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CHAPTER- 1

RELATIONS AND FUNCTIONS

Important points and Results :

Relation :

Acrelation from a set A to a set B is a subset of AxB.

Total number of relations from a set consisting of p elements to a set consisting of g elements is 277,
Acrelation on a set A is a subset of AxA.

Acrelation R on a set A is said to be

0) reflexive, if (a,a)eR, forall ae A.

i)  symmetric, if (¢,b)eR = (b,a)eR foralla,be A

i) transitive, if (¢,b)eR and (b,c)eR = (a,c)eR, forall a,b,ceR
iv)  anti symmetric, if (¢,b)eR and (b,a)eR = a=b

v)  anequivalence relation, if it is reflexive, symmetric and transitive.

Some results :

0) The intersection of two equivalence relation on a set A is an equivalence relation on set A.

i)  Theunion of two equivalence relations on a set is not necessarily an equivalence relation on
the set.

i) Inverse of an equivalence relation is an equivalence relation.

iv)  Theidentity relation on a non-empty set is always equivalence relation.

v)  Theidentity relation on a non-empty set is always an anti symmetric relation.

vi)  Theuniversal relation on a non-empty set is always an equivalence relation.

vil) I X,Y, Z be three non-emtpy sets and R < XxY, S ¢ YxZ, then compositon of relation R
and S deonoted by SoR < XxZ.

viii) If R be arelation from a set of X toY and S be arelation fromY to Z then
(RoS) '=S"'oR!

ix)  Number of relations from a set A to A having n elements are equal to 2" = 2"

x)  LetAand B be two non-empty sets having n elements in common then the number of elements
common in (AxB) N (BxA) are = nxn=n>.

Function :

Let A and B be two non-empty sets. Then, a subset f of AxB is a function from A to B, if

1) for each a € A there exists beB such that (a,b)ef

1) (a,b)ef and (a,c)ef = b=c

Iffis a function from set A to set B, we write it as f: A—>B.

The set A is called the domain of fand the set B is known as its co-domain. The set of images of
elements of set A is known as the range of /-

If f: A—>B is a funciton, then x =y = f(x) =f(y) forall x, yeA.



Remark:

i
ii)
if)

We denote the function by £, g, A, ¢, v, C etc.
A function is also named as ‘mapping’.
A function is a particular type of relation.

Some special type of function :

i)

One-one function or injective function :
A mapping ffrom A to B is said to be one-one if every element in A there exists a unique
element in set B.

In other words, no element of B is the image of more than one element of A. i.e., image of
distinct elements of A are also distinct element in set B.

one-one Not one-one

Mathematically, a function /: A—B is a one-one or injective function if, f(x) =f(y) =>x =y
forallx, yeA.

OR
x =y = fix) #f(y), for all x, yeA.

Note : A function is one-one, if it is either strictly increasing or strictly decreasing.

Many-one function :

A function f: A—B is said to be many-one function if two or more elements of set A have the
same image in B.

Thus, f: A—B is amany-one function if there exist x,y € A such that x=y but f{x) = ().
In other words, /: A—B is a many-one function if it is not a one-one function.




iii)  Onto or surjective function :

A function /: A—B is said to be onto or surjective if f for each b€B, there exists a€ A such
that fla)=b.
In other words, a function /: A—B is surjective if range (f') = co-domain (f")

A

iv)  Into function :

A function /: A—B is an into function if there exists an element in B having no pre-image in A
1.e., Range (f') © co-domain (f').

In other words, /: A—B is an into function if it is not an onto function.

A B

v)  Bijective (one-one and onto) function :

A function /: A—B is bijective if it is one-one and onto.
In other words, a function /: A—B is bijective, if

a) flx)=fly) =>x =y vx,yeA
b) for all yeB, there exists xe A such that f{x)=y.

Note : If a function /: A—A is one-one then it is obviously onto.
Ifa function /: A—B is not an onto function, then f/: A—>f{A) is always an onto function.

Let A and B be two finite sets and /: A—B be a function.
1) Iffis injective, then n(A)<n(B)

i)  if fissurjective, then n(A)>n(B)

m)  If fisbijective, then n(A) = n(B)



If A and B are two non-empty finite sets such that n(A) = m and n(B) = n, then
1) number of functions from A to B =n"
"c,xml, i.e"P if n=2m

i)  number of one-one functions from Ato B= |
0, if n<m

i(—l)n_r e r", if m>n

i)  number of on to functions from A to B= {5
0, if m<n

nl,if m=n

iv)  number of one-one and onto functions from Ato B= )
0, if m#n

Composite function or function of a function :

Letf: A—>B and g : B—>C be two functions. Then, a function gof: A—C defined by (gof)(x) =
g(f (), forall xe A is called the composition of fand g.

Note : For the composition gof to exist, the range of f must be a subset of the domain of g.
Similarly, fog exist if range of g is a subset of domain of 1.

S g

>

J)

gof

>

g(x)

Jfog

Some results :

) fog#gof

M) (fog)oh = fo(gof)

i)  the composition of two bijections is a bijection.

v)  f:A—B.Then, fol, =l of=/.

v)  Letf:A—B, g:B—>Abe two functions such that gof=1,. Then fis an injection and g is a
surjection. In other words, if fog = I, then f'is a surjection and g is an injection.
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vi) Letf:A—B and g:B—C be two functions. Then,
a) gof: A—>Cisonto = g: B—>C is onto.
b) gof : A—>C is one-one = f: A—B is one-one.
¢) gof : A—>Cisontoand g : B—>C is one-one = f: A—B is onto.
d) gof : A—>Cisone-one and f: A—>B is onto = g : B—>C is one-one.

Inverse of a function :

Let /: A—>B be a bijection. Then a function g : B—A which associates each element yeB to a
unique element x€ A such that f{x)=y is called the inverse of /-

Le, f(x) =y <= gl)=x.

The inverse of fis generally denoted by /. Thus, if /> A—B isabijection, thenf"' : B—>A such that
o) =y < fly)=x

A B

Some results :

1) The inverse of a bijection is unique.

i)  Theinverse of a bijection is also a bijection.

i) Iff: A—>Bisabijectionand g: B—Ais the inverse of /; then fog =1, and gof =1,, where
I, and I, are the identity functions on the sets A and B respectively.

v) Iff: A>B and g : B—>C are two bijections, then gof : A—>C is a bijection and
(gof)'=f"og™.

v)  Letf: A—Band g: B—>Asuch that gof=1, and fog=1_. Then, fand g are bijections and
g=f".

vi)  Letf: A—B bean invertible function. Then (f )7I =f.

Binary operations :

Abinary operation on a set S is a function form SxSto Si.e., f: SxS — S. A binary operation * on
aset S associates any two elements a, b€S to a unique element a*beS.

A binary operation * on a set S is said to be

1) Commutative, ifa*b = b*a, V a, beS.

i)  Associative, if (a*b)xc = ax(bxc), Va,b,ceS.

i)  Distributive over a binary operation ‘o0’ on S, if ax(boc) = (a*b)o(ax*c) and,
(boc)xa = (bxa)o(c+*a), ¥ a,b,ceS.

11



Anelement e€S is said to be identity element for the binary operation *, ifaxe =a = ex*a, VaeS.
Let = be a binary operation on a set S and e€ S be the identity element. An element a €S is said to
be invertible, if there exists an element be S such that a+«b =e = b*a

Composition Table :

A binary operation on a finite set can be completely described by means of a table known as a
compositon table.

LetS={a,a, ....... , a } bea finite set and * be a binary operation of S. Then the compositon
table for * is given by
* a, a, a, | a,
a,*a, *a, aa; | a, xa
a,xa, *a, a,*a, | ... a,xa
n a *al n*az a *a3 ......... a *Cln

From the composition table we infer the following properties :
1) * 1s commulative if the compositon table is symmetric about the leading diagonal.

i)  Ifthe row headed by an element say e coincides with row at the top and the column headed
by e coincides with the coloumn on the extreme left, then e is the identity element.

i)  Ifeachrow, except the top-most row, or each column, except the left-most column, contains
the identity element. Then, every element of the set is invertible with respect to the given
binary operation.

2
Total number of binary operations on a set consisting 7 elements is 72" .

n(n—1)

Total number of commutative binary operations on a set consisting of n elements is 7 2

Addition modulo  :

Let n be a positive integer greater than 1 and a,b€Z , where Z ={0,1,2,......,(n-1) }. Then, we
define addition modulo ni.e, ¢ as follows —

a+ b=least non-negative remainder when a+b is divided by n.

Multiplication modulo 7 :
Let n be a positive integer greater than 1 and a,beZ , where Z ={0,1,2,....(n-1)}.

Then, we define multiplicationmoduloni.e. x as follows —

a x b= least non-negative remainder when ab is divided by .

12



Excercise-1

Section-A
OBJECTIVE TYPE QUESTIONS : [ Each question carries 1 or 2 marks |

1.  Multiple choice type questions :

)  RisarelationonthesetA= {1,2,34} givenby R={(1,2),(2,2),(1,1),(4,4),(1,3),(3,3),(3,2) }.
Then
a) Risreflexive and symmetric but not transitive.
b) Risreflexive and transitive but not symmetric.
¢) Ris symmetric and transitive but not reflexive.
d) Risan equivalence relation.

i)  Arelation y from C to R is defined by xyy <= |x| =y. Which one is correct ?

a)(2+3i))y 13 b)3 y (-3) c) (1+i)y2 d)iwyl
i)  Rbearelation over the set of all straight lines in a plane such that /| R/, </, L,. Then R is
a) symmetric b) reflexive c) transitive d) an equivalence relation
iv)  IfRisthe largest equivalence relation on a set A and S is any relation on A, then
a) RcS b) ScR c)R=S d) none of these.
v)  IfRisarelationonthesetA={1,2,3} givenby R={(1,1),(2,2),(3,3) }, then R is
a)reflexive b) symmetric c) transitive d) all the three options.
vi)  Therelation ‘R’ in NxN such that (a,b)R(c,d) <> a+d=b+cis
a) reflexive but not symmetric b) reflexive and transitive but not symmetric
¢) an equivalence relation d) none of these.
vii)  Which of the following is not an equivalence relationon Z ?
a) aRb < a+bis an even integer b) aRb < a—b is an even integer
¢) aRb < a<b d) aRb < a=b
vii)) S isarelation over the set R of all real numbers and it is given by (a,b) € S ab>0. Then, S
is
a) symmetric and transitive only b) reflexive and symmetric only
c¢) apartial order relation d) an equivalence relation
x) Risarelation on the set Z of integers and it is given by (x,y) eR<>|x—y|<1. Then, R is
a) reflexive and transitive b) reflexive and symmetric
¢) symmetric and transitive d) an equivalence relation
x) f:R—>Rgivenby x+ NIERS
a) injective b) surjective c) bijective d) none of'these.

xi)  The functionf: R—R defined by f(x)=2"+ oM is

a) one-one and onto b) many-one and onto
¢) one-one and into d) many-one and into
xil)  The function f: A—B defined by f{x)=-x*+6x—8 is a bijection, if
a) A=(—c0,3] and B =(—o0,1] b) A=[-3,e) and B =(—eo,1]

13



Xiv)

¢) A=(—o0,3] and B=[1,0) d) A=[3,)and B =[1,e)

Let f: R—>R be given by f(x) = [x]*+[x+1]-3, where [x] denotes the greatest integer less
than or equal to x. Then, f(x) is

a) many-one and onto b) many-one and into
c¢) one-one and into d) one-one and onto

A function ffrom the set of natural numbers to integers defined by

-1
n— , when n is odd
fn)=
n .
——, when nis even
a) neither one-one nor onto b) one-one but not onto
¢) onto but not one-one d) one-one and onto both

Let f{x)=x* and g(x)=2*. Then the solution set of the equatoin fog(x)=gof(x) is

a)R b) {0} ¢){0,2} d) none of these
The inverse of the function f: R—>{xeR :x<1} givenby f(x)= e =¢
e +e
1 1+ 1 2+ 1 1-
a) 5 log ﬁ b) 5 log rﬁ ¢) 5 log ﬁ d) none of these

1
Let f(x)=7——.Then {fo(fof )}(x)

a) x, VxeR b) x, wxeR—{1} c¢)x, wxeR—{0,1} d) none of these
Let f(x)= %,x #—1. Then, for what value of ais f(f(x))=x?

a) 2 b) —/2 )1 d)-1

Let f(x)=x° be a function with domain {0,1,2,3}. Then domain of /' is

a) {3210} b {0,-1,23} ¢){0,1,827} d) {0,-1,-8,27}
Ifg@j=zﬁ+x—2and-%gqﬂx)=2xl5x+2,&mnjtﬂisequdio

a) 2x-3 b) 2x+3 ¢) 2%+3x+1 d) 2 3x-1

If fix) =sin*xand g(f(x))=sinx
a) Vx—1 b) Vx c) Vx+1 d) —Vx
If f: R—>R is given by f{x)=x*+3, then f(x) is equal to

, then g(x) is equal to

) 5" =3 b) x"+3 0) (x-3)" d) x+3

If axb=a’+b?, then the value of (4x5)=3 is
a) (4*+52)+32  b) (4+5)*+32 c) 41%+32 d) (4+5+3)?

14



xxiv) Q" denote the set of all positive rational numbers. If the binary operation ® on Q" is defined

ab
asa®b= B then the inverse of 3 is

4
a)g

xxv) Let * be a binary operation defined on set Q—{ 1} by the rule a*b = a+b—ab. Then, the

b)2 c) % d) %

identity element for x* is

a—1 a
a)l b) - C) 1 d)o
xxvi) On Z an operation * is defined by axb = a>+b? for all a,b€Z. Then, the operation = on Z is
a) commutative and associative b) associative but not commutative
¢) not associative d) not a binary operation
b
xxvii) Let * be a binary operation on Q" defined by a*b = 1% for all a,b€Q". The inverse of
0.1is
a) 10° b) 10* c) 10° d) none of these

X X
xxviii) If G is the set of all matrices of the form { } , where xe R —{0}, then the identity
X X

element with respect to the multiplication of matrices as binary operation, is

1 1 1 1
11 2 2 2 2 -1 -1
Y L J R R B PR R
2 2 2 2
xxiX) The number of binary operations that can be defined on a set of 2 elements is
a)8 b) 4 c) 16 d) 64

xxx) LetA={ab,cde},B={pq},thenthe number of onto function from A to B are
a) 8 b) 6 ¢) 30 d) 32

Very short answer type questions :

1) Check whether the relation R defined on the set of real numbers such that R = {( a,b):a< b}
1S transitive or not.

1)  If /- A— Bisbijective function such thatn (A) =10, thenn(B) =?
i)  Check whether the function /: R—R defined as f{x) = x* is one-one or not.
iv)  How many reflexive relations are possible in set A whose n(A)=3 ?

v)  ArelationRonS={1,2,3} isdefinedas R={(1,1),(1,2),(2,2),(3,3) }. Which element(s) of
relation R be removed to make R an equivalence relation ?

15



A relation R in the set of real numbers defined as R = { (a,b):a = b} is a function or not.

Justify.

An equivalence relation R in X divides it into equivalence classes X , X, X,. What s the value
of X UX UX, and X NX,NX, ?

If f{x) = x+7 and g(x) = x—7, xeR, then find (fog)(x).

Is it true that every relation which is symmetric and transitive is also reflexive ? Give reasons.

Check whether the relation R defined on the set of real numbers such that R = { ( a, b) cash’ }
1S transitive or not.
Give an example of a function which is one-one but not onto.

Ifn(A) =5, then write the number of one-one function from A to A.

IfA={1,2,3} and B={a,b}. Write total number of functions from A to B.

