Ùyî í˛z˛õyòyl˘˛õ%!‹T ÌyÜ˛y
≤ÃˆÏÎ˚yçl–

3) ˛õ!Ó˚Ó•l §Ù§ƒy åTransportation Problemsä :

~•z §Ù§ƒyÎ˚ñ xyÙÓ˚y !Ó!Ë˛ß¨ çyÎ˚àyÎ˚ xÓ!fliï˛ fliyl˘Ü˛yÓ˚áyly ˆÌˆÏÜ˛ !Ó!Ë˛ß¨ ÓyçyˆÏÓ˚ ~Ü˛!ê˛ ˛õîƒ §Ó˚ÓÓ˚yˆÏ•
l)ƒlï˛Ù áÓ˚ˆÏã˛Ó˚ çlƒ ˛õ!Ó˚Ó•l ≤Ãîy°# !lî≈Î˚ Ü˛Ó˚Ó–

● ~Ü˛!ê˛ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ §Ü˛° ÓyôyˆÏày¤˛# §• xÈüÈ}lydÜ˛ ÓyôyˆÏày¤˛# x≥0, y≥0 myÓ˚y !lî≈#ï˛ §yôyÓ˚î
xMÈ˛°ˆÏÜ˛ Ó°y •Î˚ ~•z §Ù§ƒyÓ˚ Ü˛yÎ≈Ü˛Ó˚ xMÈ˛° åxÌÓy §Ùyôyl xMÈ˛°ä–

● Ü˛yÎ≈Ü˛Ó˚ xMÈ˛ˆÏ°Ó˚ !Ë˛ï˛ˆÏÓ˚ ~ÓÇ §#ÙyˆÏÓ˚áyˆÏÓ˚ G˛õÓ˚ xÓ!fliï˛ !Ó®%=ˆÏ°yñ ÓyôyˆÏày¤˛#Ó˚ Ü˛yÎ≈Ü˛Ó˚ §ÙyôylˆÏÜ˛ ˆÓyV˛yÎ˚–

● Ü˛yÎ≈Ü˛Ó˚ xMÈ˛ˆÏ°Ó˚ Óy•zˆÏÓ˚ xÓ!fliï˛ ˆÎˆÏÜ˛yˆÏly !Ó®% •° ~Ü˛!ê˛ xÜ˛yÎ≈Ü˛Ó˚ §Ùyôyl–

● Ü˛yÎ≈Ü˛Ó˚ xMÈ˛ˆÏ°Ó˚ ˆÎ ˆÜ˛yˆÏly !Ó®% Îy ~Ü˛!ê˛ !Ó£ÏÎ˚ydÜ˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ≤Ãy!hs˝Ü˛ Ùyl åã˛Ó˚Ù xÌÓy xÓÙä ˆòÎ˚ñ ï˛yˆÏÜ˛
Ó°y •Î˚ ≤Ãy!hs˝Ü˛ §Ùyôyl–

● Î!ò Ü˛yÎ≈Ü˛Ó˚ xMÈ˛°!ê˛ x§#ÙyÓk˛ •Î˚ñ ï˛ˆÏÓ ~Ü˛!ê˛ ã˛Ó˚Ù Óy ~Ü˛!ê˛ xÓÙ ÙyˆÏlÓ˚ x!hflÏc lyG ÌyÜ˛ˆÏï˛˛ ˛õyˆÏÓ˚– í˛z˛õÓ˚vñ
Î!ò •z•yÓ˚ x!hflÏc ÌyˆÏÜ˛ ~!ê˛ xÓ¢ƒ•z RÈüÈ~Ó˚ ~Ü˛!ê˛ ˆÜ˛Ô!lÜ˛ !Ó®%ˆÏï˛ í˛zÍ˛õß¨ •Î˚–

● ~Ü˛!ê˛ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ §ÙyôyˆÏlÓ˚ çlƒ ˆÜ˛Ô!lÜ˛ !Ó®% ˛õk˛!ï˛ !l¡¨!°!áï˛ ôy˛õ=ˆÏ°y !lˆÏÎ˚ à!ë˛ï˛ ≠

i) ~Ü˛!ê˛ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ Ü˛yÎ≈Ü˛Ó˚ xMÈ˛° ~ÓÇ ~Ó˚ ˆÜ˛Ô!lÜ˛ !Ó®%=ˆÏ°y å¢#£Ï≈!Ó®%ä !lî≈Î˚ Ü˛ˆÏÓ˚y–

ii) !Ó£ÏÎ˚ydÜ˛ xˆÏ˛õ«˛Ü˛ñ Z=ax+by ~Ó˚ ≤Ã!ï˛!ê˛ ˆÜ˛Ô!lÜ˛ !Ó®%ˆÏï˛ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y– ôˆÏÓ˚y M ~ÓÇ m ÎÌye´ Ï̂Ù
˙ !Ó®%=ˆÏ°yˆÏï˛ Ó,•_Ù ~ÓÇ «%˛oï˛Ù Ùyl–

iii) Î!ò Ü˛yÎ≈Ü˛Ó˚ xMÈ˛°!ê˛ x§#ÙyÓk˛ •Î˚ñ ï˛ˆÏÓ !Ó£ÏÎ˚ydÜ˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ã˛Ó˚Ù ~ÓÇ xÓÙ Ùyl ÎÌye´ˆÏÙ M
~ÓÇ m–



137

Î!ò Ü˛yÎ≈Ü˛Ó˚ xMÈ˛°!ê˛ x§#ÙyÓk˛ •Î˚ñ ï˛ál

a) !Ó£ÏÎ˚ydÜ˛ xˆÏ˛õ«˛Ü˛!ê˛Ó˚ ã˛Ó˚Ù Ùyl M •ˆÏÓ Î!òñ Ü˛yÎ≈Ü˛Ó˚ xMÈ˛ˆÏ° ax+by>M myÓ˚y !lî#≈ï˛ ˆáy°y xô≈ï˛ˆÏ°
ˆÜ˛yˆÏly §yôyÓ˚î !Ó®% ly ÌyˆÏÜ˛– xlƒÌyÎ˚ñ !Ó£ÏÎ˚ydÜ˛ xˆÏ˛õ«˛Ü˛!ê˛Ó˚ ˆÜ˛yˆÏly ã˛Ó˚Ù Ùyl ÌyˆÏÜ˛ ly–

b) !Ó£ÏÎ˚ydÜ˛ xˆÏ˛õ«˛Ü˛!ê˛Ó˚ xÓÙ Ùyl m •ˆÏÓ Î!òñ Ü˛yÎ≈Ü˛Ó˚ xMÈ˛ˆÏ° ax+by>M myÓ˚y !lî#≈ï˛ ˆáy°y xô≈ï˛ˆÏ°
ˆÜ˛yˆÏly §yôyÓ˚î !Ó®% ly ÌyˆÏÜ˛– xlƒÌyÎ˚ñ !Ó£ÏÎ˚ydÜ˛ xˆÏ˛õ«˛Ü˛!ê˛Ó˚ ˆÜ˛yˆÏly xÓÙ Ùyl ÌyˆÏÜ˛ ly–

● Î!ò Ü˛yÎ≈Ü˛Ó˚ xMÈ˛ˆÏ°Ó˚ ò%!ê˛ ˆÜ˛Ô!lÜ˛ !Ó®%ˆÏï˛ í˛zË˛Î˚ ≤Ãy!hs˝Ü˛ §Ùyôyl ~Ü˛•z ôÓ˚ˆÏîÓ˚ •Î˚ñ xÌ≈yÍ í˛zË˛ˆÏÎ˚•z ~Ü˛•z ã˛Ó˚Ù
xÌÓy xÓÙ Ùyl í˛zÍ˛õß¨ Ü˛ˆÏÓ˚ñ ï˛ál ~•z ò%!ê˛ !Ó®%Ó˚ §ÇˆÏÎyçÜ˛ ˆÓ˚áyÇˆÏ¢Ó˚ í˛z˛õÓ˚ ˆÎ ˆÜ˛yˆÏly !Ó®%ˆÏï˛G ~Ü˛•z
ôÓ˚ˆÏîÓ˚ ≤Ãy!hs˝Ü˛ §Ùyôyl ÌyÜ˛ˆÏÓ–

● !mã˛° !Ó!¢‹T ~Ü˛!ê˛ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyˆÏÜ˛ ˆ°á!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ §Ùyôyl Ü˛Ó˚y ÎyÎ˚– ˆ°á!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ
§Ùyôyl Ü˛Ó˚y ÎyÎ˚– ˆ°á!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ ~Ü˛!ê˛ §ÙyôyˆÏÎyàƒ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ ≤Ãy!hs˝Ü˛ !Ó®%=!° ˛õyGÎ˚y
ÎyÎ˚– ˆÜ˛yly ˆÜ˛yˆÏly ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ !l!ò≈‹T ~Ü˛Ü˛ ≤Ãy!hs˝Ü˛ §Ùyôyl åfinite and unique optimal

solutionä ˛õyGÎ˚y ÎyÎ˚– !Ü˛S%È §Ù§ƒyÓ˚ ~Ü˛y!ôÜ˛ §Ùyôyl ÌyˆÏÜ˛– xyÓyÓ˚ ˆÜ˛yˆÏly ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚
x§#ÙyÓk˛ §Ùyôyl åunbounded solutionä ÌyˆÏÜ˛ ~ÓÇ §Ùyôyl•#l ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyG ˛õ!Ó˚°!«˛ï˛
•ˆÏï˛ ˛õyˆÏÓ˚–

xl%¢#°l#ÈüüüÈ12

Ü˛ÈüüüÈ!ÓË˛yà

˜lÓƒ!_´Ü˛ ≤ÃŸ¿yÓ°# ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 1/2  l¡∫Ó˚ ]

1) Ó‡Ù%á# !lÓ≈yã˛lôÙ#≈ ≤ÃŸ¿ : ( §!ë˛Ü˛ í˛z_Ó˚!ê˛ !lÓ≈yã˛l Ü˛ˆÏÓ˚y )

i) !Ó£ÏÎ˚ydÜ˛ xˆÏ˛õ«˛Ü˛ !§k˛yhs˝ ã˛°Ó˚y!¢=!° ÈüüüÈ

a) xÙ)°ò §Çáƒy b) !eˆÏÜ˛yî!Ù!ï˛Ü˛ xˆÏ˛õ«˛Ü˛

c) §)ã˛Ü˛ xˆÏ˛õ«˛Ü˛ d) ˜Ó˚!áÜ˛ xˆÏ˛õ«˛Ü˛

ii) ôÓ˚y ÎyÜ˛ ~Ü˛!ê˛ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy Z = (6x+10y) ˆÜ˛ ã˛Ó˚Ù Ü˛ˆÏÓ˚y Îál ÓyôyˆÏày¤˛# •Î˚ ÈüüüÈ
3x+5y ≤ 10,

5x+3y ≤15

~ÓÇ x, y ≥ 0

§Ù§ƒy!ê˛Ó˚ ≤Ãy!hs˝Ü˛ §ÙyôyˆÏlÓ˚ §Çáƒy
a) ~Ü˛ b) ò%•z c)  §§#Ù §ÇáƒÜ˛ åfiniteä d) x§#Ù §ÇáƒÜ˛ åinfiniteä

iii) ˆÜ˛yˆÏly ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ ˆÜ˛yˆÏly §Ùyôyl }îydÜ˛ ly •ˆÏ° §Ùyôyl!ê˛ˆÏÜ˛ Ó°y •Î˚ ÈüüüÈ

a)  ≤Ãy!hs˝Ü˛ §Ùyôyl åoptimal solutionä
b)  Ü˛yÎ≈Ü˛Ó˚ §Ùyôyl åfeasible solutionä

c) ̂ ÙÔ!°Ü˛ §Ùyôyl åbasic solutionä

d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–
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iv) ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ !§k˛yhs˝ ã˛°Ó˚y!¢=!°
a) ˆÎ ˆÜ˛yˆÏly ÓyhflÏÓ §Çáƒy b) ÷ô%Ùye ˛õ)î≈§ÇáƒyÓ˚ Ùyl
c) ˆÎ ˆÜ˛yˆÏly }îydÜ˛ lÎ˚ ~Ùl ÓyhflÏÓ §Çáƒy d) ÷ô%Ùye }lydÜ˛ lÎ˚ ~Ùl ˛õ)î≈§ÇáƒyÓ˚ Ùyl–

v) ~Ü˛!ê˛ xÜ˛yÎ≈Ü˛Ó˚ åinfeasibleä ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ ÈüüüÈ
a) ~Ü˛!ê˛ ~Ü˛Ü˛ §Ùyôyl ÌyˆÏÜ˛ b) ~Ü˛y!ôÜ˛ §Ùyôyl ÌyˆÏÜ˛
c) xlyÓk˛ §Ùyôyl ÌyˆÏÜ˛ d) ˆÜ˛yˆÏly §Ùyôyl ÌyˆÏÜ˛ ly–

vi) Î!ò ˆÜ˛yˆÏly ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ !Ó£ÏÎ˚ydÜ˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ Ùyl x§#Ù •Î˚ ï˛ˆÏÓ §Ù§ƒy!ê˛Ó˚ §ÙyôylˆÏÜ˛
Ó°y •ˆÏÓ ÈüüüÈ

a) x§#ÙyÓk˛ §Ùyôyl b) x§#Ù §Ùyôyl

c) §#ÙyÓk˛ §Ùyôyl d) ˆÜ˛yˆÏly §Ùyôyl ÌyˆÏÜ˛ ly

vii) ˆÎ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ x§#ÙyÓk˛ §Ùyôyl ÌyˆÏÜ˛ ï˛yÓ˚ !Ó£ÏÎ˚ydÜ˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ Ùyl ÈüüüÈ

a) ¢)lƒ •Î˚ b) ~Ü˛!ê˛ Ó,•Í ôlydÜ˛ ÓyhflÏÓ §Çáƒy •Î˚

c) ~Ü˛!ê˛ Ó,•Í }îydÜ˛ ÓyhflÏÓ §Çáƒy •Î˚ d) x§#Ù •Î˚–

viii) ˆÜ˛yˆÏly ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ l#ˆÏã˛Ó˚ §¡õÜ≈˛=!°Ó˚ ÙˆÏôƒ ˆÎ!ê˛ §!ë˛Ü˛ ï˛y •° ÈüüüÈ

a) xÓÙ Z = – ã˛Ó˚Ù (–Z) b) xÓÙ Z = – ã˛Ó˚Ù Z

c) xÓÙ Z = ã˛Ó˚Ù (–Z) d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

ix) ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ ò%!ê˛ xK˛yï ˛ã˛° !Ó!¢‹T 2x+3y=12 §Ù#Ü˛Ó˚ˆÏîÓ˚ §Ùyôyl •ˆÏÓ ÈüüüÈ

a) x, y ~Ó˚ ~Ü˛!ê˛ Ü˛ˆÏÓ˚ !l!ò≈‹T Ùyl b) xÈüÈ~Ó˚ çlƒ ã˛Ó˚Ù Ùyl ~ÓÇ yÈüÈ~Ó˚ xÓÙ Ùyl

c) x§Çáƒ d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

x) ôÓ˚y ÎyÜ˛ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛Ó˚ ÈüüüÈ

Z = 3x + 4y ˆÜ˛ xÓÙ Ü˛ˆÏÓ˚y

Îál ÓyôyˆÏày¤˛# •Î˚ –2x+3y ≤ 9

x–5y ≥ –20,

~ÓÇ x, y ≥ 0

˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛Ó˚È üüüÈ
a) ~Ü˛!ê˛ ~Ü˛Ü˛ ≤Ãy!hs˝Ü˛ §Ùyôyl åa unique optimal solutionä xy Ï̂SÈ–
b) !ÓÜ˛“ ≤Ãy!hs˝Ü˛ §Ùyôyl åalternative optional solutionsä xy Ï̂SÈ–
c) ~Ü˛!ê˛ x§#ÙyÓk˛ §Ùyôyl åunbounded solutionsä xy Ï̂S–È
d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

xi) ôÓ˚y ÎyÜ˛ ˆÜ˛yˆÏly ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛ •°ñ

Z=3x–y ˆÜ˛ xÓÙ Ü˛ˆÏÓ˚y

Îál ÓyôyˆÏày¤˛# •Î˚ 2x+3y ≥ 1,

~ÓÇ x, y ≥ 0
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§Ù§ƒy!ê˛Ó˚ ≤Ãy!hs˝Ü˛ §Ùyôyl •° ÈüüüÈ

a) x y= =0
1

2
, b) x y= =0

1

3
,

c) x y= =
1

3
0, d) x y= =

1

2
0,

xii) ôÓ˚y ÎyÜ˛ñ ˆÜ˛yˆÏly ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛ •°