Is the relation R in the set A= { 1,2,3,4,5} definedas R = {(a,b) b=a+ 1} reflexive ?

If n(A)=n(B)=3, then how many bijecitve functions from A to B can be formed ?
Section-B

Short answer type questions : [3 Marks for each question]

i

If f:{L3}>{125} and g:{1.2,5}—>{1234} be given by f={(12).(35)},
g ={(1.3).(2,3).(5,1}, write down gof:

2x—1
If /: R—>R defined by f(x) ==~

be an invertible function, write f!(x).

2

) , write (2x3)%4.

Let = be a binary operation defined on R, then if axb=

3
If f: R— A, given by f{x) = x?- 2x + 2 is onto function, then find the set A.
4x+3 2
n)= , X #—, -1
Iffm=c—, 3> then find f
If f: R—>R and g : R—R and defined by f{x) = 2x + x? and g (x) = x’. Than find fog.

2x
1+x
If * is a binary operation on N defined by axb=a+ab, Va,beN, write the identity element in
Nifitexists.
Iff: R—>R, given by f(x) =|x—1| is one-one ?
Given a relation R = {(7,8), (8,3)} on the set A= {3,7,8}. What is the least number of

ordered pairs which when added to R to make it an equivalence relation ? Give reason.
Find the domain of the function.

f(x)=log, (log5 (log3 (18x—x° —77)))

If f(x)zlog[t—i),showthat f( 2)sz(x).

Find the inverse of the function f (x) =log, (x +x+1 )

16



4]

Xv)

Let /: R>R, g : R—>R be two functions given by f(x) = 5x—4 and g(x)=x*+7 then
(fog)'(x) =7

Theset S = {1, 2,3 e ,1 2} is to be partitioned into three sets A,B,C of equal size. Thus
AUBUC =S, ANB =BNC = CNA= ¢. The number of ways to partition S =?

For real x, check whether the function f(x) =x*+5x+1 is bijective or not. Give reason.

Section-C

Long answer type questions : [ each questions carries 4 or 6 marks |

i)

Let N denote the set of all natural numbers and R be the relation on NxN defined by (a,b)R(c,d)
< ad(b+c) = bc(a+d). Check whether R is an equivalence relation on NxN or not added.
+1, if n is odd
Let/: N—N be defined by f(n) = {n lf " z‘s ¢ .
n—1, if nis even
Show that f is a bijection.

Show thatf: R—R, given by f{x) = x—[x], is neither one-one nor onto.

. x, if xe Q
Let A={xeR:0<x<1}.Iff: A>Ais defined by f(x)= ‘ , then prove
I-x,if xe¢ Q
that fof(x) = x, v xe€A.
If f :[—%,%J—)R and g:[-1,1]-R be defined as f{x) = tanx and g(x)=+1-x"

respectively. Describe fog and gof-
1

If f(x)= (a —x" ); , where >0 and neN. Show that f(f(x))=x.
If : Q—Q, g:Q—Q are two functions defined by f{x) = 2x and g(x) =x+2. Show that f

and g are bijective maps. Also, verify that (gof )™ = fog™'

Write the multiplication table for the set of integers modulo 5.

Construct the compostion table for +, on the set S ={0,1,2,3,4}

Let + (addition modulo 6) be a binary operation on S = {0,1,2,3,4,5}. Write the value of
2+ 471+ 37

Check the following functions for one-one and onto

2x-3
7

a)f:R-oR, f(x)= b) f: R—>R, f(x) = |x+1]

3x—1

X
x—2

¢)f:R—{2}->R, f(x)=

d) f: R—>[-1,1], f(x)=sin’

xi) f:R—R, g:R—R given by f(x) = [x], g(x) = |x| then find (fog){—%] and (gof)(—%].

xiti)

If = is a binary operation defined on R—{0 } defined by a*b = % , then check * for

commutativity and associativity.
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ANSWERS

Section-A
Al.l. )b 1)d li)a v)b v)d vi)c vii)c
viii)d ix)b  x)d Xi)c xii)a xiii) b xiv)d XV)cC
xvi)a xvii)c xviii)d Xix)c XX)a xx1) b Xxii)c
XXiii) ¢ XXiv)a xxv)d XXVi)C Xxvil)a XXVil)C  XXIX)C XXX)C
2. i)Ristransitive i) 10 ii1) f(x) is one-one iv) 26
v)(1,2) vi) Itis not a function as for a€ (—,0), a is not defined
vil) X UX,UX,=Xand X NX,NX,=¢ viii) x ix) No X) not transitive
xii) 120 Xiii) 8 xiv) No XV) 6
Section-B
_ S5x+1 ... 1369 .
3. D{(1,3),3.0)) i) £ (0 =2 i) = iv) A=[1,0)
o 3+4y ' - '
vf= m vi) 2x3 +x° vii) Does not exist
ix) f1s not one-one. since, f(3) =f(—1)=2 1 x)7 xi)x€(8,10)
-31\3 12!
xii) £ (x) = %(2)‘ —27)  xi) (X 53 IT W) Gy )isbiective
Section-C

4. 1)  Yes,Risanequivalencerelation v)fog:[-1,1]—>R is defined as fog(x)=tan v1— x>

gof": {—%,ﬁ} — Riis defined as gof(x) = \/1—tan? x

vi) | X, | 0 1 2 3 4
0 0 0 0 0 0
1 0 1 2 3 4
2 0 2 4 1 3
3 0 3 1 4 2
4 0 4 3 2 1

ix) +, 0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 0
2 2 3 4 0 1
3 3 4 0 1 2
4 4 0 1 2 3

x) 1

xi) (a) Bijective (b) Neither one-one nor onto (c) one-one, but not onto (d) Neither one-one nor onto

2 2
Xii) (fog) (_ 3 ] =0 and (gof) (— 3 ]: 1 xiii) Neither Commutative nor associative
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CHAPTER- 2
INVERSE TRIGONOMETRIC FUNCTION

Important points and Results :

d The functions sin'x, cos'x, tan"'x, cot'x, sec”'x and cosec 'x are called inverse trionometric

function.

. —_— 2 . —_ . .
° Note that sin™' x # and (Sln x ) #sin™> x_ Also sinx#(sinx) .

S1n x

° Table for domain, range and principal value (n€Z) of trigonometric inverse functions :

Function Domain Range Principal value
- /1 /1
sin"'x [-1,1] nn+(-1)"a o, where ey Sos >
cos'x [-1,1] 2nmto o, where 0<a<n
| /1 T
tan 'x (—a, a) nI+o o, where ey <o < >
cot'x (—o, a) nut+o o, where O<a<m
X T T
cosec 'x |x|>1 nn+(—1)"a o, where ey sas 5 o0
1 T
sec'x |x[=1 2nmto o, where 0<o<n, o # >

The value of an inverse trigonometric function which lies in the range of principal branch is called the
principal value of that inverse trigonometric function.

d The function sin'x is defined if —1<x<1; if a be the principal value of sin'x then —% <a< T .

2
The function cos'x is defined if —1<x<1; if o be the principal value of cosx then 0<a<r.

The function tan 'x is defined for any real value of x i.e. —oc<x<oc; if o be the principal value of

T T
tan 'xthen —— <o <—.
2 2

The function cos'x is defined when — oc< x <cc if o be the principal value of cos™'x then 0<oc<r.
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The function sec'x is defined when |x|>1; if o be the principal value of sec 'x then 0<o<w and

(01
o F—.
2

T T
The function cosec 'x is defined if [x|>1; if o be the principal value of cosec 'x then e fa< 5

and a=0.

Properties of inverse trigonometric functions :

) sin!(sinx)=x; sin(sin 'x) =x
cos'(cosx) =x ; cos(cos 'x) = x
tan'(tanx) =x ; tan(tan'x) =x
cosec'(cosecx) =x ; cosec(cosec'x) = x
sec!(secx) =x ; sec(sec'x) =x
cot!(cotx) =x ; cot(cot'x) =x

. P | 1 _ —1_.. -1 1 _ -1

iy sin'|— |=cosec'x; cos” | — |=sec x

X x
a1 -1 a1 - -1
tan | — |=cot” x,x>0; cosec | — |=sin x
X X
1 -1 -1 1 -1
sec” | — |=cos™ x; cot™' | — |=tan"" x
X X

i)  sin’'(—x)=-sin"'x; cosec'(—x) = —cosec'x
cos !(—x)=m —cos'x ; sec!(—x) = m—sec 'x
tan'(—x) =—tan 'x ; cot'(—x) = m—cot 'x

: . T

iv)  sin'xtcos'x = By

T
tan 'x+cot 'x = >

-1 -1 d
sec x+cosec x = 5

Xty

V) tan”' x+tan”' y=tan~ , 0 xy<l1
—Xy
_ - 9 X .
tan”' x—tan™' y=tan™’ y,zfxy>—1
+xy

-1 -1 4 xtYy
tan x—tan y =7 +tan
1—xy

} xy>1, x,y>0
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2 1-x° 2
vi)  sin™ (1 x2 ):cos' [1 x2 }: tan™" [1 x2 J: 2tan”" x
+Xx +Xx —-X

- x\/l y +y\/1 xz)
-

os ' x+cos y=cos” (xy—\/l—x2 J1-y° )
cos” x—cos™ y=cos (xy+\/1—x2 J1-y° )

Vi) sin”' x+sin”' y =sin

sin”' x—sin~' y=sin"'

_ _ _ G x+y+z—x
tan” x+tan” y+tan~ z=tan"'| 2<%
I-xy—yz—zx

Exercise-2
Section-A
OBJECTIVE TYPE QUESTIONS : [ 1 or 2 marks for each question |

Multiple choice type questions : Choose the correct option

3

1
1)  The principal value of cot™ [— J is

T T T

a) ¢ D )3 d) 7
2)  The value of cossin™ (? ] is

a) m—(—l)"% b) m+(—1)"§ ¢) m+(_1)"% d) nn

. 3).
3)  The general value of sin [g) 1s
5 4 5 4

a) 1 b) 35 c) ~2 d) ~3
4)  Thevalue of sin(sin_' %+sec_' 3)+ cos(tan_' %+ tan™' 2) is

a)-1 b) 0 o)1 d)2
5)  The general value of cot™ (—V/3) is

a) n7r+5?ﬂ b) nﬂ—% c) n7r+% d) nﬂ—%
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6) If 2tan"'x=sin 'k then the value of k is
1-x° 2x 2x 2x°
7)  State which of the statement is false ?

a) The formula sec'x+cosec™'x =% holds when |x| > 1

b) sin~' cos tan"' /3 represents an angle.

1
¢)If cos™ —= =6 , the the value of cosec™'\/5 will be [% -6 )

J5

1
NI

1 1
8)  State which of the following is the value of (cos" 5t 2sin™ 5 j ?

d) If sin 'x =0, then the value of cosec™' [ ] is also 0.

57 T 2r T
2 R )5 D3
1 1
9)  Ifsec'x=cosecy, state which of the following is the value of [cos" —+cos™ — ] ?
X y
2r 57 T
v R 96 V2

10) Ifsin” x—cos™ x= % , state which of the following is the value of x ?

1
a) 1 b)% Oy d)@

Very short answer type questions :
1)  Find the principal value of cos™ [— ? J
2)  Findtherange of general values of sec™ (—2).

Ng

3)  Find the value of cot™ (—L j+ tan™' (\/§ )
3

1
4)  Find the value of sec’ cot™ (— j+ tan” cosec”’ (\/5 )

1 2
5)  Find the value of cot (sin' —+sin”' == J

V5 V5
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|27

a5 _
—=tan —
3 11

6)  Show that cos™ g+cot

4r
7) Iftan'x+tan'y= S then find the value of cot™' x + cot™'y.

8)  If Cos (tan"x + cot'+/3) = 0, then find the value of x.

1 1
9)  Find the value of tan g(tan" x+tan”' —j x»>07?
X

4
10)  Find the value of tan cot™ [— 3 ]

11) If 3tan'x+cot'x =7 then find the value of x.

12) Find the domain of the functions cos'(2x—1).

Section-B

Short answer type questions : [3 marks for each question |

1)  Find the value of sin™ [cos (33?% ﬂ .

T
2)  Prove that Sin"'cos(sin"'x) + cox ! sin(cox'x) = Py

o1 1
3)  Show that 4(2tan '§+tan ];)=TC.

’ 2
4)  Show that L an x = cos™ /m
2 21+ x?

2
5)  Show that, 2tan™ I+ x —cos™ 1 x2 _T
1-x 1+x 2
1 2
6)  Provethat cos™ —=+cos™' ===
Js 52
7 P that sin™ §+ sin” ﬁ =sin™ ﬂ
) rove tha S 7 <5
8)  Prove that tan"' a+cot™' b=cot™' b-a
1+ab
9)  Solve:2sin'x=cosx.
10) Solve: 2tan™ 2x S = z
1—x 3
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Section-C

Long answer type questions : [4/6 marks for each question ]

. 1 1 -
1)  Findthevalueof tan™'| ——= |+cot™| —= |+tan™ [sin — }
[ V3 J [ﬁ J 2

2)  Find the value of tan™' [tan % )+ cos”’ [cos 13?% j

3)  Provethat cot[% —2cot™ 3j= 7

—4
4)  Show that 2tan™' (=3) = _g +tan™ [?j

2 2
5)  Provethat tan™ Vit +1-x :£+lcos" x’
Ji+x2 1= 22 2
6)  Provethat sin™ i+ sin”’ 3 sin”' —
17 5
7)  Show that sin™ i+cos*' 3 tan™’ 63
13 5 16
8)  Prove that tan™ D tan 2 ogin L
4 9 J5
9)  Solve:
sin”' x+sin” y= 2?” and cos” x—cos 'y =§
10) If tan'x+tan'y+tan'z= % and x+y+z= /3, then show thatx =y =1z.
4
11) If secO—cosecO = 3’ show that 9 = %sin' %

1 1
12) Prove that Ecos" [Mj= tan”' [5 tang)

5+3cosx
S1-x al=y . y—Xx
13) Provethat tan” ———tan~ —= =sin
1+x 1+y \/(1+x2)(1+y2)
14) If2co0s40 +9co0s20 — 7 =0, then show that, 8 =%cos' %

15) Solve: sin™ Lt sin
c

bx . _
— =sin~ x, where a*+ b*=c*and c# 0.
c
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ANSWERS

Section-A
a)  Multiple choice questions :
1)c 2)b 3)b 4)c 5)d 6)c
7d 8)c 9)d 10)d
b)  Very short answer type questions :
2
1) 22 2) 2n7ri?7r,wheren=0,il,i2 ......... 31 4)5
T 1 3
hadl =3 - _2 —
5)0 73 8) x =3 )7 10) -3 11) x=1

12) 0< x<1(ie. xe [0,1]).

Section-B
Short answer type questions :
T 1
D15 9 5 10) 2—/3
Section-C
Long answer type questions :
T _1 r
1) 12 2)0 9))6—2 15) 1
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CHAPTER- 3

MATRICES

Important points and Results :

A matrix is a rectangular array of numbers arranged in rows and columns. If m.n numbers are
arranged in rows and columns. If m.n numbers are arranged in a rectangular array of m rows and n
columns; it is called a matrix of order m by n (written as mxn) or a matrix of dimension mxn or
a matrix of types mxn. A matrix of order mxn is usually written as follows :

a,, a, Qe a,,
Ay, Gy, Gyyeenne. a,,
Ay Ay Gggeee... a,,

A Gy G a,, |

The numbers a, , a, etc. constitutting a matrix are called the elements or entries.

Three different symbols are commonly used to enclose the elements forming a matrix :

():L1:]1

Rectangular matrix :

If m.n numbers are arranged in a rectangular array of m rows and n columsn and if m#n, then array
is called a rectangular matrix of order mxn.