Z = x+y ˆÜ˛ ã˛Ó˚Ù Ü˛ˆÏÓ˚y

Îál ÓyôyˆÏày¤˛# •Î˚ x+2y ≤ 4,

x+2y ≥ 6

~ÓÇ x, y ≥ 0

≤Ãò_ §Ù§ƒy!ê˛Ó˚ ÈüüüÈ
a) ~Ü˛Ü˛ Ü˛yÎ≈Ü˛Ó˚ §Ùyôyl åunique feasible solutionä
b) x§#Ù §ÇáƒÜ˛ Ü˛yÎ≈Ü˛Ó̊ §Ùyôyl åinfinite number of feasible solutionä
c) ˆÜ˛yˆÏly Ü˛yÎ≈Ü˛Ó˚ §Ùyôyl ˆl•z–

d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

xiii) ˆÜ˛yˆÏly ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ Ü˛yÎ≈Ü˛Ó˚ xMÈ˛° §#ÙyÓk˛ ly •ˆÏ° åunboundedä §Ù§ƒy!ê˛Ó˚ ÈüüüÈ

a) §§#Ù Ü˛yÎ≈Ü˛Ó˚ §Ùyôyl åbounded feasible solutionä Ìy Ï̂Ü˛

b) x§#ÙyÓk˛ §Ùyôyl åunbounded solutionä Ìy Ï̂Ü˛

c) §#ÙyÓk˛ Ü˛yÎ≈Ü˛Ó̊ §Ùyôyl ~ÓÇ x§#ÙyÓk˛ Ü˛yÎ≈Ü˛Ó̊ §Ùyôyl åbounded as well as unbounded feasible

solutionä Ìy Ï̂Ü˛–

d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

xiv) l#ˆÏã˛Ó˚ ≤Ãò_ !ÓÓ,!ï˛=!°Ó˚ ˆÜ˛yl‰!ê˛ !ÙÌƒy⁄

a) ˆÜ˛yˆÏly ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÎ˚ ÓƒÓ•*ï˛ xˆÏ˛õ«˛Ü˛ñ §Ù#Ü˛Ó˚î G x§Ù#Ü˛Ó˚î=!° ˆÜ˛Ó°Ùye ˜Ó˚!áÜ˛
xˆÏ˛õ«˛Ü˛ñ §Ù#Ü˛Ó˚î G x§Ù#Ü˛Ó˚î •Î˚–

b) ˆÜ˛yˆÏly ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ !Ó£ÏÎ˚ydÜ˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ã˛Ó˚Ù Óy xÓÙ Ùyl ˛õyGÎ˚y ˆÎˆÏï˛ ˛õyˆÏÓ˚
~Ü˛y!ôÜ˛ ≤Ãy!hs˝Ü˛ !Ó®%ˆÏï˛–

c) ~Ü˛y!ôÜ˛ ≤Ãy!hs˝Ü˛ §Ùyôyl!Ó!¢‹T ˆÜ˛yˆÏly ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ ˆ«˛ˆÏe ≤Ã!ï˛!ê˛ §Ùyôyl !Ó£ÏÎ˚ydÜ˛
xˆÏ˛õ«˛ˆÏÜ˛Ó˚ ã˛Ó˚Ù Óy xÓÙ Ùyl–

d) ~Ü˛!ê˛ xÜ˛yÎ≈Ü˛Ó˚ åinfeasibleä ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ ˆÜ˛yˆÏly Ü˛yÎ≈Ü˛Ó˚ §Ùyôyl ˛õyGÎ˚y ÎyÎ˚ ly–

2] x!ï˛ §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠

i) ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô !Ü˛⁄ í˛zòy•Ó˚î !òˆÏÎ˚ Ó%!V˛ˆÏÎ˚ òyG–

ii) ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ §ÇK˛y !°á–

iii) ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ ò%!ê˛ §%!Óôy !°á–
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iv) Ü˛yÎ≈Ü˛Ó˚ §Ùyôyl ~ÓÇ Ü˛yÎ≈Ü˛Ó˚ xMÈ˛ˆÏ°Ó˚ §ÇK˛y !°á–

v) !Ó£ÏÎ˚ydÜ˛ xˆÏ˛õ«˛ˆÏÜ˛Ó˚ §ÇK˛y !°á–

vi) !§k˛yhs˝ ã˛°Ó˚y!¢Ó˚ §ÇK˛y !°á–

vii) ÓyôyˆÏày¤˛# Ü˛yˆÏÜ˛ ÓˆÏ°⁄

viii) ≤Ãy!hs˝Ü˛#Ü˛Ó˚î §Ù§ƒy Ó°ˆÏï˛ !Ü˛ Ó%V˛⁄

ix) ≤Ãy!hs˝Ü˛ §ÙyôylÈüÈ~Ó˚ §ÇK˛y !°á–

x) ≤Ãy!hs˝Ü˛ !Ó®% Ó°ˆÏï˛ !Ü˛ Ó%V˛⁄

á˛ÈüüüÈ!ÓË˛yà

3] §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 3  l¡∫Ó˚ ]
i) ôÓ˚y ÎyÜ˛ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛ •°

Z = 2x+3y ˆÜ˛ ã˛Ó˚Ù Ü˛ˆÏÓ˚y
Îál ÓyôyˆÏày¤˛# •Î˚

3x+y ≤ 3,

~ÓÇ x ≥ 0,  y ≥ 0

ˆ°á!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ ˆòáyG ˆÎ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛Ó˚ ≤Ãy!hs˝Ü˛ !Ó®%§Ù)• (0, 0), (1, 0) ~ÓÇ
(0, 3)–

ii) G˛õˆÏÓ˚Ó˚ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛Ó˚ ≤Ãy!hs˝Ü˛ §Ùyôyl åoptimal solutionä !lî≈Î˚ Ü˛ˆÏÓ˚y ~ÓÇ ZÈüÈ~Ó˚
ã˛Ó˚Ù ÙylG !lî≈Î˚ Ü˛ˆÏÓ˚y–

iii) !l¡¨!°!áï˛ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛Ó˚ ÓyôyˆÏày¤˛#Ó˚ x§Ù#Ü˛Ó˚î ò%!ê˛Ó˚ ˆ°á!ã˛e xB˛l Ü˛ˆÏÓ˚y
Z = 3x

1
+2x

2
ˆÜ˛ ã˛Ó˚Ù Ü˛ˆÏÓ˚y

Îál ÓyôyˆÏày¤˛# •Î˚ 2x
1
+x

2 
≤ 2

3x
1
+4x

2
 ≥ 12

x
1 
≥ 0, x

2 
≥ 0

iv) ˆ°á!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ l#ˆÏã˛Ó˚ x§Ù#Ü˛Ó˚î=!°Ó˚ Ü˛yÎ≈Ü˛Ó˚ xMÈ˛° åfeasible regionä åÎ!ò ï˛yÓ˚ x!hflÏc ÌyˆÏÜ˛ä
!lî≈Î˚ Ü˛ˆÏÓ˚y
x ≤ 2, y ≤ 3, x + y ≥ 1  ~ÓÇ x, y ≥ 0

v) ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛Ó˚ ≤Ãy!hs˝Ü˛ !Ó®%=ˆÏ°y åcorner pointsä !lî≈Î˚ Ü˛ˆÏÓ˚y
Z = x+2y ˆÜ˛ ã˛Ó˚Ù Ü˛ˆÏÓ˚y

Îál ÓyôyˆÏày¤˛# •Î˚ 3x+5y ≤ 10

5x+3y ≤ 15

x, y ≥ 0

vi) l#ˆÏã˛Ó˚ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛Ó˚ ≤Ãy!hs˝Ü˛ !Ó®%=ˆÏ°y åcorner pointsä !lî≈Î˚ Ü˛ˆÏÓ˚y–
Z=2x+5y ˆÜ˛ ã˛Ó˚Ù Ü˛ˆÏÓ˚y

Îál ÓyôyˆÏày¤˛# •Î˚ 0 ≤ x ≤ 4

0 ≤ y ≤ 3

x+y ≤ 6
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vii) ˆÜ˛yˆÏly ˜Ó˚!áÜ˛ !Ó!ô §Ù§ƒyÎ˚ !lˆÏ¡¨Ó˚ ≤Ãò_ ˆ°á!ã˛ˆÏe !lˆÏò≈!¢ï˛ Ü˛yÎ≈Ü˛Ó˚ xMÈ˛° åSÈyÎ˚yÓ,ï˛ xMÈ˛°äÈüÈ~Ó˚ çlƒ
Z=3x+4yÈüÈ~Ó˚ §ˆÏÓ≈yFã˛ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

viii) ˆÜ˛yˆÏly ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §¡õ!Ü≈˛ï˛ §Ù§ƒyÎ˚ !lˆÏ¡¨Ó˚ ≤Ãò_ ˆ°á!ã˛ˆÏe !lˆÏò≈!¢ï˛ Ü˛yÎ≈Ü˛Ó˚ xMÈ˛° åSÈyÎ˚yÓ,ï˛
xMÈ˛°äÈüÈ~Ó˚ çlƒ Z=5x+7yÈüÈ~Ó˚ §ˆÏÓ≈yFã˛ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–
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à˛ÈüüüÈ!ÓË˛yà

ò#â≈ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿ ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 4 Óy 6 l¡∫Ó˚ ]

1) i) ˆ°á!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ l#ˆÏã˛Ó˚ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛Ó˚ Ü˛yÎ≈Ü˛Ó˚ xMÈ˛ˆÏ°Ó˚ ≤Ãy!hs˝Ü˛ !Ó®%§Ù)• åcorner

pointsä !lî≈Î˚ Ü˛ˆÏÓ˚y–

Z = 2x
1
+x

2
ˆÜ˛ ã˛Ó˚Ù Ü˛ˆÏÓ˚y

Îál ÓyôyˆÏày¤˛# •Î˚ x
1
+3x

2 
≤ 15

3x
1
– 4x

2
 ≤ 12

x
1
 ≥ 0,  x

2
 ≥ 0

ii) ˆ°á!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ l#ˆÏã˛Ó˚ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛Ó˚ §Ùyôyl Ü˛ˆÏÓ˚y ≠

Z = 5x+7y  ˆÜ˛ xÓÙ Ü˛ˆÏÓ˚y

Îál ÓyôyˆÏày¤˛# •Î˚ñ

3x+2y ≥ 12

2x+3y ≥ 13

~ÓÇ x ≥ 0, y ≥ 0

2) ~Ü˛çl xy§ÓyÓ ≤Ã›ï˛Ü˛yÓ˚Ü˛ ˆã˛Î˚yÓ˚ 3 ˆê˛!Ó° ≤Ã›ï˛ Ü˛ˆÏÓ˚– ï˛yÓ˚ Ü˛yˆÏç 400 ˆÓyí≈˛Ê%˛ê˛ ˆÙ•!à!l Ü˛yë˛ Ùç%ï˛ xyˆÏSÈ
~ÓÇ 450 ◊Ùârê˛yÓ˚ Ü˛yç Ü˛Ó˚yÓ˚ ÙˆÏï˛y ◊!ÙÜ˛ xyˆÏSÈ– ~Ü˛!ê˛ ˆã˛Î˚yÓ˚ ˜ï˛!Ó˚ Ü˛Ó˚ˆÏï˛ 5 ˆÓyí≈˛Ê%˛ê˛ Ü˛yë˛ G 40 ◊Ù ârê˛y
°yˆÏà– ~Ü˛!ê˛ ˆê˛!Ó° ˜ï˛!Ó˚ Ü˛Ó˚ˆÏï˛ 20 ˆÓyí≈˛Ê%˛ê˛ Ü˛yë˛ G 15 ◊ÙÈüÈârê˛y °yˆÏà– ˛≤Ã!ï˛ ˆã˛Î˚yÓ˚ !Ó!e´ Ü˛ˆÏÓ˚ ˆ§ °yË˛ Ü˛ˆÏÓ˚
45 ê˛yÜ˛y ~ÓÇ ˆê˛!Ó° !Ó!e´ Ü˛ˆÏÓ˚ ˆ§ °yË˛ Ü˛ˆÏÓ˚ 80 ê˛yÜ˛y– Ü˛ï˛ §ÇáƒÜ˛ ˆã˛Î˚yÓ˚ G Ü˛ï˛ §ÇáƒÜ˛ ˆê˛!Ó° ˜ï˛!Ó˚ Ü˛Ó˚ˆÏ°
ï˛yÓ˚ °yË˛ §ˆÏÓ≈yFã˛ •Î˚ ï˛y !lî≈ˆÏÎ˚Ó˚ §Ù§ƒyˆÏÜ˛ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy !•ˆÏ§ˆÏÓ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚y–

1
1

2
=











3) ˆ°á!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ l#ˆÏã˛Ó˚ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛ §Ùyôyl Ü˛ˆÏÓ˚y–

Z = x + y ˆÜ˛ ã˛Ó˚Ù Ü˛ˆÏÓ˚y

Îál ÓyôyˆÏày¤˛# •Î˚ñ
5x+10y ≤ 50

x+y ≥ 1

y ≤ 4

~ÓÇ x ≥ 0, y ≥ 0

ˆòáyG ̂ Î í˛z˛õˆÏÓ˚y_´ §Ù§ƒy!ê˛Ó˚ ~Ü˛!ê˛ ~Ü˛Ü˛ åuniqueä ≤Ãy!hs˝Ü˛ §Ùyôyl åoptimal solutionä xyˆÏSÈ–

4) ≤Ã!ï˛ @˝ÃyÙ F
1
 áyˆÏòƒ 5 ~Ü˛Ü˛ !Ë˛ê˛y!Ùl A G 6 ~Ü˛Ü˛ !Ë˛ê˛y!Ùl B xyˆÏSÈ ~ÓÇ ≤Ã!ï˛ @˝ÃyÙ F

1
 áyˆÏòƒÓ˚ Ù)°ƒ 20 ˛õÎ˚§y–

≤Ã!ï˛ @˝ÃyÙ F
2
 áyˆÏòƒ 8 ~Ü˛Ü˛ !Ë˛ê˛y!Ùl A G 10 ~Ü˛Ü˛ !Ë˛ê˛y!Ùl B xyˆÏSÈ ~ÓÇ ≤Ã!ï˛ @˝ÃyÙ F

2
 áyˆÏòƒÓ˚ Ù)°ƒ 30 ˛õÎ˚§y–

≤ÃˆÏï˛ƒÜ˛ ˆ°yˆÏÜ˛Ó˚ ˜ò!lÜ˛ 80 ~Ü˛Ü˛ !Ë˛ê˛y!Ùl A G 100 ~Ü˛Ü˛ !Ë˛ê˛y!Ùl B òÓ˚Ü˛yÓ˚– l)ƒlï˛Ù Ü˛ï˛ áÓ˚ã˛ Ü˛Ó˚ˆÏ°
~Ü˛çl ˆ°yˆÏÜ˛Ó˚ ˛õˆÏ«˛ ≤ÃˆÏÎ˚yçl#Î˚ ò%ÛôÓ˚ˆÏîÓ˚ !Ë˛ê˛y!Ùl @˝Ã•î Ü˛Ó˚y §Ω˛Ó ï˛y ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚*ˆÏ˛õ ≤ÃÜ˛y¢
Ü˛ˆÏÓ˚y–

ˆÓyí≈̨ Ê%̨ ê˛ âîÊ%̨ ê˛
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5) ôÓ˚y ÎyÜ˛ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛ •°

ã˛Ó˚Ù Ü˛ˆÏÓ˚yñ Z = 2x+3y

Îál ÓyôyˆÏày¤˛# •Î˚ñ 3x – y ≤ –3

x – 2y ≥ 2

~ÓÇ x ≥ 0, y ≥ 0

ˆ°á!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ ˆòáyG ˆÎ §Ù§ƒy!ê˛Ó˚ ˆÜ˛yˆÏly Ü˛yÎ≈Ü˛Ó˚ §Ùyôl åfeasible solutionä ˆl•z–

6) A G B ò%•z çyÎ˚àyÎ˚ ò%!ê˛ Ü˛yÓ˚áyly åfactoryä xyˆÏSÈ– Ü˛yÓ˚áyly ò%!ê˛ ˆÌˆÏÜ˛ C, D G E !ï˛l!ê˛ !í˛ˆÏ˛õyˆÏï˛ ~Ü˛!ê˛ oÓƒ
åcommodityä ˆçyàyl ˆòGÎ˚y •Î˚– §ÆyˆÏ• 5, 5 G 4 ~Ü˛Ü˛ oÓƒ ≤ÃˆÏÎ˚yçl– A G B Ü˛yÓ˚áylyˆÏï˛ í˛zÍ˛õyòl •Î˚
ÎÌye´ˆÏÙ 8 G 6 ~Ü˛Ü˛ oÓƒ– Ü˛yÓ˚áyly=!° ˆÌˆÏÜ˛ !Ó!Ë˛ß¨ !í˛ˆÏ˛õyˆÏï˛ ~Ü˛ ~Ü˛Ü˛ oÓƒ ˛õyë˛yÓyÓ˚ áÓ˚ã˛ l#ˆÏã˛Ó˚ ï˛y!°Ü˛yÎ˚
ˆòGÎ˚y •° ÈüüüÈ

Ü˛yÓ˚áyly !í˛ˆÏ˛õy

C D E

A R 160 R 100 R 150

B R 100 R 120 R 100

Ü˛#Ë˛yˆÏÓ Ü˛yÓ˚áyly ò%!ê˛ ˆÌˆÏÜ˛ oÓƒ!ê˛ !ï˛l!ê˛ !í˛ˆÏ˛õyˆÏï˛ ˛õyë˛yˆÏ° !í˛ˆÏ˛õy=!°Ó˚ ã˛y!•òy !Ùê˛ˆÏÓ ~ÓÇ ˛õyë˛yÓyÓ˚ áÓ˚ã˛
l)ƒlï˛Ù •ˆÏÓñ ~•z §Ù§ƒyˆÏÜ˛ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÎ˚ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚y–

7) ˆ°á!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ ̂ òáyG ̂ Î l#ˆÏã˛Ó˚ ̃ Ó˚!áÜ˛ ̂ ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒyÓ˚ Ü˛yÎ≈Ü˛Ó˚ xMÈ˛° åfeasible regionä x§#ÙyÓk˛
åunboundedä !Ü˛v §Ù§ƒy!ê˛Ó˚ ~Ü˛!ê˛ ~Ü˛Ü˛ ≤Ãy!hs˝Ü˛ §Ùyôyl x=3 ~ÓÇ y=18 xyˆÏSÈ

Z = 4x + 2y ˆÜ˛ xÓÙ Ü˛ˆÏÓ˚y

Îál ÓyôyˆÏày¤˛# •Î˚ñ 3x + y ≥ 27

–x – y ≤ –21

x + 2y ≥ 30

~ÓÇ x ≥ 0,  y ≥ 0

8) ˆ°á!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ ˆòáyG ˆÎ l#ˆÏã˛Ó˚ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛Ó˚ ~Ü˛!ê˛ x§#ÙyÓk˛ åunboundedä §Ùyôyl
xyˆÏSÈ

Z = 3x + 4y ˆÜ˛ ã˛Ó˚Ù Ü˛ˆÏÓ˚y

Îál ÓyôyˆÏày¤˛# •Î˚ñ  – 2x + 3y ≤ 9

x – 5y ≥ –20

~ÓÇ x ≥ 0,  y ≥ 0

9) ˆÜ˛yˆÏly ˆÜ˛y¡õyl# A G B ~•z ò%ÛôÓ˚ˆÏîÓ˚ ˆá°ly í˛zÍ˛õyòl Ü˛ˆÏÓ˚– ≤ÃˆÏï˛ƒÜ˛!ê˛ A ˆá°ly í˛zÍ˛õyòˆÏl Ü˛y!ê˛Ç åcuttingä
Ü˛Ó˚ˆÏï˛ 5 !Ù!l!ê˛ G !Ó!Ë˛ß¨ xÇ¢ç%í˛¸ˆÏï˛ 1010 !Ù!lˆÏê˛ ~ÓÇ ≤ÃˆÏï˛ƒÜ˛!ê˛ B ˆá°ly í˛zÍ˛õyòˆÏl Ü˛y!ê˛Ç Ü˛Ó˚ˆÏï˛ 8 !Ù!lê˛
G !Ó!Ë˛ß¨ xÇ¢ ç%í˛¸ˆÏï˛ 8 !Ù!lê˛ §ÙÎ˚ °yˆÏà– ≤Ãï˛ƒ• Ü˛y!ê˛ÇˆÏÎ˚Ó˚ çlƒ 3 ârê˛y ~ÓÇ !Ó!Ë˛ß¨ xÇ¢ ç%í˛¸ˆÏï˛ 4 ârê˛y §ÙÎ˚



144

˛õyGÎ˚y ÎyÎ˚– ≤Ã!ï˛!ê˛ A G B ˆá°ly !Ó!e´ Ü˛ˆÏÓ˚ ˆÜ˛y¡õyl# ÎÌye´ˆÏÙ 50 ê˛yÜ˛y G 60 ê˛yÜ˛y °yË˛ Ü˛ˆÏÓ˚– ˆÜ˛y¡õyl#
ï˛yÓ˚ °yˆÏË˛Ó˚ ˛õ!Ó˚Ùyî §Ó≈y!ôÜ˛ Ü˛Ó˚ˆÏï˛ ã˛y•zˆÏ° ˆÜ˛yl‰ ôÓ˚ˆÏîÓ˚ Ü˛!ê˛ ˆá°ly í˛zÍ˛õyòl Ü˛Ó˚ˆÏÓ⁄ §Ó≈y!ôÜ˛ °yˆÏË˛Ó˚ Ùyl
Ü˛ï˛⁄

10) ~Ü˛çl à,•Óô% ò%ÛôÓ˚ˆÏîÓ˚ áyòƒ X G Y ~ÙlË˛yˆÏÓ ˆÙ¢yˆÏï˛ ÎyÎ˚ ÎyˆÏï˛ !Ù!◊ï˛ áyˆÏòƒ Ü˛Ù Ü˛ˆÏÓ˚ 10 ~Ü˛Ü˛ !Ë˛ê˛y!Ùl
Añ 12 ~Ü˛Ü˛ !Ë˛ê˛y!Ùl B ~ÓÇ 8 ~Ü˛Ü˛ !Ë˛ê˛y!Ùl C ÌyˆÏÜ˛– ò%ÛôÓ˚ˆÏîÓ˚ áyˆÏòƒÓ˚ ≤Ã!ï˛ !Ü˛ˆÏ°y@˝ÃyÙ !Ë˛ê˛y!Ùl !ï˛l!ê˛Ó˚
˛õ!Ó˚Ùyî l#ˆÏã˛Ó˚ SÈˆÏÜ˛ ˆòGÎ˚y xyˆÏSÈ ÈüüüÈ

!Ë˛ê˛y!Ùl A !Ë˛ê˛y!Ùl B !Ë˛ê˛y!Ùl C

áyòƒ X 1 2 3

áyòƒ Y 2 2 1

Î!ò ≤Ã!ï˛ !Ü˛ˆÏ°y@˝ÃyÙ X áyòƒ G Y áyˆÏòƒÓ˚ òyÙ ÎÌye´ˆÏÙ 6 ê˛yÜ˛y G 10 ê˛yÜ˛y •Î˚ñ ï˛ˆÏÓ !Ù!◊ï˛ áyˆÏòƒÓ˚ «%˛oï˛Ù ÓƒÎ˚
˜°!áÜ˛ ˛õk˛!ï˛ˆÏï˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

11) ~Ü˛!ê˛ ˛õ!Ó˚Ó•l §ÇfliyÎ˚ ˛õÑyã˛ çyÎ˚ày A, B, C, D G E x!Ê˛§ xyˆÏSÈ– A G BÈüÈˆï˛ xÓ!fliï˛ x!Ê˛ˆÏ§ ÎÌye´ˆÏÙ 8 G
10!ê˛ °!Ó˚ xyˆÏSÈ– C, D, G E ˆï˛ xÓ!fliï˛ x!Ê˛§=!°ˆÏï˛ ÎÌye´ˆÏÙ 6, 8 G 4!ê˛ °!Ó˚Ó˚ ≤ÃˆÏÎ˚yçl– ~Ü˛!ê˛ x!Ê˛§
ˆÌˆÏÜ˛ xlƒ x!Ê˛ˆÏ§Ó˚ ò)Ó˚c å!Ü˛ˆÏ°y!Ùê˛yˆÏÓ˚ä l#ˆÏã˛Ó˚ ï˛y!°Ü˛yÎ˚ ˆòGÎ˚y •° ÈüüüÈ

C D E

A 2 5 3

B 4 2 7

Ü˛#Ë˛yˆÏÓ A G B x!Ê˛ˆÏ§Ó˚ °!Ó˚=!° C, D, G E ̂ ï˛ ̨ õyë˛yˆÏ° °!Ó˚=!° l)lƒï˛Ù ò)Ó˚c x!ï˛e´Ù Ü˛Ó˚ˆÏÓñ ~•z §Ù§ƒyˆÏÜ˛
˜Ó˚!áÜ˛ ˆ≤Ã@˝ÃyÙ!Ó!ô §Ù§ƒyÎ˚ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚y– ˆ°á!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ §Ù§ƒy!ê˛ §Ùyôyl Ü˛ˆÏÓ˚y–

12) ~Ü˛!ê˛ Ê˛yÙ≈ A G B ~•z ò%ôÓ˚ˆÏîÓ˚ §yÙ@˝Ã# í˛zÍ˛õyòl Ü˛ˆÏÓ˚– ≤Ã!ï˛!ê˛ A §yÙ!@˝Ã 5 ê˛yÜ˛y °yˆÏË˛ ~ÓÇ ≤Ã!ï˛!ê˛ B §yÙ@˝Ã# 3
ê˛yÜ˛y °yˆÏË˛ !Óe´Î˚ Ü˛ˆÏÓ˚– ≤Ã!ï˛!ê˛ A §yÙ@˝Ã# í˛zÍ˛õyòˆÏl M

1
 Îsf 1 !Ù!lê˛ G M

2
 Îsf 2 !Ù!lê˛ ~ÓÇ ≤Ã!ï˛!ê˛ B §yÙ@˝Ã#

í˛zÍ˛õyòˆÏl ò%!ê˛ Îsf•z 1 !Ù!lê˛ Ü˛ˆÏÓ˚ ÓƒÓ•yÓ˚ Ü˛Ó˚ˆÏï˛ •Î˚– M
1
 G M

2
 Îsf ò%!ê˛ ˜ò!lÜ˛ §Ó≈y!ôÜ˛ ÎÌye´ˆÏÙ 5 ârê˛y G 6

ârê˛y ÓƒÓ•yÓ˚ Ü˛Ó˚y ÎyÎ˚– ≤ÃˆÏï˛ƒÜ˛ ≤ÃÜ˛yÓ˚ §yÙ@˝Ã# ˜ò!lÜ˛ Ü˛!ê˛ Ü˛ˆÏÓ˚ í˛zÍ˛õyòl Ü˛Ó˚ˆÏ° °yˆÏË˛Ó˚ ˛õ!Ó˚Ùyî §Ó≈y!ôÜ˛ •ˆÏÓ⁄
˜°!áÜ˛ ˛õk˛!ï˛ˆÏï˛ §Ùyôyl Ü˛ˆÏÓ˚y–

13) ˆ°á!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ l#ˆÏã˛Ó˚ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛ˆÏÜ˛ §Ùyôyl Ü˛ˆÏÓ˚y ÈüüüÈ
ã˛Ó˚Ù Ü˛ˆÏÓ˚yñ Z = x + y

Îál ÓyôyˆÏày¤˛# •Î˚ñ x + 4y ≤ 8,
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2x + 3y ≤ 12

3x + y ≤ 9,

~ÓÇ x ≥ 0,  y ≥ 0

14) ˆ°á!ã˛ Ï̂eÓ˚ §y•y Ï̂Îƒ l# Ï̂ã˛Ó˚ ̃ Ó˚!áÜ˛ ̂ ≤Ã@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛ §Ùyôyl Ü˛ Ï̂Ó˚y ~ÓÇ ̂ òáyG ̂ Î §Ù§ƒy!ê˛Ó˚ x§Çáƒ åinfiniteä
≤Ãy!hs˝Ü˛ §Ùyôyl åoptimal solutionä xy Ï̂SÈ–

Z = x + y ˆÜ˛ xÓÙ Ü˛ˆÏÓ˚y

Îál ÓyôyˆÏày¤˛# •Î˚ 5x + 9y ≤ 45

x + y ≥ 2

x ≤ 4

~ÓÇ x ≥ 0,  y ≥ 0

!Ó£ÏÎ˚ydÜ˛ xˆÏ˛õ«˛Ü˛ ZÈüÈÓ˚ xÓÙ Ùyl åÎ!ò ÌyˆÏÜ˛ä !lî≈Î˚ Ü˛ˆÏÓ˚y–

15) ˆ°á!ã˛ˆÏeÓ˚ §y•yˆÏÎƒ l#ˆÏã˛Ó˚ ˜Ó˚!áÜ˛ ˆ≤Ãy@˝ÃyÙ!Ó!ô §Ù§ƒy!ê˛ˆÏÜ˛ §Ùyôyl Ü˛ˆÏÓ˚y ÈüüüÈ

xÓÙ Ü˛ˆÏÓ˚yñ Z = 3x + y

Îál ÓyôyˆÏày¤˛# 2x + y ≥ 14

x – y ≥ 4

~ÓÇ x ≥ 0,  y ≥ 0
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í z̨_Ó̊Ùy°y

Ü˛ÈüüüÈ!ÓË˛yà

˜lÓƒ!_´Ü˛ ≤ÃŸ¿yÓ°# ≠

1) Ó‡Ù%á# !lÓ≈yã˛lôÙ#≈ ≤ÃˆÏŸ¿Ó˚ í˛z_Ó˚ :

i) d ii) a iii) b iv) c v) d vi) a

vii) d viii) a ix) c x) c xi) b xii) c

xiii) c xiv) c

á˛ÈüüüÈ!ÓË˛yà

3) §Ç!«˛Æ í˛z_Ó˚ôÙ#≈ ≤ÃˆÏŸ¿Ó˚ í˛z_Ó˚ :

ii) (0, 3),  9

iii)

v) (0, 0) (3, 0) (0, 2) 
45

16

5

16
,











vi) (0, 0) (4, 0) (4, 2) (3, 3) (0, 3)

vii) (44, 16), 196

viii) (3, 4) ˛!Ó®%ˆÏï˛ §ˆÏÓy≈Fã˛ Ùyl 43

à˛ÈüüüÈ!ÓË˛yà

4) ò#â≈ í˛z_Ó˚ôÙ#≈ ≤ÃˆÏŸ¿Ó˚ í˛z_Ó˚ :

1) i) (0, 5) 
96

13

33

13
,









 , (4, 0) ~ÓÇ˛ (0, 0)

ii) (2, 3)   ~ÓÇ   Z
ã˛Ó˚Ù 

= 31

2) ã˛Ó˚Ù Ü˛ˆÏÓ˚y Z = 45x + 80y

Îál ÓyôyˆÏày¤˛# •Î˚ñ 5x + 20y ≤ 400

10x + 15y ≤ 450
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~ÓÇ x ≥ 0,  y ≥ 0

ˆÎáyˆÏl x ~ÓÇ y ÎÌye´ˆÏÙ ˆã˛Î˚yÓ˚ ~ÓÇ ˆê˛!ÓˆÏ°Ó˚ §Çáƒy

4) Z = 20x + 30y ˆÜ˛ xÓÙ Ü˛ˆÏÓ˚yñ

Îál ÓyôyˆÏày¤˛# •Î˚ 5x + 8y ≥ 80

6x + 10y ≥ 100

~ÓÇ x ≥ 0,  y ≥ 0

ˆÎáyˆÏl x @˝ÃyÙ F
1
 áyòƒ G y @˝ÃyÙ F

2
 áyòƒ ˆÜ˛ly •ˆÏÎ˚!SÈ°

6) Z = 10(x – 7y + 190) ˆÜ˛ xÓÙ Ü˛ˆÏÓ˚yñ

Îál ÓyôyˆÏày¤˛# •Î˚ x + y ≤ 8

x ≤ 5, y ≤ 5,

x + y ≥ 4

~ÓÇ x ≥ 0,  y ≥ 0

ˆÎáyˆÏl x ~Ü˛Ü˛ G y ~Ü˛Ü˛ oÓƒ A Ü˛yÓ˚áyly ˆÌˆÏÜ˛ ÎÌye´ˆÏÙ C G D !í˛ˆÏ˛õyˆÏï˛ ˛õyë˛yˆÏly •Î˚–

9) A G B ôÓ˚ˆÏîÓ˚ ˆá°ly ÎÌye´ˆÏÙ 12!ê˛ G 15!ê˛ ~ÓÇ §Ó≈y!ôÜ˛ °yË˛ = 1500 ê˛yÜ˛y

10) 52 ê˛yÜ˛y

11) §Ù§ƒy!ê˛Ó˚ ≤Ãy!hs˝Ü˛ §Ùyôyl x = 4, y = 0 ~ÓÇ Z
xÓÙ

=44

12) A §yÙ@˝Ã# 60!ê˛ G B §yÙ@˝Ã# 240!ê˛ ~ÓÇ §Ó≈y!ôÜ˛ Ùyl = 2400 ê˛yÜ˛y–

13) §ˆÏÓ≈yFã˛ Ùyl 3
10

11
.