Example : )

1

3 4
56
Square matrix :

An array of m?> numbers arranged in the form of a square in m rows and m columns is called a square
matrix of order mxn.

Example :
P 1 4 7
1 3
12 5 8
2 4
3 6 9

Row matrix and column matrix :
A matrix having only one row is called a row matrix or row vector. Example : [1 2 3]

A matrix containing only one column is called a column matrix or column vector.
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Example : T

2
3

Null or zero matrix :

If all the elements of a matrix are zero, the matrix is called a null matrix or zero, the matrix is called
anull matrix or zero matrix and is denoted by 0.

ufs )

Diagonal matrix, scalar matrix :

Example :

S O O
S O O
S O O

Ifthe elements in the leading diagonal of a square matrix are non-zero and all the rest elements are
zero, the matrix is called a diagonal matrix.

And if the elements in the leading diagonal of a diagonal matrix are same quantities, the matrix is
called a scalar matrix.

Identity or unit matrix :

If the elements in the leading diagonal of a square matrix are all unity (i.e. one) and all the rest
elements are zero, the matrix is called an identity matrix or unit matrix and is usually denoted by the
letter I.

Equality of matrices :
Two matrices are said to be equal if and only if they are of the same order and their elements in the
corresponding positions are equal. The equality of two matrices A and B is denoted by A=B.

Transpose of a matrix :
Let A be a matrix of order mxn; then the matrix of order mxn obtained by interchanging the rows

and columns of A is called the transpose of the matrix A and is donoted by A’ or A™.

Symmetric and Skew-symmetric matrices :
A square matrix A is said to be symetric if AT=A; the matrix A is said to be skew-symmetric of
T=—A where A" is the transpose of A.

Scalar multiplication of matrix :
The product of a matrix A and a scalar K is the matrix whose elements are obtained y multiplying
each elements of A by the scalar K and is denoted by KA.

Addition and Substraction of two matrices :

Addition and Substraction of two matrices A and B are defined if and only if they are of
the same order. The difference of A and B is defined as the addtion of negatives of B and A i.e.
A-B=A+(-B)=A+(-1)B.

IfA, B and C are three matrices of the same order then
1) A+B=B+A

i) (A+B)+C=A+B+C)
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i) K(A+B)=KA+KB, where K is a scalar

v) A+0=0+A=A

v)  A+(—A)=(-A)+A =0 where 0 is the null matrix.
vi) IfA+C=B+C, then A=B.

Multiplication of matrices :

The product AB of two matrices A and B is defined if the numbers of columns in A is equal to the
number of rows in B. If A= [al.],]mxp and B=[bij]pxn martices, then the product matrix AB is order
mxn.

If A, B and C are three matrices, then

1) In general, AB#=BA i.e. multiplicatin of matrices, in general; is not commutative.
1)  (AB)C=A(BC) provided the products involved are defined.

i)  A(B+C)=AB+AC provided the sums and products involved are defined.

iv)  CA=CB does not necessarily imply A=B.

v)  A.0O=0.A=0,where O is the null matrix.

vi)  AJI=LA.=A, wherelis the unit matrix.

vii)  A#0O,B =0 canimply AB = O, where O is the null matrix.

A square matrix of order n is said to be orthogonal if A. AT=AT. A=1.

If AT and B" are transpose of the matrices A and B respectively, then
D (a7) =a
i) (A+tB)"'=A™+B"

iy (A-B)'=A™_B'
i) (AB)'=BT.AT

A square matrix A can be expressed as the sum of symmetric and a skew-symmetric matrices. That

is A=%(A+ AT)+%(A—AT) where %(A+AT) is symmetric matrix and %(A—AT) is skew

symmetric matrix.

Singular and non-singular matrices :

The determinant formed by the elements of a same matrix A is called the determinant of the matrix A
and is denoted by |A| or detA. If det A= 0; the matrix A is called singular and if det A # 0, the matrix
Ais called non-singular.

Adjoint or adjubate matrix :
The adjoint matrix of a given square matrix A is the transpose of the matrix whose elements are the
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cofactors of the elements in |A| and and is denoted by adjA. To find the adjoint matrix of a square
matrix A, the co-factors of the elements of successive rows of |A| are written in the corresponding
columns.

djA
If A be a non-singular matrix (i.e. |A|#0), then the matrix % is called the reciprocal matrix of A.

Inverse of a matrix :

If A and B are two square matrices of the same order such that AB = BA =1; where | is the unit
matrix of the same order as A or B, then either B is called the inverse of the matrix A and is denoted
by B=A"orA s called the inverse of the matrix B and is denoted by A=B"".

adjA
Al

The inverse of a square matrix A exist of |A|#0i.e. if A is non-singular then, A™ =

Properties of Inverse matrix :
1) The inverse of a given square matrix, if it exists, is unique.

i)  Theinverse of the inverse of a matrix is the matrix itself. i.e. for the square matrix A, we have
(A )7] = A when A exists (i.e. when A is invertible).

i)  The transpose of the inverse is equal to the inverse of the transpose of the given matrix 1.e. for
the matrix A, (Af1 )T = (AT )71 )

iv)  IfAand B are two non-singular square matrices and A™' and B™ are then respective inverses,
then (AB)'=B'A"".
If B is the inverse matrix of A, then A and B both are inverse matrix.

The inverse of a matrix A and the reciprocal matrix of A are equal to each other.

The unit matrix is the inverse of itself, i.e. I'=1.
The zero matrix has no inverse.

Elementary Operation (Transformation) of a matrix :

The following tree types of transformation applied on the rows (or columns) of a matrix are known
as elementary transormations.

1) Interchange of any two rows (or columns). The interchange of i-th row (or column) with j-th
row (or column) of a matrix is denoted by Rl.<—>Rj (or C,‘—)Cj)-

i)  Multiplication of the elements of any row (or column) of a matrix by a non-zero scalar. The
multiplication of each element of the i-th row (or column) of a matrix by a non-zero scalar K
is denoted by R KR (or Cj.—)KCl.)

i)  Tomultiply each element of a row (or column) of a given matrix by a non-zero scalar and to
add them to the corresponding elements of any other row (or column). Thus R—>R+KR, (Or
C—~>C+KC)
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Exercise-3

Section-A

OBJECTIVE TYPE QUESTIONS : [ I or 2 marks for each question |

1

Multiple choice type questions :

i)  If AB=Aand BA=B, then B?is equal to
a)B b)A ¢)-B d) B3

i)  IfAis3x4 matrix and B is a matrix such that A'B and B'A are both defined; then B is of the
type

a) 4x4 b) 3x4 c) 4x3 d) 3x3
m IfA= [ 3 -l } 1s a symmetric matrix, then the value of x is
2x+3 x+2
a)4 b) 3 c)—4 d)-3
v) If A=[ai],]2X2, where a;=itj; then A is equal to
2 [1 1} b [1 2} 9 [1 2} 8 [2 3}
2 2 1 2 3 4 3 4
v If A= [a b} than adj (adjA) =
c d
a)A b) I c)A? b) A
vi)  Suppose A is a 4x4 matrix such than |A|=4 and |adjA|=8K, then value of K will be
a)5s b) 8 c)3 d)2
vii)  If Abe a proper orthogonal matrix, then —
a)|A|=0 b)|A|=1 c)|A|I=2 d) |A|=3
viii) IfAis an invertible matrix of order 3 and |A| =5, then the value of |adjA| is equal to —
a) 20 b) 21 c)24 d) 25
ix) IfAisanon-singular matrix of order 3 and x is a real number such than det(xA)=|x|det(A)
then the value of x is —
a)0Oorl b) 0 or—1 c)lor—1 d) 0 or £1

a
x)  Thenecessary and sufficient conditon that any matrix A = [ } of order 2x2 has an inverse

c
1s—
a) ab—cd =0 b) ad—bc # 0 ¢) ac—bd # 0 d) ad+bc # 0
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2]

3

Very short answer type questions :

i)

ix)

X)

-2 2 1]
IfA=]| 0 4 5/],doesA!exist?
-2 6 6]
1[1 1] .
Show that, A= ﬁ {1 is a proper orthogonal matrix. Hence find A"

31 .
If A= [0 2) show that (AT) = (A’l )T . where AT is the transpose of A.

2
Show that the matrix A = L’ 4 } satisfies the equation x>~6x+17=0. Hence find A"".

22 13
If A= [17 g ]; then find B=A+AT and show that B™=B.

If A be a 2x2 matrix such that A>’=A, then show that (I-A)?*=1-A, where I is the unit matrix
of order 2x2.
If for amatrix A, A=A"'; then show that A(A3+I)=A+L. (I is the unit matrix)

1 o 3

If P=1 3 3|istheadjointof3x3 matrix A and |A|=4, then find the value of a.
2 4 4
S5a - )

If A= [ 3 9 } and A adjA=AAT, then find the value of 5a+b.

Write 2x2 matrix which is both symmetric and skew-symmetric.

Section-B

Short answer type questions : [3 marks for each question |

cosa  sinQ

: } , then find o satisfying 0 < & < % when A+ A" =+/21I, ; where AT
—sina cos« 2

IfA=[

is transpose of A.
If A is a square matrix such that A%=I, then find the simplified value of (A—I)*+(A+I)*-7A.

P 2
IfA=[2 P} and ‘A3‘ =125 ; then find the value of P.

If Ais a 3x3 non-singular matrix such that AA™=ATA and B=A"'AT; then find BB".

2 -1
If A= [ | o ] and A’—4A + 31=0, where I is the unit matrix of order 2 then find A,

-3 5
Find the inverse of the given matrix by unsing elementary column operations : [ 4 5}
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45
vii) 1fA=[2 | |show that, 64 1+51=A

5
ix) IfAB=BA forany two square matrices, then prove by mathematical induction that (AB)'=A"B".

2 q_
x) If A:{ .
o I

31
vii) If A= [7 and A?=—xI+yA, find x and y where I is unit matrix of order 2.

[ l
Section-C

and A® =[x y(]j ,then find x —y.

Long answer type questions : [4/6 marks for each question |

i)

1 3 2
IfA'=|-3 -3 —1|,findA"!
2 1 0
1 2 2
If A= % 2 1 -2/|,findAAT; hence find A"
-2 2 -1

Express the following matrix as a sum of a symmetric and a skew symmetric matrices and verify

3 -2 —4
yourresult: | 3 -2 —5
-1 1 2

cosa¢ —sina 0
If A=|sina cosa 0|, find adjA and verify that A(adjA) = (adjA)A=|A[=L,.

0 0 1
1 00 1 0
Let A={2 1 0 |.IfU and U, are column matrices such that AU, =| 0 |and AU, =|1 |;
3 21 0 0
then find U +U.,.
£ 4 11
Ifp=| > 2| A= [ } and Q = PAP7, then find PTQ*'°P.
) B 0 1
2 2

Show that the matrix A =

[\OT O R
(O V)

2
2 | satisfies the equation A>~4A~51.=0 and hence find A",
1
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3 .
a) Ifthematrix A=|y 7 -2| isasymmetric matrix, find the values ofx, y and z.
Sz 4]
[0 2 x]
b) Ifthematrix A=|y 0 z| isaskew-symmetric matrix, find the values ofx, y and z.
6 -5 0

1 0 0 1
If A= [O 1} and B = [ . 0} , show that (¢A+bB)(aA—bB) = (a’*+b*)A.

cost sint

The matrix R(7) is given by R(¢) = [ )
—sint cost

] . Show that R(s).R())=R(s+).

cosx sinx

10
Given that A = [ } and A(adjA)=K [0 1} , find the value of K.

—sinx cosx
1 3 =2
Using elementary transformations, find the inverse of the matrix: | =3 0 -1
2 1 0
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D

2)

3)

4)

ANSWERS

Section-A
a )b li)c v)d v)a vi)b
vii)b viii)d ix)a x)b
1)yes 1) = Al 1v) 713 2
YB=A+A" 4430 i1) 11 ix) 5 ) 00
\" = = Vi) A= X X
30 16 0 0
Section-B
i) o= % whichis satisfying 0 <. < i A iif) +3 iv) BB™=I
) 1(5 =5 i) x=8, y=8
1) — 1) Xx=8, y=
Wsla 3] VST
Section-C
b2 : 1 2015
ii) A" Lo 2 v)U+U, =| -1 vi)
3 0 1
2 =2 -1 1
-3 2 2
vi)=| 2 -3 2
2 2 3

1 -2 -3
xi)| 2 4 7T
-3 5 9
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CHAPTER- 4

DETERMINANTS

Important points and Results :

If Az[aij] 1s a square matrix of order nxn, then the determinant associated with matrix A is an
expression which is denoted by |A| or det A or, |aij| (=1,23......... n;j=1,2,3,.....n).

a, G, Gy e a,
A, Ay py e, a
. 21 22 23 2
ie. |Al= ‘a“‘ = "
ij
a, a, Qs .. a,

Hence |A| = |a,| is a determinant with n rows an n columns and is known as a determinant of
order . ‘

Expansion of a 2nd order determinant :

a, bl

o b (Product of the elements along the leading diagonal) — (the product of the elements
2 2

along the secondary diagonal)=a b,—a b,

Expansion of a 3rd order determinant :

a bl G

D. = b _ b, Gl %R G
b =Gy O3 G =4 |

b, ¢ a; G

a, b, ¢

[expanding by the 1strow].
Determinant of a matrix A=la],, is given by |al.j|=al./,

Minors :

Minor of an element a, of a determinant is the determinant obtained by deleting its i row and ;™
column in which element a, lies. Minor of an element a; is denoted by M.

Minor of an element of a determinant of order n(n > 2) is a determinant of order n—1.

Cofactors :
Cofactor of an element a denoted by A, is defined by Al./,=(—1 )"*J'Ml.j, where M, is minor of a.
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IfA ,B,, C, etc. are the respective cofactos of the elements a , b, ¢, etc. in D, then

0 wheni#j
aA +bB +cC, = o
! ! " |D, wheni=j
and aIAI + aZA2 + a5A3 - bIBI + bZB2 + bSB3 - CICI + C2C2 + c3C3 - D2
anda B, +aB,+aB,=aC, +aC,+aC,=0etc.

Properties of a determinant :
For any square matrix A, the |A| satisfy following properties :

Al= '=transpose of A.

If we interchange any two rows (or columns) then sign of determinant changes.
Ifany two rows or any two columns are identical or proportional, then value of determinant is zero.

If we multiply each element of a row or a column of a determinant by constant K, then value of
determinant is multiplied by K.

Multiplying a determinant by K means, multiply elements of only one row (or one column) by K.

If [a,],.,. then [K.A| = KA

3x3?

If elements of a row or a column in a determinant can be expressed as sum of two or more elements,
then the given determinant can be expressed as sum of two or more determinants.

Ifto each element of a row or a column of a determinant the equimultiples of corresponding elements
of order rows or columns are added, then value of determinant remains same.

Area of a triangle with vertices (x,, ), (x,, y,) and (x,, y,) is given by

x ooy 1

1
area (AABC) =5 % 1
x oy 1

Condition for collinearity of three points :
area (AABC)=0

Minor of an element a, of the determinant of matrix A is the determinant obtained by deleting i row
and j ™ column and denoted by M,.

a, Gy a4 Ay Ay Ay
IfA=|a,, a, a, |then adiA=|A, A, A,
a4y Ay Az Ay Ay

Where Aij 1s cofactor of a,.

A(adjA)=(adjA)A=|A|l, where A is square matrix of order 7.
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A square matrix A is said to be singular or non-singular according as |A|=0 or |A[0.