14) Z
xÓÙ

= 2

15) Z
xÓÙ 

= 20 ~ÓÇ x = 6, y = 2.
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xôƒyÎ˚ÈüÈ 13
§Ω˛yÓly

(Probability)

=Ó˚&c˛õ)î≈ !Ó£ÏÎ˚ G Ê˛°yÊ˛° ≠

● ¢ï˛≈yô#l §Ω˛yÓly ≠

Î!ò ̂ Ü˛yly §Ù§Ω˛Ó ̨õÓ˚#«˛yÓ˚ lÙ%lyˆÏòˆÏ¢Ó˚ §ˆÏD Î%_´ ò%!ê˛ âê˛ly E G F •Î˚ ï˛ˆÏÓ F âê˛ly •z!ï˛˛õ)ˆÏÓ≈•z âˆÏê˛ˆÏSÈ ~•z ¢ˆÏï≈˛

E âê˛ly âê˛yÓ˚ §Ω˛yÓlyˆÏÜ˛ñ ˆÎáyˆÏl P(F) ≠ 0ñ Ó°y •Î˚ ¢ï≈˛yô#l §Ω˛yÓly ~ÓÇ ~!ê˛ˆÏÜ˛ P E
F( )  myÓ˚y §)!ã˛ï˛ Ü˛Ó˚y

•Î˚–

xÌ≈yÍ P E
F

P E F

P F

n E F

n F
( ) =

( )
( )

=
( )

( )
–

xl%Ó˚*˛õË˛yˆÏÓñ P F
E( )  Îál P(E) ≠0ñ •° E âê˛ly •z!ï˛˛õ)ˆÏÓ≈•z âˆÏê˛ˆÏSÈ ~•z ¢ˆÏï≈˛ F âê˛ly âê˛yÓ˚ §Ω˛yÓly–

xy§ˆÏ°ñ ≤Ãï˛#Ü˛ P E
F( )  G P F

E( )  ~Ó˚ xÌ≈ •ˆÏFSÈ ~=!° âê˛ly E G F ÈüÈ~Ó˚ ≤ÃÜ,˛!ï˛Ó˚ í˛z˛õÓ˚ !lË≈˛Ó˚ Ü˛ˆÏÓ˚ ~ÓÇ

~SÈyí˛¸y ~=!° §Ù§Ω˛Ó ˛õÓ˚#«˛yÓ˚ ≤ÃÜ,˛!ï˛Ó˚ í˛z˛õÓ˚G !lË≈˛Ó˚¢#°–

● ôÙ≈yÓ°# ≠

i) ôÓ˚y ÎyÜ˛ E G F •° ˆÜ˛yˆÏly lÙ%lyˆÏò¢ SÈüÈ~Ó˚ §yˆÏÌ Î%_´ ò%!ê˛ âê˛ly– ï˛y•ˆÏ° 0 1≤ ( ) ≤P E
F

–

ii) Î!ò ˆÜ˛yˆÏly §Ù§Ω˛Ó ˛õÓ˚#«˛yÓ˚ lÙ%lyˆÏò¢ SÈüÈ~Ó˚ §yˆÏÌ Î%_´ ò%!ê˛ âê˛ly E G F •Î˚ñ ï˛ˆÏÓ

P S
F

P F
F

P E
F

P E
F

( ) = ( ) =

′( ) = − ( )

1

1

iii) Î!ò ˆÜ˛yˆÏly §Ù§Ω˛Ó ˛õÓ˚#«˛yÓ˚ lÙ%lyˆÏò¢ SüÈ~Ó˚ §yˆÏÌ Î%_´ ò%!ê˛ âê˛ly E G F ~ÓÇ G •° xyˆÏÓ˚Ü˛!ê˛ âê˛ly
ˆÎáyˆÏl P(G) ≠ 0, ï˛ˆÏÓ

P
E F

G
P E

G
P F

G
P

E F
G

( ) ( )( ) = ( ) + ( ) − ( )
!l!ò≈‹TË˛yˆÏÓñ Î!ò E G F âê˛lymÎ˚ ˛õÓ˚flõÓ˚ !Ó!FSÈß¨ •Î˚ñ ï˛ˆÏÓ

P
E F

G
P E

G
P F

G
( )( ) = ( ) + ( )

● §Ω˛yÓly ï˛ˆÏ_¥Ó˚ =ˆÏîÓ˚ í˛z˛õ˛õyòƒ ≠

ôÓ˚y ÎyÜ˛ñ ˆÜ˛yˆÏly §Ω˛yÓly!Ë˛!_Ü˛ ˛õÓ˚#«˛yÓ˚ lÙ%ly ˆòˆÏ¢Ó˚ §yˆÏÌ Î%_´ ò%!ê˛ âê˛ly •° E G F –

3 3

3 3

3
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ï˛y•ˆÏ°ñ P E F P E P F
E

P E( ) = ( ) ( ) ( ) ≠. , 0

Óy P E F P F P E
F

P F( ) = ( ) ( ) ( ) ≠. , 0

Î!ò ˆÜ˛yˆÏly lÙ%lyˆÏòˆÏ¢Ó˚ §yˆÏÌ Î%_´ !ï˛l!ê˛ âê˛ly E, F G G •Î˚ñ ï˛ˆÏÓ

P E F G P E P F
E

P G
E F( ) = ( ) ( ) ( ). .

o‹TÓƒ ≠ P F
E

P E F

P E
( ) =

( )
( ) ~ÓÇ P E

F

P E F

P F
( ) =

( )
( )

● =ˆÏîÓ˚ í˛z˛õ˛õyˆÏòƒÓ˚ Ó!ô≈ï˛Ó˚*˛õ ≠

Î!ò ˆÜ˛yˆÏly §Ù§Ω˛Ó ˛õÓ˚#«˛yÓ˚ §yˆÏÌ nÈüÈ§ÇáƒÜ˛ âê˛ly E
1
, E

2
, .........., E

n
 Î%_´ •Î˚ñ ï˛ˆÏÓ

P E E E P E P
E

E
P

E
E En1 2 1

2

1

3

1 2

............ . ..........( ) = ( ) 









 ......

.........
P

E
E E E

n

n1 2 1−





 ,

ˆÎáyˆÏl P
E

E E E
n

n1 2 1...... −





  •° E

n
 âê˛ly âê˛yÓ˚ ¢ï≈˛yô#l §Ω˛yÓlyñ Î!ò ≤Ãò_ ÌyˆÏÜ˛ ˆÎ E

1
, E

2
,.......,

E
n–1

 âê˛ly=!° •z!ï˛ÙˆÏôƒ•z §Çâ!ê˛ï˛ •ˆÏÎ˚ˆÏSÈ–

● fl∫yô#l Óy xlˆÏ˛õ«˛ âê˛ly ≠

ôÓ˚y ÎyÜ˛ñ ˆÜ˛yˆÏly lÙ%lyˆÏò¢ SÈüÈ~Ó˚ §yˆÏÌ E G F âê˛ly ò%!ê˛ Î%_´– Î!ò ò%!ê˛ âê˛ly ~Ó˚*˛õ •Î˚ ˆÎñ ~ˆÏòÓ˚ ˆÎÈüÈˆÜ˛yˆÏly
~Ü˛!ê˛ âê˛lyÓ˚ §Çâê˛ˆÏlÓ˚ í˛z˛õÓ˚ x˛õÓ˚ âê˛lyÓ˚ §Çâê˛l !lË≈˛Ó˚ Ü˛ˆÏÓ˚ lyñ ï˛ˆÏÓ xyÙÓ˚y Ó°ˆÏï˛ ˛õy!Ó˚ ˆÎ âê˛lymÎ˚ fl∫yô#l–
xÌ≈yÍñ E G F âê˛lymÎ˚ fl∫yô#l •ˆÏÓñ Î!ò

P F
E

P F( ) = ( ) ñ ~•z ¢ˆÏï≈˛ ˆÎ P(E) ≠ 0

P E
F

P E( ) = ( ) ñ ~•z ¢ˆÏï≈˛ ˆÎ P(F) ≠ 0

í˛zòy•Ó˚îfl∫Ó˚*˛õ ≠ ~Ü˛!ê˛ ÓƒyˆÏà 6!ê˛ §yòy G 3!ê˛ °y° Ó° xyˆÏSÈ– ~ˆÏÜ˛Ó˚ ˛õÓ˚ ~Ü˛ ò%!ê˛ Ó° Óƒyà ˆÌˆÏÜ˛ ˆï˛y°y •°–

xyÙÓ˚y !lˆÏ¡¨Ó˚ âê˛ly=!° !ÓˆÏÓã˛ly Ü˛!Ó˚ ÈüüüÈ

E = ≤ÃÌˆÏÙ ˆï˛y°y Ó°!ê˛ §yòy Ó˚ˆÏ.Ó˚

F = !mï˛#Î˚ ˆï˛y°y Ó°!ê˛ °y° Ó˚ˆÏ.Ó˚

Î!ò ≤ÃÌˆÏÙ ˆï˛y°y Ó°!ê˛ ÓƒyˆÏà ˛õ%l/fliy˛õl Ü˛Ó˚y ly •Î˚ñ ï˛ˆÏÓ E G F âê˛lymÎ˚ !lË≈˛Ó˚¢#°–
x˛õÓ˚˛õˆÏ«˛ñ Î!ò ≤ÃÌˆÏÙ ˆï˛y°y Ó°!ê˛ ÓƒyˆÏà ˛õ%l/fliy˛õl Ü˛Ó˚y •Î˚ñ ï˛y•ˆÏ° E G F âê˛lymÎ˚ fl∫yô#l–

● ˆÜ˛yˆÏly §Ù§Ω˛Ó ˛õÓ˚#«˛yÓ˚ §yˆÏÌ Î%_´ E G F âê˛lymÎ˚ fl∫yô#l •Î˚ñ ï˛ˆÏÓ P(E3F) = P(E).P(F)–

3

3

3 3
3

3 3

3 3 3
3 3 3

3 3
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E, F G G âê˛ly !ï˛l!ê˛ ˛õÓ˚flõÓ˚ fl∫yô#l •ˆÏÓ Î!ò !lˆÏ¡¨Ó˚ ¢ï≈˛=!° !§k˛ •Î˚ ÈüüüÈ

P(E3F) = P(E) P(F)

P(E3G) = P(E) P(G)

P(F3G) = P(F) P(G)

~ÓÇ P(E3F3G) = P(E)P(F)P(G).

● ˆÜ˛yˆÏly §Ù§Ω˛Ó ˛õÓ˚#«˛yÓ˚ §yˆÏÌ Î!ò nÈüÈ§ÇáƒÜ˛ âê˛ly E
1
, E

2
,........., E

n
  Î%_´ ÌyˆÏÜ˛ñ ï˛ˆÏÓ ~•z âê˛ly=ˆÏ°yˆÏÜ˛

˛õÓ˚flõÓ˚ fl∫yô#l Ó°y •ˆÏÓ Î!ò ï˛yˆÏòÓ˚ ˆÎÈüÈˆÜ˛yˆÏly §§#Ù §ÇáƒÜ˛ âê˛lyÓ˚ ~Ü˛ˆÏÎyˆÏà âê˛yÓ˚ §Ω˛yÓly ï˛yˆÏòÓ˚ ˛õ,ÌÜ˛
§Ω˛yÓlyÓ˚ =îÊ˛ˆÏ°Ó˚ §Ùyl •Î˚–

xÌ≈yÍñ

P(E
i
3E

j
) = P(E

i
)P(E

j
),  i ≠ j; i, j=1, 2, ..........nÈüÈ~Ó˚ çlƒ

P(E
i
3E

j
3E

k
) = P(E

i
)P(E

j
)P(E

k
), for i ≠ j ≠ k;  i, j, k = 1, 2, .............nÈüÈ~Ó˚ çlƒ

P(E
1
3E

2
3........3E

n
) = P(E

1
)P(E

2
)..........P(E

n
)

ÈˆÜ˛yˆÏly §Ù§Ω˛Ó ˛õÓ˚#«˛yÓ˚ §yˆÏÌ Î%_´ nÈüÈ§ÇáƒÜ˛ âê˛ly E
1
, E

2
,.........., E

n
 ÈÎ!ò fl∫yô#l •Î˚ñ ï˛ˆÏÓ

P(E
1
3E

2
3...........3E

n
) = P(E

1
)P(E

2
)......P(E

n
)

● Èˆçyí˛¸yÎ˚ ˆçyí˛¸yÎ˚ fl∫yô#l âê˛ly ≠

ÈˆÜ˛yˆÏly §Ù§Ω˛Ó ˛õÓ˚#«˛yÓ˚ §yˆÏÌ Î!ò nÈüÈ§ÇáƒÜ˛ âê˛ly E
1
, E

2
,..........., E

n
 ÈÎ%_´ ÌyˆÏÜ˛ñ ï˛ˆÏÓ ~•z âê˛ly=ˆÏ°yˆÏÜ˛

ˆçyí˛¸yÎ˚ ˆçyí˛¸yÎ˚ fl∫yô#l Ó°y •ˆÏÓ Î!ò P(E
i
3E

j
) = P(E

i
)P(E

j
), i ≠ j ; i, j=1,2,......, nÈüÈ~Ó˚ çlƒ–

● Ùhs˝Óƒ ≠

i) Î!ò E
1
, E

2
,.......E

n
 âê˛ly=ˆÏ°y ˆçyí˛¸yÎ˚ ˆçyí˛¸yÎ˚ fl∫yô#l •Î˚ñ ï˛ˆÏÓ ï˛yˆÏòÓ˚ ˆçyí˛¸yÎ˚ ˆçyí˛¸yÎ˚ fl∫yô#l •GÎ˚yÓ˚

ˆÙyê˛ ¢ï≈˛ •° nc
2
ñ ˆÎáy Ï̂l ï˛y Ï̂òÓ̊ ˛õÓ̊flõÓ̊ fl∫yô#l •GÎ̊yÓ̊ çlƒ xÓ¢ƒ•z nc

2
+nc

3
+.......+nc

n 
=2n –n –1 !ê˛

¢ˆÏï≈˛Ó˚ ≤ÃˆÏÎ˚yçl–

ii) ˛õÓ˚flõÓ˚ fl∫yô#l âê˛ly=ˆÏ°y §Ó§ÙÎ˚ ˆçyí˛¸yÎ˚ ˆçyí˛¸yÎ˚ fl∫yô#l !Ü˛v ~Ó˚ !Ó˛õÓ˚#ï˛ !ÓÓ,!ï˛!ê˛ §ï˛ƒ lÎ˚–

iii) ˆÜ˛yˆÏly §Ù§Ω˛Ó ˛õÓ˚#«˛yÓ˚ §yˆÏÌ Î%_´ ÷ô%Ùye ò%!ê˛ âê˛lyÓ˚ ˆ«˛ˆÏeñ ˛õÓ˚flõÓ˚ fl∫yô#l âê˛ly G ˆçyí˛¸yÎ˚ ˆçyí˛¸yÎ˚
fl∫yô#l âê˛lyÓ˚ ÙˆÏôƒ ˆÜ˛yˆÏly ˛õyÌ≈Ü˛ƒ ˆl•z–

● ˆÜ˛yˆÏly §Ù§Ω˛Ó ˛õÓ˚#«˛yÓ˚ §yˆÏÌ Î%_´ ò%!ê˛ âê˛ly A G B Î!ò fl∫yô#l •Î˚ñ ï˛ˆÏÓ

i) A G B âê˛lymÎ˚ fl∫yô#l

..
..

..
..

..
.

..
..

..
..