If AB=BA=1where B is square matrix, then B is called inverse of A.

Also A'=B or B'=A and hence (A_] )_1 =A.
Asquare matrix A has inverse if and only if A is non-singular.

_ 1 .
A =y (adid)

If ax+by+tcz=d,
ax+by+tcz=d,
ax+by+cz=d,

then these equations can be written as 4AX = B, where

a, b ¢ x d,
A=|a, b, ¢,|, X=|y|and B=|d,
a, b, ¢ Z d,

Unique solution of equation AX =B is given by X =A"'B, where |A| #0.
A system of equation is consistent or in cosnsitant according as its solution exists or not.

For a square matrix A in matrix equation AX=B

1) |A[0, there exists unique solution.

1)  |A[=0and (adjA)B=0, then there exists no solution.

i)  |A[=0and (adjA)B=0, then there system may or may not be consistent.

The adjoint of a given determinant D is the determinant whose elements are co-factors of the
corresponding elements of D and is denoted by D’.

D =D?
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Exercise-4

Section-A

OBJECTIVE TYPE QUESTIONS : [ 1 or 2 marks for each question |

Multiple choice type questions : (Choose the correct option)

1)

2)

3)

4)

5)

6)

1 -3 5
Thevalueof -2 4 3]s
4 5 6
a) 193 b)~193 ¢) 190 d)-192
al bl Cl

If D=|a, b, c¢,|andA,B,,C, etcare therespective co-factors of the elementsa,, b, ¢, etc.

a, b, c,
then D will be -
a) a,C,+b,C+c,C, b) ¢ C +c,C+c,C, ¢)a,A+bB+c,C d) aB +a,B,ta,B,
The value of the determinant formed by the elements of an identity matrix is always
a)l b) -1 c)2 d)-2

Iftwo rows (or two columns) of a determinant are identical then the value of the determinent is —

a)l b) 2 c)—1 d) None of these
x 3 7

Giventhatx=-9i1sarootof |2 x 2|=0 then the other two roots are —
7 6 x

a)—2,7 b) 2,7 c)2,7 d)-2,-7

0O 2 3112 0 -3
Thevalueof |1 2 4 (x|3 1 O0/|is
-2 3 2 0 4 =2

a) —1640 b) 1480 ¢) 1640 d) 1380
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7)

8)

9)

10)

11)

12)

1 & o

The value of (03 1 |, where o is an imaginary cube root of unity.
gmary
2

o o 1
a)l b) 3 c)-3 d)-1
2x 5| |6 -2 _
It g =17 3 then the value of x is
a)3 b)+3 c)x6 d) 6
Ifthe area of a triangle with vertices (-3,0), (3,0) and (0,K) is 9 sq units. Then the value of K will be
a)9 b) 3 c)-9 d) 6
-1 cosC cosB
IfA, B and C are angles of a triangle, then the determinant |[cosC -1  cos A| isequal to
cosB cosA -1
a)0 b) -1 c)l d) none of these
0 cos6 sinf[
If cos26=0, then |cos® sin@ 0 | isequalto
sin@ 0  cos@
1 b) = 2 d)-2
a) ) ) ) c) )~
1 1 1
The maximum value of A = 1 1+sin@ 1 | is(where, 0 is real number)
1+cos@ 1 1
1 V3 23
a) 5 b — ©) V2 d)—

Very short answer type questions :

1)

b*—ab b-c¢ bc—ac
Find the value of |ab—a* a-b b*—ab

2
bc—ac c—-a ab-a
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32 24 16 1 3 2
2) Iflg 3 5|=K|2 3 5| thenfindthevalueof K.
1 53

4 5 3
12 22 32
3)  Findthevalueof |2° 3* 4°
32 42 52

1 bc bec(b+c)
4)  Without expanding find the valueof |1 ca ca(c+a)
1 ab ab(a+b)

1 3 O
5 If A=|0 1 3 |,thenfindthevalueof A,if |SA|=A]A].
4 0O 1
15°  sin15’
6)  Evalute: €08 o o o
sin75"  cos75
x+1 x-1 4 -1 .
7) = , the write the value of x.
x=3 x+2| |1
2 -3 5
8)  IfA, is the co-factor of the element a, of the determinant 6 0 4 |,then write the value of
1 5 -7
a,,.A,,.
5 38
9) IfA=|2 0 1|,thenwrite the minorofthe elementa,..
1 2 3

10)  Find the minor of the element of second row and third column (a,,) in the following determinant.

2 35
6 0 4
1 5 7

11)  Find the cofactor of a , in the following :

1 -3 5
6 0 4
1 5 -7
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12) Forwhat value ofx, the following matrix is singular ?

5—-x x+1
2 4

a+ib c+id
13) Evalute: ) i
—c+id a-ib
4 a b+c
14) Evalute:A=|4 b c+a
4 ¢ a+b
3 :
15) IfAz‘2 ,then write A™'.

Section-B

Short answer type questions : (2 marks each)
1)  Find the area of the triangle with vertices at the points (2,7), (1,1), (10,8).
1 a b+c
2)  Using properties of determinants, provethat |1 b c¢+a|=0
I ¢ a+b
3)  Show that the points A(3,8), B(—4,2) and C(10,14) are collinear.
4)  A(-2,0), B(0,4) and C(0,K) be three points such that area (AABC)=4 sq units. Find the value of K.

5)  Find the equation of the line joining the points A(2,4) and B(6,12), using determinant.
6)  Ifthepoints (a,b), (', b') and (a—a',b—b') are collinear, show that ab’ = a'b.

7)  Find the area of the triangle whose vertices are (at %, 2at ), (at?, 2at,) and (at;*, 2at,).

Section-C
Long answer type questions : (4 or 6 marks for each questions)

a p oy
2

1)  Byusing properties of determinant, prove that| @*  f° 7 |=(0—B)B-y)(y—o)(o+p+y)
B+y y+a a+p

Cos’6 Sin@ Cos@ —Sinf
2)  Evaluate [Sin6 CosO Sin’0 Cos6
Sin6 —Cosf 0
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3)

4)

5)

6)

7)

8)

9)

10)

11)

x+1 x+2 x+a

Show that | x+2 x+3 x+b|=0wherea, b, c are in A.P.
x+3 x+4 x+c

Solve the following system of equation s, using matvices x +3y=3, y+3z=7, z+4x=2.

3a —-a+b —-a+c
Using properties of determinant, prove that |a—b  3b c—b | =3(atb+c)ab+bctca)
a-c b-c 3c
1 ab 141
Without expanding prove that |1 bc  ++1|=0
l ca 1+1

Using properties of determinants prove the following :

a b c
a-b b-c c—-a| =3+b3+33abc
b+c c+a a+b

Using properties of determinant, solve for x

a+x a-x a-—x
a-x a+x a-x|=(

a-x a-x a+x
Using properly of determinant, prove the following

a a+b a+2b
a+2b a a+b | =9bh*(a+b)
a+b a+2b a

Using properties of determinant, prove the following

a+bx c+dx p+gx a c p
ax+b cx+d px+q :(l—xz)b d gq

u v w u v ow
a+b+c —c -b
Using properties, prove that | —¢ atb+c —a | =2(atb)(b+c)(cta)
-b -a a+b+c
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12)

13)

14)

15)

16)

17)

18)

19)

a b ¢ I 1 1

Show that |[a> b* ¢’ |=|d’
bc ca ab| | b

I I+p I+p+q

2 3+2p 4+3p+2q (=1

3 6+3p 10+6p+3q

Show that

Prove the following using properties of determinant

b+c c+a a+b
cta a+b b+c :2@ah%ﬂf—b3—f)
a+b b+c c+a

b* ¢ |=(a—b)(b—c)(c—a)(ab+bc+ca)

Ifa, b, c are positive and unequal, then show that the following determinant is negative

a b c
A=|b ¢ a].
c a b
a b
Ifa, b and ¢ are all positive and distinct, show that A=|b ¢
c a
Prove the following using properties of determinant
a+bx’ c+dd® p+gx’ b d gq
ax’> +b o’ +d px*+q :(x4 —1) a c p
u % w u v w
Using properties of determinant, prove the following
X 'y z
Xyt 2= ayz(e= (- 2)(z-x)
x3 y3 Z3
I+a 1 1
Using properties of determinant, provethat| 1 1+ 1
1 1
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y+5 y y

20) Proveusing properties of determinant Y
y y y+5

21) Solve the following system of linear equations by matrix inversion method.

4x +2y+3z=2; x+ty+tz=1; 3x+y—-2z=5

a b ¢

y+5 y [=25Q@y+5)

22) [If a, b, ¢ are realnumber, then prove that |b ¢ a| =—(atb+c)(atbotco®)(at+ba’+cw),

c a b
where, @1s a complex cube root of unity.
1 1 1
23) Inatriangle ABCif| 14sinA 1+sinB I1+sinC

sinA+sin’A sinB+sin’B  sinC+sin’C

an isoscales triangle.
cost t 1
: ()

24) Let f(t)=[2sint t 2¢|,thenfind l,Tolt_z .

sint t t

ANSWERS
Section-A

Multiple choice type questions :
1((b) 2(b) 3(a) 4(d) 5(c) 6(c)
8(c) 9(b) 10(a) 11(b) 12(a)
Very short answer type questions :
1o 2)32 3)-8 4)0 5)A=125 6)0
72 8) 110 9)7 10) 13 11) 46 12) x=3

7 -10
13) @b+ +d 14)0 19|
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Short answer type questions :

1) % sq. unit

4) K=0, or K=8

7) a2|(t1_t2)(32_t3)(t3_t])| 5q. unit.

Long answer type questions :

2)1
24) 0

4) x=0,y=1,z=2

Section - B

S)y=2x

Section-C

8)x=0orx=3a
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CHAPTER- 5

CONTINUITY AND DIFFERENTIABILITY

Important points and Results :
° Continutity of a function of a point :
Letf be areal function on a subset of the real numbers and let ¢ be a point in the domain of /. Then
fis continuous at ¢ if Lim f(x)= f(c).
X—C

More elaborately, if the left hand limit, right hand limit and the value of the function of at x = c exist
and are equal to each other, i.e.

Lim f (x) = f(c) = Lim f (x)

X—C X—C

then s said to be continuous atx = c.

° Geometrical meaning of continuity :
1) Function fwill be coninuous atx = c if there is no break in the graph of the function at the
point (¢, f(c)).

i)  Inaninterval, function is said to be continuous if there is no break in the graph of the function
in the entire interval.

° Continuity in an interval :

)  fissaidto be continuous in an open interval (a,b) if it is continuous at every point in this
interval.

i)  fissaidto be continuous in the closed interval [a,b] if
1)  fiscontinuousin (a, b).

2)  Limf(x)=f(a)
3)  Limf(x)=/(0)

° Discontinuity :
The function fwill be discontinuous at x = ¢ in any of the following cases :

) XL_Z)T J(X) and xLiT J (%) exist butare not equal.

i) Lim f(x) and Lim f(x) existand are equal but not equal to f{(c).

+
X—C X—C

1i1) IZZ? J(X) does not exist.

iv)  f(c)isnotdefined.
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Continuity of some of the common functions :
Function f(x) Interval in which f'is continuous.
1) A constant function, i.e. f{x)=c
i)  Theidentity function, i.e. f{x) =x.
i)  Thepolynomial function, i.e,

fx) = ax'tax"+.... +ta_x+ta R
iv)  Modulus function, i.e. f{x) = |x|.
v)  Exponential function, i.e. f{x) =e* or a".

vi)  flx) = sinx or cosx

vil)  Rational functioni.e. f(x)= M, qg(x)#0
q(x)

viil) A logarithamic function, i.e. f{x) = logx (0,c)

ix) flx) = tanx, secx R—{(2n+1)§:ne z}

x)  flx) = cotx, cosecx R—{nm:nez}

xi)  flx) = sin'x, cos'x, tan 'x, sec 'x, cosec'x, cot 'x In their respective domains.

Algebra of continuous functions :

Let f{x) and g(x) be two continuous function on their common domain and ¢ be a real number in
their domain. Then atx = c.

1)  f+giscontinuous.
i)  f—giscontinuous.
i)  fgiscontinuous.

f

Iv) = iscontinuous.
8

v)  f",neNiscontinuous.

Continuity of composite functions :

Let f'and g be real valued functions such that (fog) is defined at c. If g is continuous at ¢ and fis
continuous at g(c), then (fog) is continuous at c.

Differentiability :

Let f* be a real function and c is a point in its domain. We say that f'is differentiable at c if
L D= f(©)
X—c x—c

We denote this limit by f'(c), called the derivative or differential coefficient of the function f(x) at c.

. x)—f(c
In other words, we say that a function fis differentiable at a point ¢ in its domain if both Lj m %

exists and is finite.
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, called left hand derivative, denoted by L /'(c), and LingM or
X—¢ X—c

or Lim
h—0

Lim L€t =10
h—0 h

If Lf'(c)#R f'(c), we say that f(x) is not differentiable at x = c.

fle=h)—f(c)
—~h

, called right hand derivative, denoted by R f”(c¢), are finite and equal.

Differentiability of a function on an interval :

)] A function f(x) is said to be differentiable in an open interval (a,b) if it is differentiable at every
point of (a,b).

i) A functionf{x) is said to be differentiable in a closed interval [a,b] if it is differentiable in the
open interval (a,b) and if R f”(a) and L f”(b) exist.

Every differntiable function is continuous, but every continuous function need not be differentiable.

Geometrical meaning of derivative :

The derivative of f{x) at x = c is the slope of the tangent to the curve y = f(x) at the point (c, f(¢)).

Following are some of the standard derivatives :

i)%(sin‘]x): ! , —1<x<l ﬁ)%(cos"x): ! , —1l<x<l1

—x< X <<

— o< X <o iv) di(cot_] x) = >
X

1+x

V)i(sec_] x):—, |x[>1 Vi)i(cosec_]x):_—l,|x|>l
dx | x| Va* ~1 dx | x|Vx* =1

Derivatives of composite functions :

(Chain rule) : Let f be a real valued function which is a composite of two functions u and v; i.e.
, dt dv df _dv dt

f=vou. Suppose ¢t = u(x) and if both I and I exist, we have T dr

This chain rule may be extended more than two functions.

Derivatives of implicit functions :

If the variables x and y are connected by a relation of the form f{x,y) = 0 and it is not possible to
dy
dx
is such a case, we differentiate both sides of the given relation w.r.t x, keeping in mind that the

derivati f ith ttoxi ﬂﬂ
erivative of ¢(y) with respect to x is dy dv

express y as a function x in the form y = ¢(x), then y s said to be an implicit function of x. To find
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Logarithmic Differentiation :

The process of taking logarithms before differentiation is called logarithmic differentiation. When we
differentiate certain special class of functions given in the form y = f{x) = [u(x)]"®.

Taking logarithm ( to base e) of both the sides and then differentiate. The main point to be noted in

this method is that f{x) and u(x) must always be positive as otherwise their logarithms are not
defined.

Derivatives of functions in Parametric forms :

Sometimes x and y are separately given as functions of a single variable 7 (called a parameter) i.e.,
x=f(f)and y = g(¥). In order to find derivative of function in such form by the following formula

dy
d— —dr whenever @ =0 |-
dx dx dt

dt

Derivative of a function with respect to another function :
Letu=f{x) and v=g(x) be two function of x, then to find derivative of /(x) w.r.t g(x), i.e., to find

du
d [
< , we use the formula du _ dx i
dv dv  dv

dx

Second order Derivative :

dy

d d’
Lety=f(x). Then Ir [— j— WZ is called the second order derivative of y w.r.t x. It is denoted

dx
by y'ory,a f"(x).

Rolle’s Theorem :

Let f:[a,b] >R be continuous on [a,b] and differentiable on (a,b), such that f(a) = f(b), where a
and b are some real numbers. Then there exists at least one point c in (a,b) such that f”(c)=0.

Geometrically Rolle’s theorem ensures that there is at least one point (c, £(c)) lying between (a, f(a))
and (b, f(b)) at which tangent is parallel to x-axis.

Mean Value Theorem :
Letf:[a,b]—>R be a continuous function on [a,b] and diffrentiable on (a,b). Then there exist at least

’ b - .
one point ¢ in (a,b) such that f (¢) = % . Geometrically, Mean value theorem states that

there exists at least one point ¢ in (a,b) such that the tangent at the point (c, f (c)) is parallel to the
secant joining the points (a, f (a)) and (b, f (b)).
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Exercise - 5
Section-A

OBJECTIVE TYPE QUESTIONS : [ 1 or 2 marks for each question |
1)  Multiple choice type questions :

i)

sin 3x
, x#0

The function f(x)= K X 1s continuous at x =0, then the value of Kis

— , x=0

2
a)3 b) 6 c)9 d) 12
The function f{x) =[x], where [x] denotes the greatest integer function, is continuous at
a)3 b) 2 c)L.5 d)1
The number of points at which the function f(x) = [ 1S not continuous is

X—|X

a)l b) 2 c)3 d) none of these

The function f{x) = cotx is discontinuous on which set ?
a) {nm:nez} b) {2nm:nez} c) {(2n+1)%:ne z} d) {%:ne z}

The set of points where the function f{(x) =| x—2 | cos x 1s differentiable are
a)R b) R—{2} ¢) (0, ) d) none of these

3
Iff(x)=3xand g(x) = % + 3, then which of the following can be a discontinuous function

f(x)
a) flx)+g(x) b) f(x)-g(x) ¢) f(x).g(x) D)
.2
The function f(x) = 55 _x - I8
a) discontinuous at only one point b) discontinuous at exactly two points.

c) discontinuous at exactly three points. d) none of these.

If f(x) = | x-2 | and g(x) =f{f(x)}, then for 2<x<4, the value of g'(x) is

a)—1 b) 0 c)1 d) none of these.
If f(x) = e* d(x), d(0) =1, $'(0) = 3, then the value of f/(0) is

a)0 b) 2 c)4 d) none of these.
Iff(x) = log (logx), then the value of /(e) is2 .

a)0 b)e c) > d) "

Ify = f(x) is an odd differentiable function defined on (—oc,oc) such that f*(3)=2, then f"'(-3)
equals

a) 4 b)2 c)-2 d)0
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2]

3

xii) Ifx?+)?=I then
a) py'=2(y)*+ 1=0 b) '+ () +1=0
) '+ ()P-1=0 d)yy/+20/)+1=0

xif)) Iff(x) =| cos x-sin x|, then f'(7/) is
a)l b) -1 c)0 d) none of these.

xiv) The value of ¢ in Rolle’s theorem for the function f(x) = x*~3x in the interval [0,+/3 ]is

a) 1 b) -1 0) % d) %

1
xv)  The value of ¢ in Mean value theorem for the function f(x)=x+ - inthe interval [1, 3] is

a)l b) /3 )2 d) none of these.

Very short answer type questions :

s -1
sin X
—, x#0 . .

1) If f(x)= X o 1s continuous at x = 0, then find the value of K.
K , x=0

i)  Find the value of the derivative of f(x) = | x—1|+| x-3 | atx =2.

fO-f&

x—4

i) If f(x)=+x"+9,then find the value of LLT

— d
iv) If y=sec™ [X—H )+ sin”™’ [x—i ), x>0 then find d_z .

x—1 x+
v)  Differentiate log(1+x?) with respect to tan 'x.
vi) Ify=log x, find Q
a dx

vi))  Iff(x) is an even function, then write whether f'(x)is odd or even.

2

dx*

viii) Ifx=#, y=~, then find

dy
; — qin 40 hucd
x) Ify =sinx’ then find .

2
x)  Ify=sin"(cosx), then find d—f
X

Section-B

Short answer type questions : [3 marks for each question |

)  Provethat f(x)=./|x|—x iscontinuous for all x>0.

1
i)  Given f(x)= oy Find the points of discontinuity of the function £ { f (x)} .
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Discuss the differntibility of f(x) =x | x| at x=0.

X

If x=e¢” , then prove that dy =2
o P dx xlogx’
Differentiate each of the following functions w.r.t. x.
5){
a) gsinx b) —= c) 10g(x+\/1+x2) d) log,, (logcos x)
x

cos X X sin x + cos x
e) tan™' ,0<x<m f)tan”'| —— sin”' | ———~
) {1+sinx} ) (1+6x2j g J2

h) sin(x¥) 1) etlor
If f{x) = sin x, g(x) = 2x, h(x) = cos x and §(x) = {go( foh)}.(x), then find ¢”(%)

If y=e™, then find _2y _2x
", then fin . .
y=e I lyz

Section-C

Long answer type questions : (4 or 6 marks each)

4.  Discuss the continuity of the following functions at the indicated points.

i)

vi)

2

M, x#0 at x=0
fo)= X

2 , x=0

x(3ey*+4)
f(X): z—y, x#0 at x=0

_eX

0 , x=0

e——l’ x#20 at x=0
f(x)=1log(1+2x)

7 , x=0

1
|x—al|sin| — |, x#a at x=a
f(x) =+ x—a

0 , X=a

sin 3x
, x<0
tan 2x
f(x)=<§ , x=0 at x=0
log§1+3x), >0
e’ —1

Sx) = x—1| + |x+1| at x=—1, 1.
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5)

6)

7)

8)

9)

10)

Find the value of @ and b for each of the following functions are continuous at the indicated point(s).

x+av2sinx , 0<x<7,
i) f(x)=<2xcotx+b , % <x<% at%, and %,
acos2x—bsinx, % <x<71

x—4
| x—4]
1) f(x)=<a+b , x=4, at x=4
x—4
| x—4]

+a, x<4

+b, x>4

Show that f{x) = [x—2| + |x—3| is not differentiable at x=2.

A function f: R—R satisfies that equation f{x+y) =f(x).f(y) for all x,y eR, f(x) # 0. Suppose that the

function f{(x) is differentiable atx =0 and f'(0)=2. Prove f"(x) = 2f(x).

2
+3x+a, x<1
Find the values of a and b so that the function f(x) = {x rra, x

bx+2, x>1
xeR.
_ x
J16++/x =4, x>0
Find the value of @ so that the function f(x) = a , x =0 is continuous at x=0.
1—cos4x x<0
x2

d
Find =, when

dx
) o 1+sinx
1 =
Y & 1—sinx
[ acos x—bsin x s
ii) y = tan - , ——<Xx<-—
bcos x+asin x 2

[ acosx—bsin x T T
i) y =tan - , ——<x<—
bcosx+asinx 2

iv) y=cos” 2x=391-2"
J13

V)  xy=sin(x+y)
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11)

12)

13)

14)

15)

16)

17)

18)

19)

vi) tan (x+y)+tan (x—y)=1
vi)  y=log, . sec x+10"
vii) y = (tan x)*"* + (cot x)*"~

xX) (cosx) =(cosy)

X) x=é’ 9+l and y=e® 9—l
0 0

e +e’ e —e’
= and y=
2 2

X)) x

. . S V1I+x7 =1 . .o 2x
Differentiate tan™ [#] with respect to sin”" ( 5 )
X 1+ x

1—x dy
=,/— 1-x*)—=+y=0
Ify 1+x,provethat( X ) l y

. _ . d
If y=cot™ VI+¥sinx +V1-sinx , show that e is independent of x.
J1+sin x —+/1—sin x dx
d 1-y’
If\/l—x2+\/l—y2 =a(x—y),provethat—y= y2
dx 1—x

2

d d
Ify = esinx there prove 3}—2—y+2y=0.
dx dx

=2

d
If x™y"= (x+y)"™", prove that d_i

Ifx = asin20(1+cos20) and y = bcos20(1—co0s26), show that at 6 = %, ? _b .
X a

-1 2
Ifyzsm—x,showthat (1—x2)d—f—3x@—y=0'
/l_xz dx dx
d 2
If x = sec O—cos 0 and y = sec"0—cos"0, prove that (X2 +4)[d_y] =n’ (y2 + 4)
X
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d’ 1
20) Ifx=a(l-cos0),y=a(O + sinB), prove that —2) =—— at 0= %
dx a

21) 1t y={x+ +1} ", show that (+1)y+xy,—m?y = 0.

22)  Verify Rolle’s theorem for each of the following functions on the indicated intervals.
D f0)=G-1E-2)?on(l,2]
i)  fix)=log(x*+2)—log3 on[-1, 1]

i)  f{x)=sin‘x+cos*x on [0,7%5]
v)  fix)=e'sinx on [0, «]
23) Using Rolle’s theorem, find the point on the curve y = x(x—4), x€[0,4], where the tangent is

parallel to the x-axis.

24)  Verify Mean value theorem for each of the following functions on the indicated interval.
) flx)=x-2xx+3 on [0, 1].

i) fx)=v25—x> on[-3,4].

i)  f{x)=sinx— sin 2x—x on [0, 7]

25) Find the points on the curve y = x*—3x, where the tangent to the curve is parallel to the chord joining
(1-2)and (2,2).

ANSWERS
Section-A
1) 1)b ii)c i) d iv)a v)b vi)d
vii)c viii)c ix)c x)d xi)c xii)b
Xiil) a Xiv)a Xv)b
4 1
2) )K=l 1) 0 1ii) 3 iv)0 V) 2x Vi) @
vii) odd vil) = ix) = cos x° x) 0
4 180
Section-B
3) i)x=1,2
sin? x . b i log5— é !
v)a) 3™ *log3.sin 2x ) o080 c) 1+ 2
—tan x 1 3.2
d) log10log(cos x) ©) 2 D 1+9x%  1+4x?
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4)

5)

8)
9)

10)

11)

23)

25)

g)1 h) x*(1+logx) cos (x*) 1) x*(1 +logx)
vi) —4

vil) —ne™
Section-C
1) Dicontinuous  11) Continuous  iit) Discontinuous 1v) Continuous
v) Continuous vi) Continuous
b4 b4
1 = —_— > b = —— 11 = = =
1)a 6 1 ia=1,b=-1
a=3,b=5
a=38
. .. L X 1 +y)—
1) sec x i1)—1 1i) V) cos(x+y) =y

1v)
Ji—x* N x—cos(x+y)

2 2
. sec’(x+y)+sec’ (x—y) tan x log sin x + cot xlog cos x

2
vi vil +2x10g10.10"
sec’ (x—y)—sec’(x+y) ) (log sin x)* rog

viii) (tan x)°*.cosec’x(1-log tan x)+(cot x)*>.sec’x(log cot x—1)

| + e 0°-0°+0+1 X
. ogcosy+ ytanx X)ezg. : : xi) =
logcos x+ xtan y 0°+6°+60-1 y
1
4
2
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CHAPTER- 6

APPLICATION OF DERIVATIVES

Important points and Results :

Derivative as rate of change :

In various fields of applied mathematics one has the quest to know the rate at which one variable is
changing with respect to other. The rate of change naturally refers to time. But we can have rate of
change with respect to other variable also.

e.g. : A physican may want to know, how small changes in dosage can affect the body’s response to
adrug.

d
Ify=£(x), then d_i measures the rate of change of y with respect to x.

d .
(d_y j represents the rate of change of y with respect to x at x = x,.
X
X=X

Ifthe displacement s of a particle moving in a straight line at time ¢ is given by s = f{¢) then

. . ds
1) v=velocity attime t = —.

dt
. . dv d’s dv
a=Acceleration attime t = — = — =V.—
dt dt ds
. : .. o ds d’s
i)  When a particle moving in a straight line comes to rest, we have Z =0 and e =0.
t

) . PP ds d’s
i)  Whenaparticle moving in a straight line is instantaneously at rest, we have % =0 but I #0.
t

Differentials, Errors and Approximations :

Differentials :
Let y = f(x) be a function of x, and let Ax be a small change in x. Let Ay be the corresponding
change iny. Then,

. Ay dy ,
Iim —<==—2=f"(x
a0 Ax dx S0

— %:f'(xﬂe, where e =0 as Ax =0
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=  Ay=f(x)Ax+e Ax
= Ay= f'(x)Ax (approx)

= Ay= Gl Ax (approx)
dx

Geometrical meaning of Differentials :

Let us take a point P(x,y) on the curve y=f(x). v
Let Q(x+Ax, y+Ay) be a neighbouring point on 1
the curve, where Ax denotes a small change in x
and Ay is the corresponding change in y. From

Cd

Q(x+Ax,y+Ay)

A
the adjacent figure, it is clear that Ey is the slope

ofthe secant PQ.

A
But, as Ax—0, Ey approaches the limiting value

d
d_i (slope of the tangent at P). Therefore, when

Ax—0, Ay (=QS) is approximately equal to dy (= RS).
We have,
v+ Ay = flxt+Ax)

But, Ay= ?Ax = f(x)Ax (approx)
X
SfxtAx) = ytf'(x)Ax (approx)

dy
+Ax) = p+—Ax
= flxtAx) =y I

d
Note : d_y Ax is called differential of y and is denoted by dy.
X

Errors : Let y =f(x) be a given function of x. If Ax is an error in x, then the corresponding error Ay
inyisgivenby Ay = ﬂAx

dx
1) The error Ax in x and Ay in y are known as absolute errors.

i) — is called relative error in x.
x

iil) Ax x 100 is called the percentage error in x.
X
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Mean Value Theorems :
Rolle’s Theorem :

If a function fdefined on [a,b] s
1) Continuous on [a,b]

i)  derivable on(a,b)and

i) fla)=fb).

Then there exists at least one real number ¢ between a and b(a<c<b) such that f'(c)=0.

Geometrical explanation of Rolle’s Theorem :
Let the curve y = f(x), which is continuous on [@,b] and derivable on (a,b) be drawn (as shown in
figure).

C

A B
a b

/ A\

A(a.f(@), B(b.f®), fl@)=£(b), Clc,f(c)), f(c)=0

N
\ 4

Cl(cnf(cl)),f'(cl)zo
G, (C27f(cz)),f’(cz) =0
C3 (C3,f(C3)),f'(c3):()

The theorem simply states that between two points with equal ordinates on the graph of f{x), there
exists at least one point where the tangent is parallel to x-axis.

Algebraic Interpretation of Rolle’s Theorem :

Between two zeroes a and b of f{x) (i.e., between two roots a and b of f{x) = 0) there exists at least
one zero of f”(x).

Lagranges Mean Value Theorem (LMVT) :
If a function fdefined on [a,b] s

1) continuous on [a,b] and
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i)  derivableon (a,b)

=f(0).

then there exists at least one real number between a and b(a<c<b) such that

f(b)-f(a)
b—a

Geometrical Interpretation of LMVT :

The theorem simply states that between two points A and B of the graph f(x) there exists at least one
point where tangent is parallel to chord AB

C(c, f(©)), f'(c)=Slope of AB

Tangents and Normals

Slope of the Tangent :

Ll

Lety=f(x) be a curve and A(x,, y,) be any point 1

Tangent

d )
on the curve then d—y 1s known as the
X A(x1 sV )

slope of the tangent to the curve y = f(x) at point
A. We denote the slope by tanf i.e.,

d
(d_y ) =tan0, where 0 is the angle made by
X A(x1 sV )

the tangent in the positive direction of x-axis. <

Ife=0,then(%) =(f' ™)., =0
X A(x;,y1) o

If6=90°1.e., tangent at A is parallel to y-axis.