..
.
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ii) A G B  âê˛lymÎ˚ fl∫yô#l

iii) A  G B  âê˛lymÎ˚ fl∫yô#l

● Ùhs˝Óƒ ≠

i) fl∫yô#l âê˛lyÓ˚ ÙyˆÏl •ˆÏFSÈ ˛õÓ˚flõÓ˚ fl∫yô#l âê˛ly–

ii) ˆÜ˛yˆÏly §Ù§Ω˛Ó ˛õÓ˚#«˛yÓ˚ §yˆÏÌ Î%_´ A G B âê˛lymÎ Î!ò fl∫yô#l •Î˚ñ ï˛y•ˆÏ° xhs˝ï˛ ~Ü˛!ê˛ âê˛ly âê˛yÓ˚
§Ω˛yÓly = P(A4B)

           = 1− ( ) ( )P A P B

iii) ˆÜ˛yˆÏly §Ù§Ω˛Ó ˛õÓ˚#«˛yÓ˚ §yˆÏÌ Î%_´ nüÈ§ÇáƒÜ˛ âê˛ly A
1
, A

2
,............, A

n
 ÈüÈ~Ó˚ çlƒ xhs˝ï˛ ~Ü˛!ê˛ âê˛ly

âê˛yÓ˚ §Ω˛yÓly
= P(A

1
4A

2
4..........4A

n
)

= ( ) ( ) ( )n21 AP...........APAP1−

● fl∫yô#l ˛õÓ˚#«˛y ≠

ò%!ê˛ §Ù§Ω˛Ó ˛õÓ˚#«˛y fl∫yô#l •ˆÏÓ Î!ò ≤Ã!ï˛ ˆçyí˛¸y âê˛ly A G B ÈüÈ~Ó˚ çlƒñ ˆÎáyˆÏl A âê˛ly!ê˛ ≤ÃÌÙ ˛õÓ˚#«˛yÓ˚ §yˆÏÌ
Î%_´ ~ÓÇ   B âê˛ly!ê˛ !mï˛#Î˚ ˛õÓ˚#«˛yÓ˚ §yˆÏÌ Î%_´ñ xyÙÓ˚y ˛õy•z –
P(A3B) = P(A)P(B)

● lÙ%lyˆÏòˆÏ¢Ó˚ !ÓË˛yçl ≠

E
1
, E

2
, ............, E

n
 âê˛ly§Ù)ˆÏ•Ó˚ ~Ü˛!ê˛ ̂ §ê˛ˆÏÜ˛ lÙ%lyˆÏò¢ S

ÈüÈ~Ó˚ !ÓË˛yçl Ó°y •ˆÏÓ Î!ò

i) E
i
3E

j
 = φ, i ≠ j; i, j=1, 2,......, n

ii) E
1
4E

2
4............4E

n
 = S, ~ÓÇ

iii) ≤Ã!ï˛!ê˛ E
i 
≠ φ, xÌ≈yÍñ P(E

i
)>0, §Ó i=1, 2, ......., n ~Ó˚ çlƒ–

● ˛õ)î≈ §Ω˛yÓlyÓ˚ ï˛_¥ ≠

ôÓ˚y ÎyÜ˛ñ {E
1
, E

2
,..........., E

n
} •° lÙ%lyˆÏò¢ SÈüÈ~Ó˚ ~Ü˛!ê˛

!ÓË˛yçl– A •° lÙ%lyˆÏò¢ SÈüÈ~Ó˚ §yˆÏÌ Î%_´ ~Ü˛!ê˛ âê˛lyñ
ï˛y•ˆÏ°

P A P E P A
Ej

jj

n

( ) = ( ) 









=

∑
1
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● ˆÓ•zˆÏçÓ˚ í˛z˛õ˛õyòƒ :

ˆÜ˛yˆÏly lÙ%lˆÏòˆÏ¢Ó˚ §yˆÏÌ Î%_´ E
1
, E

2
, ........, E

n
 âê˛ly=ˆÏ°y ˛õÓ˚flõÓ˚ !Ó!FSÈß¨ G ˛õ!Ó˚˛õ)î≈ ~ÓÇ A •° xÈüÈ¢)lƒ

§Ω˛yÓly !Ó!¢‹T ˆÎÈüÈˆÜ˛yˆÏly ~Ü˛!ê˛ âê˛lyñ ï˛y•ˆÏ°

P
E

A

P E P A
E

P E P A
E

i

i
i

i
ii

n









 =

( ) 









( ) 









=

∑
1

● §Ω˛yÓly◊Î˚# ã˛°Ü˛ ~ÓÇ ~Ó˚ §Ω˛yÓly !lˆÏÓ¢l ≠

ˆÜ˛y Ï̂ly §Ω˛yÓly◊Î˚# ã˛°Ü˛ •° ~Ü˛!ê˛ ÓyhflÏÓ Ùyl!Ó!¢‹T x Į̈̂ õ«˛Ü˛ ÎyÓ˚ §ÇK˛yÓ˚ xMÈ˛° •° §Ù§Ω˛Ó ̨õÓ˚#«˛yÓ˚ lÙ%ly Ï̂ò¢–
Î!ò ~Ü˛!ê˛ §Ω˛yÓly◊#Î˚ ã˛°Ü˛ X ˆÎ!ê˛ x

1
, x

2
,............, x

n
 Ùyl=!° @˝Ã•î Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚ ~ÓÇ ~ˆÏòÓ˚ §Ω˛yÓly

ÎÌye´ˆÏÙ p
1
, p

2
,............., p

n
ñ ï˛y•ˆÏ°

X : x
1

x
2

........ x
n

P(X) : p
1

p
2

.......... p
n

~•zË˛yˆÏÓ ï˛y!°Ü˛y ≤ÃÜ˛y¢ Ü˛Ó˚yÓ˚ Ó˚#!ï˛ˆÏÜ˛ ÓˆÏ°˚ XÈüÈ~Ó˚ §Ω˛yÓly !lˆÏÓ¢l ï˛y!°Ü˛yñ ˆÎáyˆÏl  p
i
>0, i=1,2,.....,n,

pi

i

n

=

∑ =
1

1 –

í˛z˛õˆÏÓ˚Ó˚ §Ω˛yÓly !lˆÏÓ¢l ˆÌˆÏÜ˛ xyÙÓ˚y ˛õy•zñ

P(X≤x
i
) = P(X = x

1
) + P(X = x

2
) + ....... + P(X = x

i
)

= p
1
 + p

2
 + ....... + p

i

P(X<x
i
) = P(X = x

1
) + P(X = x

2
) + .........+ P(X = x

i–1
)

= p
1
 + p

2
 + ....... + p

i–1

P(X≥x
i
) = P(X = x

i
) + P(X = x

i+1
) + ........+ P(X = x

n
)

= p
i
 + p

i+1
 + ....... + p

n

P(X>x
i
) = P(X = x

i+1
) + P(X = x

i+2
) + ..........+ P(X = x

n
)

= p
i+1

+ p
i+2

+.......+ p
n

~SÈyí˛¸yñ

P(X≥x
i
) = 1 – P(X<x

i
)  ~ÓÇ  P(X>x

i
) = 1 – P(X≤x

i
),

P(X≤x
i
) = 1 – P(X>x

i
)  ~ÓÇ   P(X<x

i
)  = 1 – P(X≥x

i
)

P(x
i
≤X≤x

j
) = P(X = x

i
) + P(X = x

i+1
)+.......+P(X = x

j
)

P(x
i
<X<x

j
) = P(X = x

i+1
) + P(X = x

i+2
) + .........+ P(X = x

j–1
)
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● !Ó!FSÈß¨ §Ω˛yÓly◊Î˚# ã˛°ˆÏÜ˛Ó˚ àí˛¸Ùyl ≠

Î!ò X ~Ü˛!ê˛ !Ó!FSÈß¨ §Ω˛yÓly◊Î˚# ã˛°Ü˛ •Î˚ ˆÎ!ê˛ x
1
, x

2
,......., x

n
 Ùyl=!° @˝Ã•î Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚ ~ÓÇ ~ˆÏòÓ˚ §Ω˛yÓly

ÎÌye´ˆÏÙñ  p
1
, p

2
, ..........., p

n 
•Î˚, ï˛ˆÏÓ XüÈ~Ó˚ àí˛¸Ùyl X  !l¡¨!°!áï˛Ë˛yˆÏÓ §ÇK˛yï˛ •Î˚ ≠

X p x p x p x
n n

= + + +
1 1 2 2

..............

Óyñ X p xi i

i

n

=
=

∑
1

● Ùhs˝Óƒ ≠

i) §Ω˛yÓly◊Î˚# ã˛°Ü˛ X ÈüÈ~Ó˚ àí˛¸ÙylˆÏÜ˛ ày!î!ï˛Ü˛ ≤Ãï˛ƒy¢y Óy ≤Ãï˛ƒy!¢ï˛ ÙylG Ó°y •Î˚ ~ÓÇ ~!ê˛ˆÏÜ˛ E(X)

myÓ˚y §)!ã˛ï˛ Ü˛Ó˚y •Î˚–

ii) ˛õ!Ó˚§Çáƒy !ÓË˛yçˆÏlÓ˚ ˆ«˛ˆÏe àí˛¸Ùyl X  !lˆÏ¡¨ ≤Ãò_ ≠

X
N

f x f x f x
n n

= + + +( )
1

1 1 2 2 ...........

⇒ X
f

N
x

f

N
x

f

N
xn

n
= + + +1

1
2

2
..............

⇒ X p x p x p xn n= + + +1 1 2 2 .............. , ˆÎáyˆÏl 
N

f
p i

i =

● o‹TÓƒ ≠ §Ω˛yÓly◊Î˚# ã˛°ˆÏÜ˛Ó˚ àí˛¸Ùyl Ó°ˆÏï˛ ˆÓyV˛yÎ˚ ~Ó˚ §Ω˛yÓly !lˆÏÓ¢ˆÏlÓ˚ àí˛¸Ùyl–

● §Ω˛yÓly◊Î˚# !Ó!FSÈß¨ ã˛°ˆÏÜ˛Ó˚ ˆË˛òÙyl ≠

Î!ò X ~Ü˛!ê˛ !Ó!FSÈß¨ §Ω˛yÓly◊Î˚# ã˛°Ü˛ •Î˚ñ ˆÎ!ê˛ x
1
, x

2
,........,x

n 
Ùyl§Ù)• @˝Ã•î Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚ ~ÓÇ ~ˆÏòÓ˚

§Ω˛yÓly ÎÌye´ˆÏÙ p
1
, p

2
,....., p

n 
•Î˚, ï˛ˆÏÓ X ~Ó˚ ˆË˛òÙyl !l¡¨!°!áï˛Ó˚*ˆÏ˛õ §ÇK˛yï˛ •Î˚ ÈüüüÈ

Var X p x p x
i i

i

n

i i

i

n

( ) = −










= =

∑ ∑2

1 1

2

Óyñ Var X E X E X( ) = ( ) − ( ){ }2 2

● !m˛õò !lˆÏÓ¢l ≠

~Ü˛!ê˛ §Ω˛yÓly◊Î˚# ã˛°Ü˛ X ˆÎ!ê˛ 0, 1, 2,........, n ~•z Ùyl=!° @˝Ã•î Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚ñ ~!ê˛ !m˛õò !lˆÏÓ¢l ˆÙˆÏl
ã˛ˆÏ° Î!ò ~Ó˚ §Ω˛yÓly !lˆÏÓ¢l xˆÏ˛õ«˛Ü˛ !l¡¨Ó˚*˛õ •Î˚ È≠

P(X = r) = nc
r
prqn–r, r = 0, 1, 2,.........,n  ˆÎáyˆÏl p, q≥0ñ Îál p+q = 1

!lˆÏÓ¢ˆÏl  í˛z˛õ!fliï˛ ò%!ê˛ ô &ÓÜ˛ n G p !lˆÏÓ¢ˆÏlÓ˚ ≤Ãyã˛° !•§yˆÏÓ ˛õ!Ó˚!ã˛ï˛–

X~B(n, p) ≤Ãï˛#Ü˛!ê˛ §yôyÓ˚îï˛ §Ω˛yÓl◊#Î˚ ã˛y°Ü˛ X ˆÎ!ê˛ n G p ≤Ãyã˛° !Ó!¢‹T !m˛õò !lˆÏÓ¢l ˆÙˆÏl ã˛ˆÏ°ñ ~!ê˛
ˆÓyV˛yˆÏï˛ ÓƒÓ•*ï˛ •Î˚–
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~ˆÏ«˛ˆÏe §Ω˛yÓly◊Î˚# ã˛°Ü˛ XÈüÈ~Ó˚ §Ω˛yÓly !lˆÏÓ¢l !l¡¨Ó˚*˛õ •Î˚ È≠
X : 0 1 2 .................................. r .................................. n

P(X) : nc
0
p0qn–0 nc

1
p1qn–1 nc

2
p2qn–2 ...................... nc

r
prqn–r ....................... nc

n
pnqn–n

● Î!ò n §ÇáƒÜ˛ ≤ÃˆÏã˛‹Ty ~Ü˛!ê˛ ˛õÓ˚#«˛y àë˛l Ü˛ˆÏÓ˚ ~ÓÇ ˛õÓ˚#«˛y!ê˛ NÈüÈÓyÓ˚ ˛õ%lÓ˚yÓ,_ •Î˚ñ ï˛y•ˆÏ° 0, 1, 2,..........., n

§ÇáƒÜ˛ §yÊ˛ˆÏ°ƒÓ˚ ˛õ!Ó˚§Çáƒy !l¡¨Ó˚*˛õ •Î˚ È≠

NP (x = 0), NP (x = 1),  NP (x = 2),......., NP (x = n)

● n G p ≤Ãyã˛° !Ó!¢‹T ˆÜ˛yˆÏly !m˛õò !lˆÏÓ¢ˆÏlÓ˚ àí˛¸Ùyl G ˆË˛òÙyl •° ÎÌye´ˆÏÙ np G npq–

● Î!ò (n+1)p ˆÜ˛ylG xá[˛ §Çáƒy ly •Î˚ ~ÓÇ P(X = 0), P(X = 1), ............, P(X = n)

a) ï˛y•ˆÏ°ñ  P(X = r) •° Ó,•_Ù Ùylñ Îál r = m = [(n+1)p]

b) Î!ò (n+1)p ˆÜ˛ylG xá[˛ §Çáƒy •Î˚ñ ï˛ˆÏÓ P(X = r) •ˆÏÓ §ˆÏÓ≈yFã˛ Ùyl Îál r = m–1 Óy r = m ˆÎáyˆÏl
m =  (n+1)p •° ~Ü˛!ê˛ xá[˛ §Çáƒy–

xl%¢#°l#ÈüüüÈ13

Ü˛ÈüüüÈ!ÓË˛yà

˜lÓ≈ƒ!_´Ü˛ ≤ÃŸ¿yÓ°# ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 1 xÌÓy 2  l¡∫Ó˚ ]

1) Ó‡ !ÓÜ˛“!Ë˛!_Ü˛ :

i) 52!ê˛ ï˛yˆÏ§Ó˚ ˛õƒyˆÏÜ˛ê˛ ˆÌˆÏÜ˛ í˛zˆÏj¢ƒ•#lË˛yˆÏÓ ~Ü˛!ê˛ ï˛y§ ˆï˛y°y •°– Î!ò çyly ÌyˆÏÜ˛ ˆÎ ˆï˛y°y ï˛y§!ê˛
Ó˚yçyñ ï˛ˆÏÓ ï˛y§!ê˛ •zflÒyÓl •GÎ˚yÓ˚ §Ω˛yÓly •ˆÏÓ ÈüüüÈ

a) 
1

3
b) 

4

13
c) 

1

4
d) 

1

2

ii) ~Ü˛!ê˛ °%ˆÏí˛yÓ˚ SÈE˛y ~Ü˛ÓyÓ˚ !lˆÏ«˛˛õ Ü˛Ó˚y •ˆÏÎ˚ˆÏSÈ– ôÓ˚y ÎyÜ˛ A •° SÈE˛y !lˆÏ«˛ˆÏ˛õÓ˚ Ê˛ˆÏ° 3 í˛zë˛yÓ˚ âê˛ly ~ÓÇ
B •° SÈE˛y !lˆÏ«˛ˆÏ˛õÓ˚ Ê˛ˆÏ° 5 ˆÌˆÏÜ˛ ˆSÈyê˛ §Çáƒy í˛zë˛yÓ˚ âê˛ly– ï˛y•ˆÏ° P(A4B) •°

a) 
2

5
b) 

3

5
c) 0 d) 1

iii) 1 ˆÌˆÏÜ˛ 60 ˛õÎ≈hs˝ §Çáƒy=!° ˆÌˆÏÜ˛ ÎˆÏÌFSÈË˛yˆÏÓ ~Ü˛!ê˛ §Çáƒy !lÓ≈yã˛l Ü˛Ó˚y •°– !lÓ≈y!ã˛ï˛ §Çáƒy!ê˛ 2
xÌÓy 5 ÈüÈ~Ó˚ =!îï˛Ü˛ •GÎ˚yÓ˚ §Ω˛yÓly •° ÈüüüÈ

a) 
2

5
b) 

3

5
c) 

7

10
d) 