Slope of the Normal :
Any line L to the curve at A(x,,y,) and also passes through A(x ,y,) is called normal line.
Slope of normal at A(x ,y,) is ! y
g - — | &
P ke Slope of tangent at A(x,,y,) dx ), s
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Equation of the Tangent :

. d
To find the equation of a line passing through a point A(x , y,), we need the slope (d_i ) .
A(x] N )

Let us denote it by m, then equation of tangent is given by y-y, = m(x—x,) or

_(dy _
y_y1_( dx )A(x],y]) (X xl)

Equation of Normal :
The line passing through A(x,,y,) and L to the tangent to the curve is known as normal to the curve.

d
As the slope of tangent at A(x,y) is m=(d—i) . Therefore the slope of normal to be
A(x.31)

and the equation of normal to be given by

Le., m(y-y)=—(x—=x)
or, (x—x )tm(y-y)=0

Equation of Tangent and Normal in Parametric form :
Letx=£{t), y = g(¢) be the equations of the curve in parametric form, then slope of the tangent at

g'()
f@:

In this case co-ordinates of A(x,, y,) are (f (), g(¢,)) and equation of tangent and normal are given

Ax.p)) =

g'()

f/(t)(x_f(tl)) and (y_g(tl))g’(t1)+(x_f(t1))f’(t1)=0

by y—g(t)=

Orthogonal Curves :

If the angle of intersection of two curves is a right angle, the two curves are said to intersect
orthogonally and the curves are called orthogonal curves.

Ifthe curves are orthogonal, then ¢ = %
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Cd

somm, =—-1= (?) X (?) =-1 I
X X
L'] C

N

Monotonicity of a function :
A continous function f{(x), in an open interval [ = (a,b) is called
monotonic if it satisfies any one of the following.
Increasing if forallx ,x, € I,
x<x, = fix) < flx)
Or, x>x,= flx) = flx)

Y
A
Strictly increasing if forall x , x, € I,
x<x, = flx) <Ax,)
Or, x>x, = flx)>flx) /
X< 0
v
Y/
Y
N
Decreasing if forall x , x,€ 1,
x<x, = flix)=flx)
Or, x>x,=flx)=>fx)
! &
X< 0
v
Y/
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Strictly decreasing if forall x , x, € I,
x, <x, = flx) > flx,)
Or, x>x,= flx,)>fx)

Note : It is sometime possible that y = f{x) is neither increasing nor decreasing in the given interval

which can be seen by the diagram as follows :

Y
A

y=Ax)

Increasing and decreasing function at x  :

Let x, be a point in the domain of a real valued function f'and there exists an open interval

[=(x;~h, x,+h) containing x, such that

(i)  fisincreasing atx, if x <x,in 1= flx) <f(x,)

()  fisstrictly increasing atx, if x <x, in [ = f{x ) <f(x,)
() fis decreasing atx, if x <x,inI = f(x)) > f(x,)

(iv) fis strictly decreasing at x, if x <x, = f{x,) > f(x,)

Test for increasing / decreasing / constant function :

Let /' be a continuous function on [a,b] and differentiable in (a,b), then
(1)  fisincreasing on [a,b]if f'(x)> 0 for each xe(a,b).

() fisdecreasingon [a,b]if f'(x) <0 foreachxe(a,b).

(i) fisconstanton [a,b]if f'(x) =0 foreach xe(a,b).

Maximum value, minimum value, extreme value :
Letf be a function defined in the interval I, then f'has

(1)  Maximum value if there exists a point c in I such that f{c) > f(x), for all xel. The point c is

known as a point of maximum value in L.

Y

N
cd
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(ii)

(iif)

Minimum value if there exists a point c in I such that f{c) < f(x), for all xel. The point c is
called as a point of minimum value in L.

v
/

Extreme value if there exists a point ¢ in I such that f{c) is either a maximum value or a
minimum value in I. The point ¢ is said to be an extreme point.

Y

N

\

~

A
o

Q _——————
S¥

\

Local maxima and minima :

Let f be areal value function and ¢ be an interior point in the domain of /, then

v

(ii)

Local maxima : c is a point of local maxima if there is an 4> 0, such that f{c) > f(x) for all
xe(c—h, cth).

The value f{c) is called local maximum value of 1.

Local Minima : c is a point of local minima if there is an 42> 0, such that f{c) < f(x) for all
xe(c—h, ct+h).

The value of f{c) is known as the local minimum value of /.

Geometrical Interpretation :

Ifx=cis a point of local maxima of f, then fis increasing ( f'(x)> 0) in the interval (¢4, ¢) and

decreasing ( f'(x)< O) in the interval (¢, c+h). This implies f'(c)=0.

N
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Again, if x=cis a point of local minima of /; then /s decreasing ( f'(x)< O) in the interval (¢4, ¢)

and increasing ( f'(x)> O) in the interval (¢, c+4). This implies f'(c)=0.

Point of inflection :

If f”(x) does not change sign as x increases through c, then c is neither a point of local maxima nor
a point of local minima. Such a point is called point of inflection.

Y
N
y=x
Point of inflection
X< 5 >X
v
Y

Second derivative test of maxima and minima :
Letf be a function defined on an interval [ and cel and f'be differentiable at c. Then,

(1) x=cisalocal maximaif f'(c)=0and f"(c)<O0.
(i) x=cisalocalminimaif f'(c)=0and f"(c)>0.

) If f'(c)=0and f"(c) =0, test fails, then we apply first derivative test as x increasing through
c.x=cisapoint of inflection.

Maximum and minimum values in a closed interval :

Consider the function f(x) =x+6,x<[0,1]. Here, f'(c) # 0. It has neither maxima nor minima. But
A0) = 6. This is the absolute minimum or global minimum or least value.

Further /(1) =7. This is the absolute maximum or global maximum or greatest value.
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To find absolute maximum value or absolute minimum value :

(1)  Findall the critical points viz is where f'(x)=0 or fis not differentiable.

(1)  Consider the end points also.

(1) Calculate the functional values at all the points found (1) & (i1).

(iv)  Identify the maximum and minimum values out of the values calculated in (iii).

These are absolute maximum and absolute minimum values.

Useful formulae of Mensuration to Remember :
1. Volume of a cuboid = /bh

2. Surface area of a cuboid = 2(/b+bh+hl)
3. Volume ofacube=d’
4.  Surface area of a cube = 6a*
|
5. Volume of a cone = 57” h
6.  Curves surface are of a cone = 7/ (/= slant height)
7. Total surface area of cone = nr(r+/)
8.  Total surface area of a cylinder = 2nr(r+h)
9.  Volume ofa cylinder = /A

4
10.  Volume of a sphere = 3 wr

11. Surface area of a sphere = 477?

2
12.  Volume of a hemisphere = 5 nr

13. Surface area of a hemisphere = 37t7”

14.  Volume of a prism = (area of the base) x (height)

15. Lateral surface area of a prism = (Perimiter of the base) x (height)

16. Total surface area of a prism = (lateral surface area) +2(area of the base)

1
17.  Volume of a pyramid = 3 (area of the base) x height

1
18.  Curved surface area of a pyramid = 5 (Perimeter of the base) x (slant height)
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Exercise - 6

Section-A

OBJECTIVE TYPE QUESTIONS : [ I or 2 marks for each question |

D)

Multiple choice type questions :

i)

If S = £—4£+5 describes the motion of a particle, then its velocity when the aceleration
vanishes is

16 -16
a) ry unit/sec b) 3 unit/sec C) 3 unit/sec d) 3 unit/sec

Each side of an equilateral triangle is increasing at the rate of 8cm/hr. The rate of increase ofits
area when side is 2cm, is

3
a) 83em? I hr b) &Bem*1hr ¢ % cm® | hr d) none of these

A man of height 6ft walks at a uniform speed of 9ft/sec from a lamp fixed at 15ft height. The
length of his shadow is increasing at the rate of

a) 15 ft/sec b) 9 ft/sec c) 6ft/sec d) none of these

Ifthe rate of change of volume of a sphere is equal to the rate of change of its radius, then its
radius is equal to

a) 1 unit b) /27 unit c) _\/E unit d) N N unit
For what values of x is the rate of increase of x’>—5x>+5x+8 is twice the rate of increase of x?
1 1 1 1
a) —3,—— b) -3, — c)3,—= d) 3, —
) 3 ) 3 ) 3 ) 3

The coordinates of the point on the ellipse 16x?+9y? = 400 where the ordinate decreases at
the same rate at which the abscissa increases are

a) (3.1%) b) (-3.194) o) (3.7164) d) (3,-3)

A cylindrical vessel of radius 0.5m is filled with oil at the rate of 0.257 m*/minute. The rate
0.25m at which the surface of the oil is rising, 1s

a) lm/minute b) 2m/minute ¢) Sm/minute d) 1.25m/minute

The attitude of a cone is 20 cm and its semi-vertical angle is 30°. If the semi-vertical angle is
increasing at the rate of 2° per seccond, then the radious of the base is increasing at the rate of

160
a) 30 cm/sec b) ES cm/sec c) 10 m/sec d) 160 cm/sec.

Ifthere is an error of 2% in measuring the length of a simple pendulum, then percentage error
inits period is
a) 1% b) 2% ¢) 3% d) 4%
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Xiv)

Xxi)

Xxii)

If log? =1.3868 , then log}"' =
a) 1.3968 b) 1.3898 c) 1.3893 d) none of these

If y=x", then the ratio of relative errors in y and x is
a)l:1 b)2:1 c)lin d)n:1

Ifthere is an error of x% in measuring the edge of a cube, then percentage error in its surface
is

x
a) 2x% b) 2 % ¢) 3x% d) none of these

A sphere of radius 100 mm shrinks to radius 98 mm, then the approximate decrease in its
volume s

a) 12000t mm*  b) 800w mm? ¢) 80000 mm? d) 120t mm?

Ifthe ratio of base radius and height of a cone is 1:2 and percentage error in radius is A%, then
the error in its volume is

a) A% b) 21% c) 30% d) none of these

If4a+2b+c =0, then the equation 3ax*+2bx+c = 0 has at least one real root lying in the interval
a)(0,1) b) (1,2) ¢)(0,2) d) none of these

When the tangent to the curve y =xlogx is parallel to the chord joining the points (1,0) and
(e,e), the value of x is
2e-1 e—1

a) e%fe b) ele-h2e-n c) = d) 7

The curves y =ae*and y = be ™ cut orthogonally, if
a) a=b b) a=-b c)ab=1 d)ab=2

The point on the curve y* = x where tangent makes 45° angle with x-axis is

D (Y. 1) D% K ¢)(4,2) d) (1, 1)

Any tangent to the curve y = 2x"+3x+5
a) is parallel to x-axis b) is parallel to y-axis
c¢) makes an acute angle with x-axis d) makes an obtuse angle with x-axis

The point on the curve y = 6x—x? at which the tangent to the curve is inclined at % to the line
xty=01is

a)(-3,-27)  b)(3,9) o) (74.3%) d) (0, 0)

The equation of the normal to the curve x = acos’0, y = asin®0 at the point 6 = % is

a)x=0 b)y=0 C)x=y d)xty=a

1
Slope of the normal at the point ‘#” on the curve x = . y=1tis
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1 1
a) 7 b) pel c)t d) —t

xxiii) The equation of tangent at those points where the curve y = x>-3x+2 meets x-axis are

a) x+2=0=x—-1 b) x+y-1 =0 =x—-2

) x-1=0=xp d)x—y=0=x+y
xxiv) Inthe interval (1, 2), the function f(x)=2x—1|+3|x-2| is

a) increasing b) decreasing c) constant d) none of these
xxv) The function f(x)=—>— is

1+ x|
a) strictly increasing b) strictly decreasing
c¢) neither increasing nor decreasing d) none of these

xxvi) Ifthe function f(x)=x’-Kx+5 is increasing on [2, 4], then

a) Ke (2500) b) Ke (—OO, 2) C) Ke (4500) d) Ke (—OO, 4)
xxvil) f(x)=2x—tan"' x—log (x +x% +1 ) is monotonically increasing when

a) x>0 b) x<0 c)xeR d)xeR—-{0}
xxviil) The function f{x) = x* decreases on the interval

a) (0, e) b) (0, 1) c) (o’%) d) none of these

xxix) The least and greatest values of f(x) = x*~6x?+9x in [0,6], are
a)3,4 b) 0,6 ) 0,3 d)3,6

xxx) Let flix) = (x—a)*+(x—b)*+(x—c)*. Then, f(x) has a minimum at x =

) ‘”g*" b) Yabe 0 —>

14141
a+b+c

d) none of these.

Very short answer type questions :

1) If a particle moves in a straight line such that the distance travelled in time ¢ is given by
s=1£—6£+9¢+ 8. Find the initial velocity of the particle.

i)  Theside of a square is increasing at the rate of 0.1cm/sec. Find the rate of increase of its
perimeter.

m) If y=log’,then find Ay whenx =3 and Ax =0.03.

iv) A piece ofice s in the form of a cube melts so that the percentage error in the edge of cube is
a, then find the percentage error in its volume.

v)  Find the slope of the tangent to the curve x =2+ 31— 8, y=2#-2t—5att =2.
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3

d
Write the value of d—i ,1f the normal to the curve y = f(x) at (x,)) is parallel to y-axis.
Ifthe tangent to a curve at a point (x,y) is equally inclined to the co-ordinate axes, then write

the value of ﬂ .

dx

Write the equation of the normal to the curve y = x +sinx cos x at x = 7

Write the equation of the tangent to the curve y = x’—x+2 at the point where it crosses the
y-axis.

Write the set of values of a for which f{x) = cos x + a’x + b is strictly increasing on R.
State whether f(x) = tanx—x is increasing or decreasing in its domain.

Find the set of values of ‘b’ for which f(x) = b ( x + cos x )+4 is decreasing on R.

Write the maximum value of f(x) = x% .
Find the least value of f(x) =ax+ é ,wherea>0,b>0and x> 0.
X

Write the point where f (x) = xlog] attains minimum value.

Section - B

Short answer type questions : [ Each question carries 3 marks |

i

Find the intervals in which the following functions are increasing or decreasing.
a) flx)=x*—4x*+4x*+ 15

3 4_& 3_ 2 it
b) f(x)—ﬁx Sx 3x"+—x+11
¢) flx)=x+2)er
d) f(x)=—
log x
e) f(x) =x*
4sinx—2x—XxcoSx
f) f(x)= ,0<x<2r
24+cosx
g) flx) = (x+1)’(x-3)’
h) f(x)=4x +1

X
Prove that the function f(x)=

is increasing for all X € R, exceptx =—1.
x+1
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4sin 0
2+cosf

T
—0 is an increasing function of 0 in [0’ _}

Prove that f(6)= 2

Show that the function f{x) =x'"+ sin x—1 is neither increasing nor decreasing on (—1,1).
Find the least value of a such that the function x>+ 3ax + 5 is increasing on [ 1,2].

Find the values ‘@’ for which the function f(x) = (a+2)x*-3ax*+9ax—1 decreases for all real x.
Show that f(x) = logsin x is increasing on (0%) and decreasing on (% /4 ) .

show that f(x) = tan"!(sinx+cosx) is a decreasing function on the intervel (% , %) .

Find the intervals in which f (x) =log(1+ x) — li 1s increasing or decreasing.
+x

Find the intervals in which f(x) = (x+2)e ™ is increasing or decreasing.
Prove that the function f(x) =x—[x] is increasing in (0,1).

Find the points of local maxima or local minima, if any, of the following functions. Also, find the
local maximum or local minimum values :

: T
a) flx) = sin*x+cos*x, 0 < x < >

b) f(x) = 2sin x—x, _g < xg%

¢) flx) = cos x, O0<x<m

d) fx) = (=1)*(x+1)?