9

10

iv) {1, 2, 3, 4, 5} ˆ§ê˛ ˆÌˆÏÜ˛ í˛zˆÏj¢ƒ•#lË˛yˆÏÓ ò%!ê˛ §Çáƒy a G b (a ≠ b) ˛õSÈ® Ü˛Ó˚y •°– 
a

b
 ~Ü˛!ê˛ xá[˛

§Çáƒy •GÎ˚yÓ˚ §Ω˛yÓly •° ÈüüüÈ

a) 
1

3
b) 

1

4
c) 

1

2
d) 

3

5
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v) ~Ü˛!ê˛ Óƒy Ï̂à 3!ê˛ §yòy, 4!ê˛ Ü˛y Ï̂°y ~ÓÇ 2!ê˛ °y° Ó° xy Ï̂SÈ– ≤Ã!ï˛fliy˛õl ly Ü˛ Ï̂Ó˚ Óƒyà!ê˛ ̂ Ì Ï̂Ü˛ í ẑ̨ Ïj¢ƒ•#lË˛y Ï̂Ó
ò%!ê˛ Ó° ˆï˛y°y •ˆÏ°ñ Ó° ò%!ê˛ §yòy •GÎ˚yÓ˚ §Ω˛yÓly •° ÈüüüÈ

a) 
1

18
b) 

1

36
c) 

1

12
d) 

1

24

vi) !ï˛l!ê˛ °%ˆÏí˛yÓ˚ SÈE˛y ~Ü˛§yˆÏÌ !lˆÏ«˛˛õ Ü˛Ó˚y •°– SÈE˛y !ï˛l!ê˛Ó˚ í˛z˛õ!Ó˚ï˛ˆÏ° ˆÎ §Çáƒy GˆÏë˛ ï˛yˆÏòÓ˚ §Ù!‹T 5
•GÎ˚yÓ˚ §Ω˛yÓly •°

a) 
5

216
b) 

1

6
c) 

1

36
d) 

1

49

vii) !ï˛l!ê˛ ÓyˆÏ: ÎÌye´ˆÏÙ 3!ê˛ §yòy G 1!ê˛ Ü˛yˆÏ°y, 2!ê˛ §yòy G 2!ê˛ Ü˛yˆÏ°y ~ÓÇ 1!ê˛ §yòy G 3!ê˛ Ü˛yˆÏ°y Ó°
xyˆÏSÈ– Î!ò ≤Ã!ï˛!ê˛ Óy: ˆÌˆÏÜ˛ ÎˆÏÌFSÈË˛yˆÏÓ 1!ê˛ Ó° ˆï˛y°y •Î˚ ï˛ˆÏÓ 2!ê˛ §yòy G 1!ê˛ Ü˛yˆÏ°y Ó° í˛zë˛yÓ˚
§Ω˛yÓly •° ÈüüüÈ

a) 
13

32
b) 

1

4
c) 

1

32
d) 

3

16

viii) Ë˛yˆÏ°yË˛yˆÏÓ !Ù!◊ï˛ 52!ê˛ ï˛yˆÏ§Ó˚ ˛õƒyˆÏÜ˛ê˛ ˆÌˆÏÜ˛ A G B í˛zˆÏj¢ƒ•#lË˛yˆÏÓ ~ˆÏÜ˛Ó˚ ˛õÓ˚ ~Ü˛ ò%!ê˛ Ü˛ˆÏÓ˚ ï˛y§
ê˛yl°– ã˛yÓ˚!ê˛ ï˛yˆÏ§Ó˚ §Ó=!° ~Ü˛•z Ó˚Ü˛Ù •GÎ˚yÓ˚ §Ω˛yÓly •°ÈüüüÈ

a) 
44

85 49×
b) 

11

85 49×
c) 

13 24

17 25 49

×

× ×
d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

ix) A G B ò%!ê˛ âê˛ly ~Ó˚*˛õ ˆÎ P(A)=0.25 ~ÓÇ P(B)=0.50– âê˛lymÎ˚ ~Ü˛§yˆÏÌ âê˛yÓ˚ §Ω˛yÓly •° 0.14–
A G B âê˛lymÎ˚ ~Ü˛§yˆÏÌ âê˛ˆÏÓ ly ~Ó˚ §Ω˛yÓly •° ÈüüüÈ

a) 0.39 b) 0.25 c) 0.11 d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

x) ˆÜ˛yˆÏly ˛õÓ˚#«˛yÎ˚ ~Ü˛çl !¢«˛yÌ#≈ ≤ÃÌÙ !ÓË˛yˆÏàñ !mï˛#Î˚ !ÓË˛yˆÏà G ï,˛ï˛#Î˚ !ÓË˛yˆÏà í˛z_#î≈ •GÎ˚yÓ˚ §Ω˛yÓly

ÎÌye´ˆÏÙ 
1

10
, 

3

5
 ~ÓÇ 

1

4
– !¢«˛yÌ≈#!ê˛ ˛õÓ˚#«˛yˆÏï˛ ÓƒÌ≈ •GÎ˚yÓ˚ §Ω˛yÓly •°

a) 
197

200
b) 

27

100
c) 

83

100
d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

xi) ~Ü˛!ê˛ x!ôÓˆÏ£Ï≈ 53!ê˛ ÷e´ÓyÓ˚ xÌÓy 53!ê˛ ¢!lÓyÓ˚ •GÎ˚yÓ˚ §Ω˛yÓly •ˆÏÓ ÈüüüÈ

a) 
2

7
b) 

3

7
c) 

4

7
d) 

1

7

xii) Añ 75%  ˆ«˛ˆÏe §ï˛ƒ Ü˛Ìy ÓˆÏ° ~ÓÇ Bñ 80% ˆ«˛ˆÏe §ï˛ƒ Ü˛Ìy ÓˆÏ°– ~Ü˛!ê˛ !ÓÓ,!ï˛ˆÏÜ˛ ˆÜ˛w Ü˛ˆÏÓ˚ A G
B ~ˆÏÜ˛ x˛õÓ˚ˆÏÜ˛ !ÓˆÏÓ˚yô#ï˛y Ü˛Ó˚yÓ˚ §Ω˛yÓly •° ÈüüüÈ

a) 
7

20
b)  

13

20
c) 

3

5
d) 

2

5
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xiii) ≤ÃÌÙ 20!ê˛ ˛õ)î≈§Çáƒy ˆÌˆÏÜ˛ í˛zˆÏj¢ƒ•#lË˛yˆÏÓ 3!ê˛ §Çáƒy ˛õSÈ® Ü˛Ó˚y •°– ï˛yˆÏòÓ˚ =îÊ˛° Î%@¬ •GÎ˚yÓ˚
§Ω˛yÓly •° ÈüüüÈ

a) 
2

19
b) 

3

29
c) 

17

19
d) 

4

19

xiv) ~Ü˛!ê˛ Ù%oy !ï˛lÓyÓ˚ ê˛§‰ Ü˛Ó˚y •°– Î!ò A G B âê˛lymÎ˚ !l¡¨Ó˚*ˆÏ˛õ §ÇK˛yï˛ •Î˚ ÈüüüÈ

A = ò%!ê˛ ̂ •í˛ í˛zë˛°

B = ˆ¢ˆÏ£ÏÓ˚!ê˛ˆÏï˛ ˆ•í˛ í˛zë˛°–

ï˛y•ˆÏ° A G B âê˛lymÎ˚ ÈüüüÈ

a) fl∫yô#l b) !lË≈˛Ó˚¢#° c) í z̨Ë˛Î˚•z d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚–

xv) ~Ü˛!ê˛ ÓƒyˆÏà 5!ê˛ ÓyòyÙ# ~ÓÇ 4!ê˛ §yòy ̂ Ùyçy xyˆÏSÈ– ~Ü˛çl ̂ °yÜ˛ Óƒyà ̂ ÌˆÏÜ˛ ò%!ê˛ ̂ Ùyçy í˛zˆÏj¢ƒ•#lË˛yˆÏÓ
ˆê˛ˆÏl ˆÓÓ˚ Ü˛Ó˚°– ˆÙyçy ò%!ê˛ ~Ü˛•z Ó˚ˆÏ.Ó˚ •GÎ˚yÓ˚ §Ω˛yÓly •° ÈüüüÈ

a) 
5

108
b) 

18

108
c) 

30

108
d) 

48

108

xvi) Î!ò lÙ%lyˆÏò¢ Sñ P(A)=
1

3
P(B) ~ÓÇ S=A4B, ˆÎáyˆÏl A G B •° ˛õÓ˚flõÓ˚ !Ó!FSÈß¨ âê˛lyñ ï˛ˆÏÓ

P(A) =

a) 1
4 b) 1

2 c) 3
4 d) 3

8

xvii) A G B •° ò%!ê˛ âê˛lyñ ï˛y•ˆÏ° P A B( )  =

a) P A P B( ) ( ) b) 1–P(A)–P(B) c) P(A) + P(B) – P(A3B) d) P(B) – P(A3B)

xviii) Î!ò P(A4B)=0.8  ~ÓÇ  P(A3B)=0.3 •Î˚ñ  ï˛ˆÏÓ ( ) ( )BPAP +  =

a) 0.3 b) 0.5 c) 0.7 d) 0.9

xix) 22 ï˛Ù ¢ï˛y∑#Ó˚ ÎˆÏÌFSÈË˛yˆÏÓ !lÓ≈y!ã˛ï˛ ˆÜ˛yˆÏly ~Ü˛ ÓSÈˆÏÓ˚ 53!ê˛ Ó˚!ÓÓyÓ˚ ÌyÜ˛yÓ˚ §Ω˛yÓly •ˆÏÓ ÈüüüÈ

a) 3
28 b) 2

28 c) 7
28 d) 5

28

xx) 1 ˆÌˆÏÜ˛ 100 ˛õÎ≈hs˝ §Çáƒy myÓ˚y !ã˛!•´ï˛ 100!ê˛ Ü˛yí≈˛ ˆÌˆÏÜ˛ í˛zˆÏj¢ƒ•#lË˛yˆÏÓ ~Ü˛!ê˛ Ü˛yí≈˛ ˆï˛y°y •°– ˆï˛y°y
Ü˛yˆÏí≈˛Ó˚ G˛õÓ˚ ˆ°áy §Çáƒy!ê˛ 6 xÌÓy 8 myÓ˚y !ÓË˛yçƒ !Ü˛v 24 myÓ˚y !ÓË˛yçƒ lÎ˚ñ ~Ó˚ §Ω˛yÓly •° ÈüüüÈ

a) 6
25 b) 1

4 c) 2
5 d) 4

5

xxi) ~Ü˛!ê˛ §Ω˛yÓly◊Î˚# ã˛°Ü˛ XÈüÈ~Ó˚ §Ω˛yÓly !lˆÏÓ¢l ï˛y!°Ü˛y!ê˛ !l¡¨Ó˚*˛õ ≠

X : 1 2 3 4 5 6 7 8

P(X) : 0.15 0.23 0.12 0.10 0.20 0.08 0.07 0.05

E = X •° ˆÙÔ!°Ü˛ §Çáƒyñ   F = X •° 4 ˆÌˆÏÜ˛ ˆSÈyê˛ §Çáƒy–

~•z âê˛lymˆÏÎ˚Ó˚ çlƒ P(E4F) È=È
a) 0.50 b) 0.77 c) 0.35 d) 0.87

3
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xxii) ~Ü˛!ê˛ §Ω˛yÓl◊Î˚# ã˛°Ü˛ 0, 1, 2, 3 ~•z Ùyl=!° @˝Ã•î Ü˛Ó˚ˆÏï˛ ˛õyˆÏÓ˚ ~ÓÇ ~ˆÏòÓ˚ àí˛¸Ùyl •° 1.3– Î!ò
P(X=3) = 2P(X=1)  ~ÓÇ  P(X=2) = 0.3 •Î˚ñ  ï˛ˆÏÓ P(X=0) •° ÈüüüÈ
a) 0.1 b) 0.2 c) 0.3 d) 0.4

xxiii) ~Ü˛!ê˛ §Ω˛yÓly◊Î˚# ã˛°ˆÏÜ˛Ó˚ §Ω˛yÓly !lˆÏÓ¢l ï˛y!°Ü˛y!ê˛ !l¡¨Ó˚*˛õ ≠

x : 0 1 2 3 4 5 6 7

p(x) : 0 2p 2p 3p p2 2p2 7p2 2p

~•z ï˛y!°Ü˛yÓ˚ §y•yˆÏÎƒ pÈüÈ~Ó˚ Ùyl •ˆÏÓ ÈüüüÈ

a) 1
10 b) –1 c) − 1

10 d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚

xxiv) Î!ò §Ω˛yÓly◊Î˚# ã˛°Ü˛ XÈüÈ~Ó˚ §Ω˛yÓly !l¡¨Ó˚*˛õ •Î˚ È≠

X : 0 1 2 3

P(X=x)  : K 3K 3K K

ï˛ˆÏÓ ~Ó˚ ˆÌˆÏÜ˛ KÈüÈ~Ó˚ Ùyl G ˆË˛òÙyl •ˆÏÓ ÈüüüÈ

a) 1
8

22
27

, b) 1
8

23
27

, c) 1
8

24
27

, d) 1
8

3
4

,

xxv) ã˛°Ü˛ X Î!ò n = 8 ~ÓÇ p = 
1

2
 ≤Ãyã˛°!Ó!¢‹T ~Ü˛!ê˛ !m˛õò !lˆÏÓ¢l ˆÙˆÏl ã˛ˆÏ°ñ ï˛ˆÏÓ P X − ≤( )4 2  =

a) 
118

128
b) 

119

128
c) 

117

128
d) ~ˆÏòÓ˚ ˆÜ˛yˆÏly!ê˛•z lÎ˚

xxvi) ˆÜ˛yˆÏly !m˛õò !lˆÏÓ¢ˆÏl Î!ò n = 4, P(X = 0) = 
81

16
 •Î˚ñ ï˛ˆÏÓ P(X = 4) =

a) 
1

16
b) 

1

81
c) 

27

1
d) 

1

8

xxvii) ôÓ˚y ÎyÜ˛ ~Ü˛!ê˛ ˛õ«˛˛õyï˛¢)lƒ Ù%oy n ÓyÓ˚ ê˛§‰ Ü˛Ó˚y •ˆÏ°ñ X •° ˆ•ˆÏí˛Ó˚ §Çáƒy– Î!ò P(X=4), P(X=5)

~ÓÇ P(X=6) §Ùyhs˝Ó˚ ≤Ãà!ï˛ˆÏï˛ ÌyˆÏÜ˛ñ ï˛ˆÏÓ nÈüÈ~Ó˚ Ùyl=!° •ˆÏÓ ÈüüüÈ
a) 7, 14 b) 10, 14 c) 12, 7 d) 14, 12

xxviii) ˆÜ˛yˆÏly ~Ü˛!ê˛ !m˛õò !lˆÏÓ¢ˆÏlñ §yÊ˛°ƒ ˛õyGÎ˚yÓ˚ §Ω˛yÓly 
1

4
 ~ÓÇ §ÙÜ˛ ˛õyÌ≈Ü˛ƒ Î!ò 3 •Î˚ñ ï˛ˆÏÓñ ~Ó˚

àí˛¸Ùyl •ˆÏÓ ÈüüüÈ

a) 6 b) 8 c) 12 d) 10

xxix) ~Ü˛!ê˛ ˆVÑ˛yÜ˛¢)lƒ Ù%oyˆÏÜ˛ Ü˛Ù˛õˆÏ«˛ Îï˛ÓyÓ˚ !lˆÏ«˛˛õ Ü˛Ó˚ˆÏ° Ü˛Ù˛õˆÏ«˛ ~Ü˛!ê˛ ˆ•í˛ Gë˛yÓ˚ §Ω˛yÓly xhs˝ï˛ 0.8

•ˆÏÓ ï˛y •° ÈüüüÈ

a) 7 b) 6 c) 5 d) 3
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xxx) ã˛°Ü˛ X Î!ò n =100 ~ÓÇ p =
1

3
 ≤Ãyã˛° !Ó!¢‹T ~Ü˛!ê˛ !m˛õò !lˆÏÓ¢l ˆÙˆÏl ã˛ˆÏ°ñ ï˛ˆÏÓ P(x = r) Ó,•_Ù

•ˆÏÓ Îál r =

a) 32 b) 34 c) 33 d) 31

2] x!ï˛ §Ç!«˛ÆôÙ#≈ :

i) ~Ü˛!ê˛ °%ˆÏí˛yÓ˚ SÈE˛y !ï˛lÓyÓ˚ !lˆÏ«˛˛õ Ü˛Ó˚y •°– Î!ò ≤ÃÌÙ !lˆÏ«˛ˆÏ˛õ 4 í˛zˆÏë˛ñ ï˛ˆÏÓ !ï˛lÓyÓ˚ !lˆÏ«˛ˆÏ˛õ ≤ÃyÆ
˛Ê˛°yÊ˛ˆÏ°Ó˚ ˆÎyàÊ˛° 15 •GÎ˚yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ˆÏÓ˚y–

ii) ~Ü˛!ê˛ Ù%oy !ï˛lÓyÓ˚ ê˛§‰ Ü˛Ó˚y •°– Î!ò ≤ÃÌÙ ò%!ê˛ ê˛ˆÏ§ ̂ •í˛ í˛zˆÏë˛ñ ï˛ˆÏÓ ï,˛ï˛#Î˚ ê˛ˆÏ§ ̂ •í˛ í˛zë˛yÓ˚ §Ω˛yÓly !lî≈Î˚
Ü˛ˆÏÓ˚y–

iii) ~Ü˛!ê˛ Ù%oy ê˛§ Ü˛Ó˚y •° ï˛yÓ˚˛õÓ˚ ~Ü˛!ê˛ SÈE˛y !lˆÏ«˛˛õ Ü˛Ó˚y •°– Î!ò ˆ•í˛ í˛zˆÏë˛ˆÏSÈ ~!ê˛ çyly ÌyˆÏÜ˛ñ ï˛ˆÏÓ ‘6’

˛õyGÎ˚yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ˆÏÓ˚y–

iv) A G B âê˛lymÎ˚ ~Ó˚*˛õ ˆÎ 2P(A) = P(B) = 
5

13
 ~ÓÇ P A

B( ) =
2

5
–  P(A4B) !lî≈Î˚ Ü˛ˆÏÓ˚y

v) ~Ü˛!ê˛ SÈE˛yÓ˚ 1, 2, 3 §ÇáƒyÎ%_´ ï˛°=ˆÏ°yˆÏÜ˛ °y° ~ÓÇ 4, 5, 6 §ÇáƒyÎ%_´ ï˛°=ˆÏ°yˆÏÜ˛ §Ó%ç Ó˚. !òˆÏÎ˚
!ã˛!•´ï˛ Ü˛ˆÏÓ˚ ˆSÈÑyí˛¸y •°– ôÓ˚y ÎyÜ˛ñ E •° Î%@¬ §Çáƒy í˛zë˛yÓ˚ âê˛ly ~ÓÇ O •° xÎ%@¬ §Çáƒy í˛zë˛yÓ˚ âê˛ly– E
G O âê˛lymÎ˚ !Ü˛ fl∫yô#l⁄

vi) 1, 2, 3, 5 ÈüüüÈ ~•z xB˛=ˆÏ°yÓ˚ §y•yˆÏÎƒ ˛õ%lÓ˚yÓ,!_ ly Ü˛ˆÏÓ˚ñ ã˛yÓ˚ xB˛!Ó!¢‹T ~Ü˛!ê˛ §Çáƒy àë˛l Ü˛Ó˚y •°–
§Çáƒy!ê˛ 5 myÓ˚y !ÓË˛yçƒ •GÎ˚yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ˆÏÓ˚y–

vii) 6 çl Óy°Ü˛ G 6 çl Óy!°Ü˛y ÎˆÏÌFSÈË˛yˆÏÓ ~Ü˛ §y!Ó˚ˆÏï˛ ÓˆÏ§ xyˆÏSÈ– ï˛y•ˆÏ° §Ó Óy!°Ü˛yÓ˚y ~Ü˛§yˆÏÌ
Ó§yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ˆÏÓ˚y–

viii) A G B fl∫yô#l âê˛lymÎ˚ ~Ó˚*˛õ ˆÎñ P(A)=0.3  ~ÓÇ P A   B( )= 0.8–  ï˛y•ˆÏ° P(B) !lî≈Î˚ Ü˛ˆÏÓ˚y–

ix) A G B ò%!ê˛ âê˛lyÓ˚ ÙˆÏôƒ ÷ô%Ùye ~Ü˛!ê˛ âê˛ly âê˛yÓ˚ §Ω˛yÓlyˆÏÜ˛ §Ω˛yÓly ï˛ˆÏ_¥Ó˚ §y•yˆÏÎƒ ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚y–

x) 100!ê˛ fl∫yË˛y!ÓÜ˛ §ÇáƒyÓ˚ ˆ§ê˛ ˆÌˆÏÜ˛ ÎˆÏÌFSÈË˛yˆÏÓ ~Ü˛!ê˛ §Çáƒy ˛õSÈ® Ü˛Ó˚ˆÏ° §Çáƒy!ê˛ âl§Çáƒy •GÎ˚yÓ˚
§Ω˛yÓly !lî≈Î˚ Ü˛ˆÏÓ˚y–

xi) ~Ü˛!ê˛ ≤Ã!ï˛ˆÏÎy!àï˛yÎ˚ A, B G C xÇ¢@˝Ã•î Ü˛ˆÏÓ˚ˆÏSÈ– AÈüÈ~Ó˚ ˆçï˛yÓ˚ §Ω˛yÓly BÈüÈ~Ó˚ !m=îñ BÈüÈ~Ó˚ ˆçï˛yÓ˚
§Ω˛yÓly CÈüÈ~Ó˚ !m=î– ï˛y•ˆÏ° A ˛õÓ˚y!çï˛ •GÎ˚yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ˆÏÓ˚y–

xii) ˆÜ˛yˆÏly §Ù§Ω˛Ó ˛õÓ˚#«˛yÓ˚ §yˆÏÌ Î%_´ A, B, C âê˛ly !ï˛l!ê˛ ˛õÓ˚flõÓ˚ !Ó!FSÈß¨ G §¡õ)î≈ âê˛ly •ˆÏ°
P(A)+P(B)+P(C)ÈüÈ~Ó˚ Ùyl !°á–

xiii) A G B âê˛lymÎ˚ ~Ó˚*˛õ ̂ Î P A( ) = 0.3, P(B)=0.4 ~ÓÇ P A B( )  = 0.5–  P B
A B





 ÈüÈ~Ó˚ Ùyl

!lî≈Î˚ Ü˛ˆÏÓ˚y–

3

3
3
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xiv) K ÈüÈ~Ó˚ ˆÜ˛yl‰ ÙyˆÏlÓ˚ çlƒ !lˆÏ¡¨Ó˚ !lˆÏÓ¢l!ê˛ ~Ü˛!ê˛ §Ω˛yÓly !lˆÏÓ¢l⁄

X=x
i

: 0 1 2 3

P(X=x
i
) : 2K4 3K2–5K3 2K–3K2 3K–1

xv) Îál ~Ü˛!ê˛ SÈE˛y !lˆÏ«˛˛õ Ü˛Ó˚y •° ï˛ál SÈE˛yÓ˚ ï˛ˆÏ°Ó˚ í˛z˛õÓ˚ Gë˛y §ÇáƒyˆÏÜ˛ Î!ò X !òˆÏÎ˚ §)!ã˛ï˛ Ü˛Ó˚y •Î˚
ï˛y•ˆÏ° E(X) !lî≈Î˚ Ü˛ˆÏÓ˚y–

xvi) ~Ü˛!ê˛ !m˛õò !lˆÏÓ¢ˆÏlÓ˚ çlƒ Î!ò P(X=1)=P(X=2)=α •Î˚ ï˛y•ˆÏ° P(X=4)ÈüÈˆÜ˛ αÈüÈ~Ó˚ §y•yˆÏÎƒ ≤ÃÜ˛y¢
Ü˛ˆÏÓ˚y–

xvii) ˆÜ˛yˆÏly !m˛õò !lˆÏÓ¢ˆÏl n=4 ~ÓÇ P X =( ) =0
16

81
 •ˆÏ° q ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

xviii) ~Ü˛!ê˛ !m˛õò ã˛°Ü˛ XÈüÈ~Ó˚ àí˛¸Ùyl G ˆË˛òÙyl ÎÌye´ˆÏÙ 2 ~ÓÇ 1 •ˆÏ°ñ P(X>1)ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

xix) ˆÜ˛yˆÏly !m˛õò !lˆÏÓ¢ˆÏlÓ˚ àí˛¸Ùyl 20 ~ÓÇ §ÙÜ˛ ˛õyÌ≈Ü˛ƒ 4 •ˆÏ° pÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

xx) ˆÎ !m˛õò !lˆÏÓ¢ˆÏlÓ˚ àí˛¸Ùyl 20 ~ÓÇ ˆË˛òÙyl 16ñ ˆ§!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

á˛ÈüüüÈ!ÓË˛yà

3] §Ç!«˛Æ ôÙ#≈ ≠ å≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 3 l¡∫Ó˚ä

i) ˆÎÈüÈˆÜ˛yˆÏly !l!ò≈‹T !òˆÏl Ó,!‹T •GÎ˚yÓ˚ §Ω˛yÓly •° 50%– ï˛y•ˆÏ°ñ ÷ô%Ùye §ÆyˆÏ•Ó˚ ≤ÃÌÙ ã˛yÓ˚ !òl•z Ó,!‹T
•GÎ˚yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ˆÏÓ˚y–

ii) ~Ü˛!ê˛ !Ê ˛ç ÓyˆÏ: 2!ê˛ ò%ˆÏôÓ˚ ã˛Ü˛ˆÏ°ê˛ ~ÓÇ 4!ê˛ Ü˛yˆÏ°y ã˛Ü˛ˆÏ°ê˛ xyˆÏSÈ– ò%!ê˛ ã˛Ü˛ˆÏ°ê˛ •zFSÈyÙï˛ ˆï˛y°y •°–
ò%ˆÏôÓ˚ ã˛Ü˛ˆÏ°ˆÏê˛Ó˚ §ÇáƒyÓ˚ §Ω˛yÓly !lˆÏÓ¢l!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y– §Ó≈y!ôÜ˛ §Ω˛Óï˛ Ê˛°yÊ˛° ˆÜ˛yl‰!ê˛⁄

iii) E G F âê˛lymÎ˚ ~Ó˚*˛õ ̂ Î P(E) = 0.8, P(F) = 0.7, P(E3F) = 0.6– P E F|( ) ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

iv) ~Ü˛!ê˛ Ü˛yˆÏ°y G ~Ü˛!ê˛ °y° Ó˚ˆÏ.Ó˚ SÈE˛y ~Ü˛§yˆÏÌ ã˛y°y •°– ˆÎyàÊ˛° 8 •GÎ˚yÓ˚ ¢ï≈˛yô#l §Ω˛yÓl !lî≈Î˚
Ü˛ˆÏÓ˚yñ Î!ò ~!ê˛ ˆòGÎ˚y ÌyˆÏÜ˛ ˆÎ °y° Ó˚ˆÏ.Ó˚ SÈE˛yÎ˚ ≤ÃyÆ Ê˛°yÊ˛°!ê˛ 4 ˆÌˆÏÜ˛ ˆSÈyˆÏê˛y §Çáƒy–

v) Î!ò A G B âê˛lymÎ˚ fl∫yô#l •Î˚ ï˛y•ˆÏ° ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎ A G BÈüÈ~Ó˚ ÙˆÏôƒ Ü˛Ù˛õˆÏ«˛ ~Ü˛!ê˛ âê˛ly âê˛yÓ˚

§Ω˛yÓly •ˆÏÓ 1− ′( ) ′( )P A P B. –

vi) Î!ò A G B âê˛lymÎ˚ ~Ó˚*˛õ ˆÎ P(A) ≠ 0 ~ÓÇ P B
A( ) = 1, ï˛ˆÏÓ ˆòáyG ˆÎ A⊂B–

vii) ò%!ê˛ âê˛ly A G B ≤Ãò_ ˆÎáyˆÏl P(A)=0.3 ~ÓÇ P(B)=0.6– P A B′ ′( ) ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

viii) Î!ò P(A lÎ˚) = 0.7,  P(B) = 0.7  ~ÓÇ P B
A( ) = 0 5.  •Î˚, ï˛ˆÏÓ P A

B( )  ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

ix) ôÓ˚y ÎyÜ‰˛ñ 100 çl ˛õ%Ó˚&ˆÏ£ÏÓ˚ ÙˆÏôƒ 5 çl ~ÓÇ 1000 çl Ù!•°yÓ˚ ÙˆÏôƒ 25 çl Ë˛yˆÏ°y Ó_´y– Î!ò ˛õ%Ó˚&£Ï G
Ù!•°y §Ùyl §ÇáƒÜ˛ ÌyˆÏÜ˛ ï˛y•ˆÏ° ~Ü˛çl Ë˛yˆÏ°y Ó_´y ˛õSÈ® Ü˛Ó˚yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ˆÏÓ˚y–

x) A G B âê˛lymÎ˚ ~Ó˚*˛õ ˆÎ A⊂B ~ÓÇ P(B) ≠ 0– ï˛y•ˆÏ° ≤ÃÙyî Ü˛ˆÏÓ˚y ˆÎ P A
B

P A( ) ≥ ( ) –

xi) ≤ÃÌÙ 50 !ê˛ fl∫yË˛y!ÓÜ˛ §Çáƒy ˆÌˆÏÜ˛ í˛zˆÏj¢ƒ•#lË˛yˆÏÓ 3!ê˛ !Ë˛ß¨ §Çáƒy !lÓ≈yã˛l Ü˛Ó˚y •°– !ï˛l!ê˛ §ÇáƒyÓ˚

3
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§Ó=ˆÏ°y 2 ~ÓÇ 3 myÓ˚y !ÓË˛yçƒ •GÎ˚yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ˆÏÓ˚y–

xii) 80% ̂ «˛ˆÏe A §ï˛ƒ Ü˛Ìy ÓˆÏ° ~ÓÇ 90% ̂ «˛ˆÏe B §ï˛ƒ Ü˛Ìy ÓˆÏ°– Ü˛ï˛ ¢ï˛yÇ¢ ̂ «˛ˆÏe ï˛yÓ˚y ~Ü˛•z âê˛lyÓ˚
˛õ!Ó˚ˆÏ≤Ã!«˛ˆÏï˛ ~ˆÏÜ˛ x˛õˆÏÓ˚Ó˚ §yˆÏÌ ~Ü˛Ùï˛ •ˆÏï˛ ˛õyˆÏÓ˚⁄

xiii) Î!ò P A P B( ) , ( )= =
3

10

2

5
 ~ÓÇ P A B( ) =

3

5
•Î˚ñ ï˛ˆÏÓ P B

A
P A

B( ) + ( ) ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

xiv) ôÓ˚y ÎyÜ‰˛ñ P A P B( ) , ( )= =
7

13

9

13
 ~ÓÇ P A B( ) =

4

13
– ï˛y•ˆÏ° P A

B
′( ) ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

xv) ˛õÓ˚flõÓ˚ !Ó!FSÈß¨ ò%!ê˛ âê˛ly A G B ≤Ãò_– P A
B( ) ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

xvi) P A P B( ) , ( )= =
2

5

3

10
 ~ÓÇ P A B( ) =

1

5
 •ˆÏ° P A

B
P B

A
′

′( ) ′
′( ) ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

xvii) ~Ü˛!ê˛ ÓƒyˆÏà 2!ê˛ °y° ~ÓÇ 5!ê˛ Ü˛yˆÏ°y Ó˚ˆÏ.Ó˚ Ó° xyˆÏSÈ– Óƒyà ˆÌˆÏÜ˛ !ï˛l!ê˛ Ó° í˛zˆÏj¢ƒ•#lË˛yˆÏÓ ˆï˛y°y
•°– Î!ò §Ω˛yÓl◊Î˚# ã˛°Ü˛ X °y° Ó° ˆï˛y°yÓ˚ §Çáƒy ≤ÃÜ˛y¢ Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ XÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