Find the slope of the normal to the curve x = 1-asin6, y = bcos?0 at g = % .

2 2

Find points on the curve % - il_6 =1 at which the tangents are parallel to the y-axis.

Find the values of @ and b if the slope of the tangent to the curve xy+ax+by =2 at(1,1) s 2.

Find the point on the curve y = x> where the slope of the tangent is equal to the x-coordinate
of the point.

For what value of ‘a’, 3x +4y =1 is a tangent of y? =4ax ?
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Section-C

Long answer type questions : (4 or 6 marks each)

The two equal sides of an isosceles triangle with fixed base b are decreasing at the rate of 3cm/sec.
How fast is the area decreasing when the two equal sides are equal to the base ?

The volume of metal in a hollow sphere is constant. If the inner radius is increasing at the rate of
1 cm/sec, find the rate of increase of the outer radius when the radii are 4cm and 8cm respectively.

The time of 7'of a complete oscillation of a simple pendulum of length /is given by the equation

T=2r / %g , where g is constant. What is the percentage error in 7 when /is increased by 1%?

Ifin a triangle ABC, the side c and the angle C remain constant, using differentials show that—
da db
—+ =
cosA cosB

Using differentials, find the approximate values of the following :
a)  tan46', itis given that 1°=0.01745 radian.
b)  logt™,itis given that log;, =0.6021 and log{, = 0.4343.

c)  f(5.001), where f(x) = x>-7x*+15

d) sin[g)
14

Find the equations of the tangent and the normal to the following curves at the indicated points :

2
A

2

2
a) x_2 =1at (asecO,btanB)

Q
S

b) kP +y% =2 at (1,1)

c) y* =4dax at (%12,2%1)

2 3

2at 2at

d xX= » Y=
) 127 14
€) x=asin’t, y=bcos’t att.

1
~art=—

Find the points on the curve 4x*+ 9)” = 1, where the tangents are perpendicular to the line 2y +x=0.

Show that the normal at any point 0 to the curve x = a(cos 6 + 8sin 0), y=(sin 0 —Ocos B) is ata
constant distance from the origin.
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Find the angle between the parabolas y* = 4ax and x* = 4by at their point of intersection other than
the origin.
Show that the condition that the curves ax*+ by* =1 and a’x*+ b’y* =1 should intersect orthogonally

is that ——= = ———
15 tha a b d b’

Show that the curves 4x = y? and 4xy = K cut at right angles, if K*=512.

Ifthe sum of the lengths of the hypotenues and a side of a right angled triangle is given, show that the

T
area of the triangle is maximum when the angle between them is 3

Find the equation of tangents to the circle x* + y*= 3, Which makes 60° with the positive direction
of x axis.

Find the equation of normal to the hyperbola x* — y>= 16 at (4 sec6, 4 tan0). Hence show that
2x +4y =9 is anormal to the hyperbola.

Find the equation of normal to the parabola y? = 12x at (3t%, 6t). Hence find the equation of
normal to the parabola which makes 135° with positive direction of x axis.

2 2
X
If Im +my + n = 01s a tangent of —2+% = [, then prove a’’ + b’m? = n’.
a

If Ix + my = I is a normal to the parabola y’ = 4ax then prove that al’ + 2alm’ = m’.

Prove that sum of intercepts on the axes made by a tangent to the curve Jx+ \/; =a at any point
on itis constant.

Prove that an isosceles triangle that can be inscribed in a given circle will have the greatest area if it
1s an equilateral triangle.

Length of hypoteneous of a right angled triangle is 5 cm. Find the greatest value of its area.

Arectangle is inscribed in a semi-circle of radius ‘r’ in such a way that one side of rectangle coincides
with the diameter of semi-circle. If the area of rectangle is maximum find its length and breadth in

terms of ‘r’.
Find the greatest volume of cylinder that can be inscribed in a sphere of raidus 5 NEeN .

An open box with square base is made by a board of area ¢* sq. units. Prove that maximum volume

3

c
of the box is 6 \/5 cubic units.

Find the point on x*= 2y which is nearest to (0, 3).

Ifthe function f'(x) = 4x* + ax? + bx + 2 has the extreme value at (2, —2) then find the value ‘a’ or
‘b’. Also show at that point the function has maximum value.
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1)

2)

3)

i)d ii)a
vii)a viii) b
xiii) ¢ Xiv)c
XixX) xx)b
XXV)a xxvi)d

1) 9 units/unit time i) 0.4cm/sec

vii) 1 vill) 2x=m

xi) be(20,0)  xii) e

1) Increasing
a) [0, 1]U[2 )
b) (=2, H U3, )
¢) [~ o0, 1]
d) (e, )

v)-1 vi) ae(—o,-3)

ANSWERS

Section-A
iii)c iv)d v)d
ix)a X)C xi)d
XV)C xvi)a xvii)c
xxi)c xxii) b xxiii) b
XXvii) ¢ XXviil) ¢ XXix)a
1i1) 0.01 iv)3a V) 7

iX) x+y-2=0 x)ae(—o0,~1]U[1,00)

Xiv) 2ab  XV) (é,— lj

e
Section-B
Decreasing
(o0, 2] U1, 2]
(=00, -2) U (1, 3)
[-1,00)

(0,e)— {1}

vi)a
xii)a
xviii)b
xxiv)b
XXX)a

vi) 0

X1) increasing

ix) inceasing on (0, c0) decreasing on (—1, 0)

x) Increasing on (—o0,—1), decreasing on (—1, )

xil) a)x= — isapoint of local minimum and local minimum value ==

4

1
2

T . . . T
b)x= E , point of local maximum, local maximum value \/_ - 3

n . .. . T
x=—-,point of local minimum, local min value = 3+ 3

3

¢) None in the interval (0, )

d) x=-1, is a point of local max., local max value=0
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3456

x= 3 1s a point of local min., local min value = — 3125
... @ ) (43,0 _sp—_4 (0.0 .3
Xiil b xiv) (£3,0) xv)a=5,b= xvi) (0,0)  xvii 16
Section-C
. 1 o]
i) \3Bbem? / sec ii) Zcm/sec i) 5 %
v)a) 1.03490  b) 1.396368 ¢)—-34.99 d)1 e)0.198
vi)  Tangent Normal
X Y
a) —secO —ztan 0=1 axcos 0+bycot 0 = a*+b?
a
b) x+y—2=0 y—x=0
c) m’x—-my+a =0 m’x+m’y—2am*-a = 0
d) 13x-16y—2a =0 16+13y-19a =0

e)bxcosttaysint=absintcost axsint-bycost=a’sin’t—£cost.
vii) 3 -1 and I
241073410 2410 3410

3ab)’
Z(a% +b% )

ix) tan™'

Xii) y=\/§xi 23
Xiv)  xcosb+ycot0=8
xv) tx+y=6t+3t andx+y=09.

25
XX) 4 Sq-cm.

r
xxi) Length= rv2 unit, breadth = Na unit.

xxii) 500 7 cm’.
Xxiv) (2,2)€ (=2,2)]

xxv) a=-15,b=121|
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CHAPTER- 7

INTEGRALS

Important points and Results :

.. ) . d )
Integration is the inverse process of defferentiation. Let d_F (x)=f(x). Then we write
X

I f(x)dx = F(x)+ C.These integrals are called indefinite integrals or general integrals, C'is called

constant of integration. All these integrals differ by a constant.

Geometrically, an indefinite integral is collection of family of curves, each of which is obtained by
translating one of the curves parallel to itself upwards or downwards along y-axis.

Some properties of indefinite integrals :

1) The process of differentiation and integration are inverse of each other, i.e., di J. f(x)dx= f(x)
X

and I f’(x)dx = f(x)+c,where c is any arbitary cosntant.

i)  Two indefinite integrals with the same derivative lead to the same family of curves and so they

are equivalent. So if fand g are two functions such that di J. f(x)dx = di J. g(x)dx , then
X X

j f(x)dx and I g(x)dx are equivalent.

i)  The integral of the sum or the difference of two functions is equal to the sum or difference of
their integrals. i.e,

[[F0) £ g(0)]dx=[ f(dx [ g(x)dx
iv) A constant factor may be written either before or after the integral sign, i.e.,

Jaf(x)dx = aj f(x)dx ,where ‘a’ is a constant.

v)  Properties (iii) and (iv) can be generalised to a finite number of functions f, f,, .......... .,
and real numbersk , k,, ......, k_giving

[[KADEK L)% 2K, f,(0Mx =K, [ f()de £ K, [ f(x)dxt- 2K, [ £, (x)dx

Some standard integrals :

n+l

" +c, n#-—1, particularly, Idx =x+c

i) fx"dx: :16+

1
ii) I;dx:10g|x|+c
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i)y [0.dx=c
v) jex dx=e"+c

X

a

V) jaxdx = +c

Vi) Icos xdx=sinx+c

i) Jsinxdx:—cosx+c
Viii) Jsecz xdx =tanx+c
cosec’xdx =—cot x+c

X) jsecxtan xdx=secx+c
jcosecx cot xdx = —cosec x+c¢

=sin"' x+c=—-cos x+c

xﬁ)j

dx - 1
Xm) I 5 =tan x+c=-—cot x+c
1+x

iv) _[ dx sec” x+ cosec” x+
Xiv) |——= x+c=— x+c
xvx* -1

Methods of integration :

Method of Transformation —
When the integrand is a trigonometric function, we transform the given function into standard integrals

or their algebraic sum by using trigonometric formulae.
Method of substitution —

By suitable substitution, the variable x in j f(x) dx 1s changed into another variable t so that the

integrand f{(x) is changed into F(¢) which is some standard integral or algebriac sum of standard
integrals. There is no general rule for finding a proper substitution. Using substitution technique, we
obtain the following standard integrals.

1) Itanxdx:—10g|cosx|+c:10g|secx|+c

T ox
tan| =+ =
(4 2)
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i) Icotxdx: log|[sin x|+ ¢

i) jsecxdx=10g|secx+tanx|+c=10g +c




iv) Icos ecxdx =log |cos ecx —cot x|+ ¢ =log +c

X
tan—
2

Integrals of some special functions :

i) I de zzilog rd +c
X —a 2a x+a

I dx 1 ga+x+c

a —x 2a a—x

i) I dx ! tan”' T4 ¢
iii =— —
xX’+a> a a

:log‘x+\/xz—a2

+c

dx
v) I W

. X
=sin” —+c

9 J' dx
Ja* —x* a
= 10g‘x+\/x2 +a’

+c

Wi I dx
VX' +a®
Integration by parts :

For given functions /, and f, we have I fi(x).fo(x)dx = f (x)I f,(x)dx— j[% fi (x).j 5 (x)dx} dx

1.e., the integral of the product of two functions = First function x integral of the second function—
integral of {differential coefficient of the first function x integral of the second function}. Care must
taken in choosing the first function and the second function. Obviously, we must take that function as
the second function whose integral is well known to us.

Iftwo funcions are of different types, then consider the first function which comes first in the word
“ILATE” where

I Inverse trigonometric function.
L Logarithmic function.

A Algebraic function.

T Trigonometric function.

E Exponential function.

[elre+fwlde=e fx)+c

Some special types of integrals :

2
i) J-\/xz—azdxzlexz—a2 —%log‘x+\/x2—a2

2

+c
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2
ii) J.\/x2+a2dx=§\/x2+a2+%10g‘x+\/x2+a2 +e
2
iii) J.\/az—xzdngxlaz—xz+%sin"£+c
a

iv) Integrals of the types Jm Im or I\/ax2+bx+cdx

can be transformed into standard form by expressing

2 2
ax2+bx+c=a[x2+éx+£}:a x+i + E—b—z
a a 2a a 4a

+
pX+q or J&dx

Vax® +bx+c Jax’? +bx+c

_[( px+g)\ax® +bx+cdx can be transformed into standard form by expressing

v) Integrals of the types _[ or

px+q= A% (ax* +bx+c)+B=AQRax+b)+ B, where 4 and B are determined by
comparing coefficients on both sides.

Integration by partial fractions :

Integrals of the type J-% can be integrated by solving the integrand into partial fractions. We

proceed as follows :

Check degree of p(x) < degree of g(x), otherwise divide p(x) by g(x) till its degree is less i.e., put

in the form PO _ r(x )+f( *) , where degree of f(x) < degree of g(x).
g(x) gx)’
Now fx E ; can be integrated by expressing fx E ; as the sum of partial fractions of the following
8 g(x
types.
i) pxtg __A + B ,a#b
(x—a)(x=b) x—a x-b
X+ A B
iy L=t
(x—a) x—a (x—a)
2
i) px +gx+r _ A 4 B 4 C
(x—a)x=b)(x—c) x—a (x—-b) x-c
x>+ gx+r A B C
iv) pr 4 = + +

(x—a)*(x—=>b)  x-a (x—a)* x—b
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X’ +gx+r A + Bx+C
(x—a)(x*+bx+c) x—a x +bx+c

V)

Where x*+bx+c cannot be factorised further.
Definite integral :

b
The definite integral is denoted by I f (x)dx , where a is the lower limit of the integral and b is the

upper limit of the integral. The definite integral is evaluated in the following two ways.
1) The definite integral as the limit of the sum.

b
ii) I f(x)dx = F(b)-F(a),if F(x) is an antiderivative of /().

The definite integral as the limit of the sum :

b
The definite integral I f(x)dx is the area bounded by the curve y = f(x), the ordinates x = a,x =b

b—a
n

h= —s (0 asn—> .

Fundamental Theorem of calculus :
) Area function : The function A(x) denotes the area function and is given by A(x) = I f(x)dx.
i)  First Fundamental Theorem of integral calculus :

Let f be a continuous function on the closed interval [a,b] and let A(x) be the area function.
Then A'(x)=f(x), for all xe[a,b].

i)  Second Fundamental Theorem of integral calculus :
Let /' be continuous function defined on the closed interval [a,b] and F'be an antiderivative

b
of £ Then [ f(x)dx=[F(»)], = F(b)~F(a).

Some properties Definite Integrals :

) if(x)dx= jf(r)dr
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Tf(x)dx :—jf(x)dx

a b

]Lf(x)dx =0

jf(x)a’x = jf(x)dX+ jf(x)dx, where a<c<b
b b

[ fdr = fla+b-xdx

Tf (X)dx = j fa—x)dx

0 0

T f(x)dx = Tf(x)dx+ Tf(Za —x)dx

0 0 0

ff(x)dx:i 2!f(X)dx, if fQa—-x)=f(x)
0

0 L if fRa-x)==f )

Tf(x)dx:< 2!f(x)dx, if f(=x)=f(x),ie. even function.