à˛ÈüüüÈ!ÓË˛yà

ò#â≈ í˛z_Ó˚ôÙ#≈ ≤ÃŸ¿Ó°# ≠ [ ≤Ã!ï˛!ê˛ ≤ÃˆÏŸ¿Ó˚ Ùyl 4 xÌÓy 6 l¡∫Ó˚ ]

i) ~Ü˛!ê˛ ÓƒyˆÏà 5!ê˛ §yòy ~ÓÇ 4!ê˛ °y° Ó˚ˆÏ.Ó˚ Ó° xyˆÏSÈ– Óƒyà ˆÌˆÏÜ˛ ≤Ã!ï˛fliy˛õl Ü˛ˆÏÓ˚ ~ˆÏÜ˛Ó˚ ˛õÓ˚ ~Ü˛ !ï˛l!ê˛ Ó°
ˆï˛y°y •°– °y° Ó˚ˆÏ.Ó˚ Ó° ˆï˛y°yÓ˚ §ÇáƒyÓ˚ §Ω˛yÓly !lˆÏÓ¢l!ê˛ !lî≈Î˚ Ü˛ˆÏÓ˚y–

ii) A, B G C ~Ó˚ °ˆÏ«˛ƒ xyâyï˛ Ü˛Ó˚yÓ˚ §Ω˛yÓly ÎÌye´ˆÏÙ 1
3

,
2
7

 ~ÓÇ 3
8

– Î!ò !ï˛lçl•z ~Ü˛§yˆÏÌ °ˆÏ«˛ƒ xyâyï˛

Ü˛Ó˚yÓ˚ ˆã˛‹Ty Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ ï˛yˆÏòÓ˚ ÙˆÏôƒ !ë˛Ü˛ ~Ü˛çl °ˆÏ«˛ƒ xyâyï˛ Ü˛Ó˚ˆÏÓ ~Ó˚ §Ω˛yÓly !lî≈Î˚ Ü˛ˆÏÓ˚y–

iii) ò%çl ˆáˆÏ°yÎ˚yí˛¸ A G B ò%!ê˛ ˆVÑ˛yÜ˛¢)lƒ SÈE˛yˆÏÜ˛ ~Ü˛çˆÏlÓ˚ ˛õÓ˚ x˛õÓ˚çl ~•zË˛yˆÏÓ !lˆÏ«˛˛õ Ü˛ˆÏÓ˚ñ ˆÎ xyˆÏà 9
ˆÊ˛°ˆÏÓ ˆ§ !çˆÏï˛ ÎyˆÏÓ– Î!ò A ˆá°y ÷Ó˚& Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ BÈüÈ~Ó˚ ˆçï˛yÓ˚ §Ω˛yÓly Ü˛ï˛⁄

iv) ~Ü˛çl fl∫yÙ# G ~Ü˛çl flf# ~Ü˛•z ˆ˛õyˆÏfiê˛ §y«˛yÍÜ˛yˆÏÓ˚Ó˚ çlƒ í˛z˛õ!fliï˛ •ˆÏÎ˚ˆÏSÈ– fl∫yÙ#Ó˚ !lÓ≈y!ã˛ï˛ •GÎ˚yÓ˚ §Ω˛yÓly
1
7

 ~ÓÇ flf#Ó˚ !lÓ≈y!ã˛ï˛ •GÎ˚yÓ˚ §Ω˛yÓly 1
5

– ï˛y•ˆÏ°

(a) ï˛yˆÏòÓ˚ ÙˆÏôƒ ÷ô%Ùye ~Ü˛çl !lÓ≈y!ã˛ï˛ •GÎ˚yÓ˚ §Ω˛yÓly Ü˛ï˛⁄

(b) Ü˛Ù˛õˆÏ«˛ ~Ü˛çl !lÓ≈y!ã˛ï˛ •GÎ˚yÓ˚ §Ω˛yÓly Ü˛ï˛⁄

v) Óƒyà IÈüÈ~ 4!ê˛ §yòy ~ÓÇ 2!ê˛ Ü˛yˆÏ°yñ ÓƒyàÈ IIÈüÈ~ 4!ê˛ Ü˛yˆÏ°y ~ÓÇ 3!ê˛ §yòy Ó˚ˆÏ.Ó˚ Ó° xyˆÏSÈ– ~Ü˛!ê˛ SÈE˛y ~Ü˛ÓyÓ˚
ã˛y°y •°– Î!ò SÈE˛yˆÏï˛ ≤ÃyÆ Ê˛°yÊ˛° 3ÈüÈ~Ó˚ =!îï˛Ü˛ •Î˚ ï˛y•ˆÏ° Óƒyà II !lÓ≈yã˛l Ü˛Ó˚y •ˆÏÓ xlƒÌyÎ˚ Óƒyà I
!lÓ≈yã˛l Ü˛Ó˚y •ˆÏÓ ~ÓÇ !lÓ≈y!ã˛ï˛ Óƒyà ˆÌˆÏÜ˛ ~Ü˛!ê˛ Ó° ˆï˛y°y •ˆÏÓ– ˆï˛y°y Ó°!ê˛ §yòy Ó˚ˆÏ.Ó˚ •GÎ˚yÓ˚ §Ω˛yÓly
!lÙ≈Î˚ Ü˛ˆÏÓ˚y–

vi) ôÓ˚y ÎyÜ‰˛ ˆÜ˛yˆÏly ˛õÓ˚#«˛yÎ˚ 6 ÓyÓ˚ ≤ÃˆÏã˛‹TyÓ˚ çlƒ !m˛õò ã˛°Ü˛ x !lˆÏ¡¨Ó˚ §¡õÜ≈˛!ê˛ !§k˛ Ü˛ˆÏÓ˚ ≠

9P(x = 4) = P(x = 2)– ï˛y•ˆÏ° P(x = 3)ÈüÈ~Ó˚ Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

3

3

3
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vii) 20 çl ôl# Óƒ!_´Ó˚ ~Ü˛!ê˛ ò° xyˆÏSÈñ ï˛yˆÏòÓ˚ ÙˆÏôƒ 5 çl àÓ˚#Ó Ùyl%£ÏˆÏòÓ˚ §y•yÎƒ Ü˛ˆÏÓ˚– ~ˆÏòÓ˚ ÙˆÏôƒ !ï˛lçl Óƒ!_´
í˛zˆÏj¢ƒ•#lË˛yˆÏÓ !lÓ≈yã˛l Ü˛Ó˚y •°– !lÓ≈y!ã˛ï˛ Óƒ!_´ˆÏòÓ˚ ÙˆÏôƒ ÎyÓ˚y àÓ˚#ˆÏÓÓ˚ §y•yÎƒ Ü˛ˆÏÓ˚ ï˛yˆÏòÓ˚ §Ω˛yÓly !lˆÏÓ¢l!ê˛
!°á– ~SÈyÈí˛¸yñ !lˆÏÓ¢l!ê˛Ó˚ àí˛¸Ùyl !lî≈Î˚ Ü˛ˆÏÓ˚y–

viii) ~Ü˛!ê˛ Ù%oy ~Ü˛ÓyÓ˚ !lˆÏ«˛˛õ Ü˛Ó˚y •°– Î!ò ~!ê˛ˆÏï˛ ˆ•í˛ GˆÏë˛ ï˛ˆÏÓ ~!ê˛ˆÏÜ˛ ˛õ%lÓ˚yÎ˚ !lˆÏ«˛˛õ Ü˛ˆÏÓ˚y– !Ü˛v Î!ò ~!ê˛ˆÏï˛
ˆê˛° GˆÏë˛ ï˛ˆÏÓ ~Ü˛!ê˛ °%ˆÏí˛yÓ˚ SÈE˛y !lˆÏ«˛˛õ Ü˛ˆÏÓ˚y– Î!ò §ÙhflÏ §Ω˛yÓƒ Ê˛°yÊ˛°=ˆÏ°y §Ù§Ω˛Ó âê˛ly •Î˚ñ ï˛y•ˆÏ°
°%ˆÏí˛yÓ˚ SÈE˛y!ê˛ˆÏï˛ 4 xˆÏ˛õ«˛y Ó,•_Ù §Çáƒy GˆÏë˛ñ ~•z âê˛ly!ê˛Ó˚ ¢ï≈˛yô#l §Ω˛yÓly !lî≈Î˚ Ü˛ˆÏÓ˚y Î!ò Ù%oyÓ˚ ≤ÃÌÙ
!lˆÏ«˛ˆÏ˛õ ˆê˛° GˆÏë˛ ~•z âê˛ly!ê˛ çyly ÌyˆÏÜ˛–

ix) !ï˛l!ê˛ Ù%oy xyˆÏSÈ ÎyÓ˚ ÙˆÏôƒ ~Ü˛!ê˛ ˛õ«˛˛õyï˛¢)lƒ ~ÓÇ ò%!ê˛ ˛õ«˛˛õyï˛ò%‹T– ˛õ«˛˛õyï˛¢)lƒ Ù%oyÎ˚ ˆ•í˛ Gë˛yÓ˚ §Ω˛yÓly 1
2

~ÓÇ ò%!ê˛ ˛õ«˛˛õyï˛ò%‹T Ù%oyÎ˚ ˆ•í˛ Gë˛yÓ˚ §Ω˛yÓly 1
3

 ~ÓÇ 2
3

–  Ù%oy !ï˛l!ê˛Ó˚ ÙˆÏôƒ ˆÎ ˆÜ˛yˆÏly ~Ü˛!ê˛ Ù%oy ò%ÓyÓ˚ ê˛§

Ü˛Ó˚y •°– Î!ò í˛zË˛Î˚ ˆ«˛ˆÏe ˆ•í˛ GˆÏë˛ñ ï˛y•ˆÏ° ˛õ«˛˛õyï˛ò%‹T Ù%oyÎ˚ ˆ•í˛ Gë˛yÓ˚ §Ω˛yÓly 2
3

 •GÎ˚yÓ˚ §Ω˛yÓly Ü˛ï˛⁄

x) Î!ò A G BÈüÈ~Ó˚ ~Ü˛ ÓSÈˆÏÓ˚Ó˚ ÙˆÏôƒ ÙyÓ˚y ÎyGÎyÓ˚ §Ω˛yÓly ÎÌye´ˆÏÙ x G y •Î˚ñ ï˛y•ˆÏ° ÓSÈˆÏÓ˚Ó˚ ˆ¢ˆÏ£ÏÓ˚ !òˆÏÜ˛
ï˛yˆÏòÓ˚ ÙˆÏôƒ !ë˛Ü˛ ~Ü˛çl ç#!Óï˛ ÌyÜ˛yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ˆÏÓ˚y–

xi) ÎˆÏÌFSÈË˛yˆÏÓ !lÓ≈y!ã˛ï˛ ~Ü˛çl ˆË˛yê˛òyï˛yÓ˚ AÈüÈ˛õy!ê≈˛ˆÏÜ˛ ˆË˛yê˛ ˆòGÎ˚yÓ˚ §Ω˛yÓly 0.2 ~ÓÇ BÈüÈ˛õy!ê≈˛ˆÏÜ˛ ˆË˛yê˛ ˆòGÎ˚yÓ˚
§Ω˛yÓly 0.5ñ xlƒÌyÎ˚ ˆ§ !lò≈° ˛õy!ê≈˛ˆÏÜ˛ ˆË˛yê˛ ˆòˆÏÓ– ï˛y•ˆÏ° 6 çl ˆË˛yê˛òyï˛yÓ˚ ÙˆÏôƒ 3 çl xÌÓy ~Ó˚ x!ôÜ˛
BÈüÈ˛õy!ê≈˛ˆÏÜ˛ ˆË˛yê˛ ˆòGÎ˚yÓ˚ §Ω˛yÓly Ü˛ï˛⁄

xii) 75% ˆ«˛ˆÏe A §ï˛ƒ Ü˛Ìy ÓˆÏ° ~ÓÇ 80% ˆ«˛ˆÏe B §ï˛ƒ Ü˛Ìy ÓˆÏ°– 1000!ê˛ âê˛lyÓ˚ ÙˆÏôƒ Ü˛Î˚!ê˛ˆÏï˛ ï˛yˆÏòÓ˚
Ùï˛yÙï˛ ˛õÓ˚flõÓ˚ !ÓˆÏÓ˚yô# •ˆÏÓ ~Ùl xy¢y Ü˛Ó˚y ÎyÎ˚⁄

xiii) A ~ÓÇ B e´Ùyß∫ˆÏÎ˚ ~Ü˛çˆÏlÓ˚ ̨ õÓ˚ x˛õÓ˚çl ~Ü˛ˆÏçyí˛¸y SÈE˛y !lˆÏ«˛˛õ Ü˛ˆÏÓ˚– A !çï˛ˆÏÓ Î!ò ̂ § BÈüÈ~Ó˚ xyˆÏà 6 ̨õyÎ˚
~ÓÇ B !çï˛ˆÏÓ Î!ò ˆ§ AÈüÈ~Ó˚ 6 ˛õyGÎ˚yÓ˚ xyˆÏà 7 ˛õyÎ˚– Î!ò A ˆá°y!ê˛ ÷Ó˚& Ü˛ˆÏÓ˚ñ ï˛ˆÏÓ ˆòáyG ˆÎ AÈüÈ~Ó˚
xl%Ü)˛ˆÏ° §%ˆÏÎyà 30:31–

xiv) TATANAGAR xÌÓy CALCUTTA ¢ˆÏ∑Ó˚ x«˛Ó˚=!° ˆÌˆÏÜ˛ ~Ü˛!ê˛ x«˛Ó˚ !lˆÏï˛ •ˆÏÓ– áyˆÏÙ ÷ô%Ùye ˛õÓ˚˛õÓ˚
ò%!ê˛ x«˛Ó˚ TA ò,¢ƒÙyl xyˆÏSÈ– x˛õÓ˚!ê˛ (a) Calcutta, (b) Tatanagar ¢∑ ˆÌˆÏÜ˛ xy§ˆÏÓ ~Ó˚ §Ω˛yÓly Ü˛ï˛⁄

xv) ~Ü˛!ê˛ Üœ˛yˆÏ§ñ 5% Óy°Ü˛ ~ÓÇ 10% Óy!°Ü˛yÓ˚ Ó%k˛ƒB˛ åIQä150ÈüÈ~Ó˚ x!ôÜ˛– ~•z Üœ˛yˆÏ§ñ !¢«˛yÌ#≈ˆÏòÓ˚ 60% •°
Óy°Ü˛– í˛zˆÏj¢ƒ•#lË˛yˆÏÓ ~Ü˛çl !¢«˛yÌ#≈ ˛õSÈ® Ü˛ˆÏÓ˚ Î!ò ˆòáy ÎyÎ˚ ˆÎ !¢«˛yÌ#≈Ó˚ Ó%k˛ƒB˛ 150ÈüÈ~Ó˚ x!ôÜ˛ñ ï˛y•ˆÏ°
!¢«˛yÌ#≈!ê˛ ~Ü˛çl Óy°Ü˛ •GÎ˚yÓ˚ §Ω˛yÓly !lî≈Î˚ Ü˛ˆÏÓ˚y–
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í z̨_Ó̊Ùy°y

Ü Ę̀üüüÈ!ÓË˛yà

1) i) c ii) d iii) b iv) b v) c vi) c

vii) a viii) a ix) a x) b xi) b xii) a

xiii) c xiv) b xv) d xvi) a xvii) d xviii) d

xix) d xx) a xxi) b xxii) d xxiii) a xxiv) d

xxv) b xxvi) b xxvii) a xxviii) c xxix) d xxx) c

2) i) 
1

18
ii) 

1

2
iii) 

1

6
iv) 

11

26
v) ly vi) 

1

4

vii) 
1

132
viii) 

2

7
ix) P(A)+P(B)–2P(A3B) x) 

1

25
xi) 

3

7

xii) 1 xiii) 
1

4
xiv) K =

1

2
xv) 3.5 xvi) 

α

3
xvii) 

2

3

xviii) 
15

16
xix) 

1

5
xx) P x r c r

r

r r

( ) ; , , ,....,= =


















 =

−

100

100
1

5

4

5
0 1 2 100

áüüüÈ!ÓË˛yà

3) i) 
1

128
ii) §Ó≈y!ôÜ˛ §Ω˛Óï˛ Ê˛°yÊ˛° •° ≤Ã!ï˛!ê˛ ˆÌˆÏÜ˛ ~Ü˛!ê˛ Ü˛ˆÏÓ˚ ã˛Ü˛ˆÏ°ê˛ ˛õyGÎ˚y–

iii) 
1

3
iv) 

1

9
vii) 0.28 viii) 

3

14
ix) 

3

80
xi) 

1

350

xii) 74% xiii) 
7

12
xiv) 

5

9
xv) 0 xvi) 

25

42

xvii)  0, 1, 2 ÈüÈ~•z Ùyl=!° x @˝Ã•î Ü˛ˆÏÓ˚–

àüüüÈ!ÓË˛yà

i) X 0 1 2 3

P(X)
125

729

300

729

240

729

64

729

ii) 
75

168
iii) 

8

17
iv) a) 

2

7
   b) 

11

35
v) 

37

63
vi) 540

1

4

6











vii) X 0 1 2 3

P(X)
91

228

105

228

30

228

2

228
,  àí˛¸Ùyl =

3

4

viii) 
1

3
ix) 

16

29
x) x+y–2xy xi) 

21

32
xii) 350

xiv) a) 
4

11
  b) 

7

11
xv) 

3

7
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