0 , If f(=x)=—f(x), i.e.odd function.
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Exercise-7
Section-A

OBJECTIVE TYPE QUESTIONS : [ I or 2 marks for each question |

1)  Multiple choice type questions :

1

1) The antiderivative of the function f(x)= (1 - iz jaHJ‘ ,a>01s
X

1 1
x+—

: : a * e
a) & b) & c) d) ¢ *loga
a X loga
ii) _[ex (I—cot x+cot’ x)dx =
a) e‘cotx+c b) —e*cotx+c c) e*cosecx+c d) —e‘cosecx+c
A
i) 1f [ dv=k2" +c, then kis equal o
X
_ b) —log? 1 d 1
. sin x . -
v) If J.— dx = Ax+ Blogsin(x—a) + C , then the value of (4, B) is
sin(x—a)
a) (—sina, cosa) b) (cosa, sina) ¢) (sina, cosa) d) (—cosa, sinat)
dx )
V) jm is equal to
a) tanxtcotx+c b) (tanx+cotx)*+¢  ¢) tanx—cotx+c d) (tanx—cotx)*+c
b+c
vi) J f(x)dx is equal to
b b—c b b
2 [fode by | fod o) [ ey a) [fGrtods
dZ
vii) _[—z(tan*l x)dx is equal to
dx
a) e +c b) tan"'x+c c) xtan™' x—%log‘l+x2‘+c d) none of these
X
iy Lim 1 Z r. It
l R— R—
vie) - Lim-— 2\, isequal to
1 1
—— b) 0 — d) 1
Q-2 ) 9 5 )
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Xiv)

If fand g are continuous functions in [0,1] satisfying f{x)=fa—x) and g(x)+g(a—x)=a, then

jf (x).g (x)dx is equal to
0

a a h
25 b) 5 j f(x)dx o) j F(x)dx
% dx ) |
Y 1+cos2x 15 equalto
a) 1 b)2 ¢)3

3
J| x—2|dx is equal to
1

a)0 b) 1 c)2
f dx _ zf dx ‘
If J 1+ 1 J 1+ 1 , then the value of a is

1 1
a) 5 b) /3 c) NE)
Valueofj(x+\/x2 +1) dx

1
a)0 b) log ) c)log2
1
J-i sin”' 2% ~ |dx is equal to
) dx I+x
T
a)0 b) n c) )

n+l

If j f (x)dx=n, then value offf (x)dx

a) 12 b) 10 c)8

o1 T
If J > dx = —, then the value of a is
o 1 +4x 8

(S|

T 1
a) N b) 5 c)

If j f(x)dx = g(x) and j f(x)dx = h(x), then
a) h(x) + g(x) = constant

83

d) aI f(x)dx

d) 4

43

w |y

d)

1
—log?2
d)2 g

d)

&~

d)9

d1

b) g(x) — h(x) = constant
¢) h(x).g(x) = constant d) g(x) = h(x)



Section-B

2]  Short answer type questions : [ Each question caries 3 marks]

)] Evaluate the following integrals

a) Iiz:dx b) -[a"bx dx

9 e v Al kisy

e) _[ sin S;Ilsz o x dx f) Jtan x tan 2x tan 3xdx
o [Sah Zi 0 [2 2 2

dx
1)J 1+10gx i) '[—x ,_x4_1

=1 x*dx
d.
k)-[x2+4x 1)-[x +a°
X e'dx
m)J a3—x3dx n).[
1
sin 2x 5
O)j (1 cos2x) p) J;x(l—x Ydx

0| —= y [ eHax
N TR J

1.5
2 e
S) El;[X ]dx t) dex

0

i) If f(x) = x>+sinx and £(0) = 0, find f{x).
iy If j ¢(x)dx = f(x), then find j F(x).g(x)dx

1
iv)  Ifflx) = x+ ¢ (x), where ¢(x) is an even function, then find the value of _[ xf (x)dx

-1
att

v)  Iff{x)=fla+x), then show that J f(x)dx is independent of a.

0
Section-C

Long answer type questions :
3]  Evaluate the following integrals : (4 or 6 marks each)

‘ dx . dx
| i) [ ————
tan x + cot x +sec x + cosec x SIn x +sec x
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4)

5)

6)

7)

8)

9)

dx

iiy | 610z x) +7log x+2) iv) [Vsecx—1Idx

la—x [ | X
v)_[ a+xdx v1)_[sm' a+xdx

vil f
) 3+2sinx+cos x

2

indx—2
[ SN T2
IX)-[ 1—cos4x

X) I (2 + (x> +4) dx

dx

. I dx . I xdx
xi) cos x(5—4sin x) xii)
A n
Xiii) dx 3 Xiv) “sin X+ Cos X| dx
0 (a2 cos’ x+ b’ sin’ x)
" los(si J T xtanx
Xv) J./ og(sin x +cos x)dx i) J-
/4

If =2(1-cos0), then show that j r +(:119j d6 =8

xdx o

ShowthatJ. =——— (O<a<n)
l+cosasinx sino

4
Prove that j f(x)dx= % , where f{x)=|x—1[+}x—2|+}x—3|
1

1
Show that Jtan’1 (1 -x+x )dx =log2
0

log(l—+x)dx E]ng
8

Evaluate the following integrals as limit of sums :

Show that _[

i) j(3x2 —5x)dx i) lj\/de i) _1[3"dx

0

b
V) Je'"“cdx
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viil) [cot™ (1—-x+x7) dx

3
iv) [(26 +3x=5) dx
0



1)

2)

3)

i)c )b
vii)a viii) ¢
xiil)a Xiv)c

LX) X
1)a) ———+x+c
)a) s 3

ANSWERS

Section-A
li)a v)b v)c vi)d
X)b X)a xi)b xii)c
xv)d xvi)b xvil)b
Section-B
by =28 L. N
)~ log(ab) ¢) secx—tanx+x+c

1 .
d) %x% —x+2\/;—2log‘\/;+l‘+c ©) log‘a2 sin® x+b° coszx‘+c

1 1
f) —glog|cos3x|+510g | cos2x|+log|cosx|c

g) xcos(b—a)+ sin(b—a)log|sin(x—b)|+c h

1
i) Esec‘l (x2)+c
1 Ltan*l x_3 +c
) 3a3 a3

n) sin”’ [e_ J+ c
4

qQm 1) 2(e-1)

X
1) ?—Cos x+1

i) 27 () +c

2
1V)§

|
1) E(smx—cosx—x)+c

1 22"

— +c o
) (log2)3 ) x" +c
k) x—étan" g P
2 2
3
Zsin™ X—A +c
m) a%
1
0) C—-e‘cotx p) 5y
s) 2-2 t) =

Section-C

+sin x— .
ii) ! log|\/§ s?nx OS]+ tan™ (sin x+cos x) + ¢
23 ‘\/g—SIle-FCOSX
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9)

1
i) log 2logx+1 +c iv) —log|| cosx+— |[++/cos® x+cosx |+c
3logx+2 2
v) asin™ [z]+\/a2 -x +c vi) xtan™  |Z —Jax +atan™ \/g+c
a a a

Vii) tan™ [1+ tangjﬂ:
_ 1 _ 1
viii) x tan ]x—Elog‘1+x2‘—(l—x)tan ](l—x)+510g‘1+(1—x)2‘+c
. 1 2x
1X)5e cot2x+c
1 2 . (x
X) ——tan  x+—tan" | — |+c
3 3 2
1 . 1 . 4 .
Xl)ﬁlog|1+s1nx|—510g|1—s1nx|+§10g|5—4s1nx|+c

1 1 1 2x+1
iy —log | x—1|—=log|x* + x+ 1|+ —=tan'| ==— |+¢
i) 1o | x—1] ¢ logla? + -1+ [ﬁ}

w(a +b
i) Z{W xiv) 22
T 2
XV) —Zlog 2 XVi) 7
. 3 .. 1 2 . 93 et' mb ma
) - if) 7 iii) log’ iv) 5 v) —(e" —e™)
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CHAPTER- 8

APPLICATION OF INTEGRALS

Important points and Results :

Area of a curve between two ordinates :
Let y=f{x) be a continuous function defined on [q, b].

Ifthe curve y =f{x) lies above x-axis on interval [a, b], then the area of the region bounded by the
curve y = f(x), x-axis and the ordinates x=a and x=>b is given by

Area= j).ydx = j).f(x)dx

Ifthe curve y = f(x) lies below x-axis on interval [a, b], then the area of the region bounded by the
curve y = f(x), x-axis and the ordinates x =a and x =b is given by

Area = —j. ydx = —j. f(x)dx

Area of a curve between two abscissa :
Ifthe curve x =£(y) lies to righ of y-axis on interval [¢, d], then the area of the region bounded by the
curve x = f(y), y-axis and the obscissa y=c and y=d is given by

Area= TXdy:]{f(Y)dy

Ifthe curve x=f{(y) lies to left of y-axis on interval [c, d], then the area of the region bounded by the
curve x=f(y), y-axis and the abscissa y=c and y=d is given by

Area= —j.xdy = —]i.f(y)dy

Area between two curves :
The area of the region enclosed between two curves y=f(x), y=g(x) and the lines x=a, x=>b is
givenby
b
Area= J[f(x) - g(x)]dx, where fix)>g(x) in [a, b]
If f(x)>g(x) in [a, c] and f{x)<g(x) in [c, b], a<c<b, then

c b
Area= [[f(0)=g()]dx+ [[g(x)— f(x)]dx
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Exercise - 8

Section-A

OBJECTIVE TYPE QUESTIONS : [1 or 2 marks for each question ]

1y

Multiple choice type questions :

1) The area enclosed by the circle (x—2)*+)*=4is
a)2msqg.units  b) 4w sq. units ¢) 81 sq. units d) 4m*sq. units

i)  The area bounded by the curve y = 4x—x? and the x-axis is
30 . 31 . 32 . 34 ,
a) — sq units  b) — 8q. units c) 3 %4 units d) 7 54 units

i)  The area bounded by the parabola y* = 8x, the x-axis and the latusrectum is

32 16
a) 3 54 units  b) sg.units  ¢) B units d) E units

iv)  The area enclosed by the line y = —x, y -axis and the line x = 3 is
a) 6 sq. units b) 3 sq. units ¢) 9 sq. units d) % sq. units

v)  The area bounded by the parabola y*=4ax and the ordinate x = a is

2 2

4 4 :
a) sq. units b) ?a . units C) Yy sqg. units d) none of'these.
vi)  The area enclosed by y = asinx, x-axis, x = 0 and x =1
a) a sq. unit b) 2a sq. units ¢) 3a sq. units d) none of'these.
2 2

vil)  The area enclosed by the ellipse f—6 + % =1is

a) 12w sq. units  b) 67 sq.units ¢) 31 sqg. units d) m sq. units.

vii)  The area of the region bounded by the curve y = €', x =1, x = e and x-axis (in sq. units) is
a) e—1 b) I-e C) e“—e d) 1—e°

x)  Thearea of the region bounded by the curve y =log; , x-axis,x =1 and x = e (in sq. units) is

a) 2e b) 1 c) 2e-1 d) 2e+1

. 26 .
x)  Ifthe area enclosed by the curve x*=y, x—axis, x=1 and x =k (k>1) is 3 sq. units, then

the value of k is
a)2 b)3 c)4 d) none of these.
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2]

B]
3)
4)
5)
6)
7)

8)

9)

10)

11)
12)
13)
14)
15)

Section-B

Short answer type questions : [Each question caries 3 marks ]

1) Find the area of the region bounded by the curve y = |x|, x =—1, x = 1 and the x-axis.

i)  Find the area of the region bounded by x = \/; ,y-axisand y =1

. /4
i)  Find the area of the region enclosed by y = tanx, x-axis and x = 2

iv)  Find the area of the region enclosed by the curve xy =1, x-axis and the ordinates x =1 and
X =e.

v)  Using integration, find the area of the region bounded by the line y—1 = x, the x-axis and the
ordinates x = -2 and x = 3.

Long answer type questions : (4 or 6 marks)

Using integration, find the area of the region bounded by the lines x-2y+4 =0, x=3,x=6 and
above the x-axis.

Find the area of the triangle, whose sides are y =4x+5, x+y =5 and 4y = x+5 respectively.

Using integration, find the area of AABC whose vertices are A(2, 1), B(3,4) and C(5, 2).

Find the area of the region {(x, y):y* < 6ax} and {(x, y):x*+y* < 6a2}.
Show that, the area of the region enclosed by the curves y = |x| —land y=- |x| +1 is 2 sq. units.

Show by integration, the area of the region enclosed by the curves x =0, y=0and Jx+ \/; =a

oal .
is ~=5q. units.

If the area enclosed between the curves y = ax? and x = @y? (¢>0) is 1 square unit, then find the
value of a.

The slope of the tangent of the curve y = f(x) at the point (x, f(x)) is 2x+1. If the curve passes

through the point (1, 2), then find the area of the region enclosed by the curve, x-axis and the
ordinate x = 1.

Using integration, find the area of the region bounded by the curves y*=2x+1 and x——1 =0.
Draw a rough sketch and find the area of the region { (x,y): x>+ y* <2ax, y* 2 ax, x20, y> O}.
Find the area of the region { (x,y):x°+y* <4, x+y> 2} )

Find the area of the region bounded by the curve y = x3, the lines y = x+6 and y = 0.

Find the area enclosed by the curve x =3 cost and y =2sint.
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1)

2)

3)

4)
5)

6)

9)

10)

11)

12)

13)
14)
15)

)b ii)c
vii)a viii)

2
1) 1 sq. unit i) 3 $q. units
ol sq. units
4

15 n
— sq. units
> q

4 sq. units

%az (4n +3 ) sq. units

a=—
V3

é sg. units

6 &

& sg. units

3 o

ﬂaz_%az "
2 3% |sq units

(m—2) sq. units

28 sq. units

67 sq. units.

ANSWERS
Section-A

li)c v)d
ix)b x)b

Section-B

1
1i1) 5 log2 sq. units

Section-C
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CHAPTER- 9

DIFFERENTIAL EQUATION

Important points and Results :

Definiton :

An equation involving derivatives of the dependent variable with respect to independent variable
(variables) is known as a differential equation.

Order of a differential equation is the order of the highest order derivative occurring in the differential
equation.

Degree of a differential equaton is defined if it is a polynomial equation in its derivatives.

Degree (when defined) of a differential equation is the highest power (positive integer only) of the
highest order derivative in it.

The followings are some examples of defferential equations :

0) X @ _ 2y and xdy+y*dx=dx are of first order and first degree.

dx
2
1) d f = Ll is of second order and first degree.
dx” dx

d d
i)y y’ _y e is of first order and second degree.
dx

& _

% 2
) Y=

v) [ J — | 1s of second order and second degree
d_y = x is of third order and first degree.

A functon which satisfies the given differential equation is called its solution. The solution which
contains as many arbitrary constants as the order of the differential equaton is called a general
solution and the solution free from arbitrary constants is called particular solution.

To form a differential equation from a given function we differentiate the function successively as
many times as the number of arbitrary constants in the given function and the eliminate the arbitrary
constants.

Differential equations of the first order and first degree :

A differential equation of the first order and first degree is represented in the form Mdx+Ndy=0
where both M and N are functions of x and y or constants. The general solution of such type of
equation involves only one independent arbitrary constant.
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Variable separable method is used to solve such an equation in which variables can be separated
completely i.e. terms containing y should remain with dy and terms constaining x should remain
with dx.

A differential equation which can be expressed in the form ? = f(x,y) or ? = g(x,y) where
X Yy

fx,y) and g(x,y) are homogeneous functions of degree zero is called a homogeneous differential
equation.

d .
A differential equation of the form d_y + Py = O, where P and Q are constants or functions of x only
X

is called a first order linear differential equation.

Methods of solving first order, first degree differential equation :
In this section we shall discuss three methods of solving first order first degree differential equations.

Differential equations with variables separable :
A first order - first degree differential equation is of the form

If F(x,y) can be expressed as a product g(x) /(y), where g(x) is a function of x and A(y) is a
function of y, then the differential equation (1) is said to be of variable separable type.
The differential equation (1) then has the form

Yy
—=h(¥).8(X) L, 2
o (3)-8(x) (2)
If h(y) # 0, separating the variables (2) can be rewritten as
1
dy=gdx ... 3
h(y) 4
Integrating both sides of (3), we get,
1
——dy=|g(x)dx ... 4
h(y) I @
Thus (4) provides the solutions of given differential equation in the form
Hy)=Gx)+C

Here H(y) and G(x) are the anti derivaties of and g(x) respectively and C is the arbitrary

1
h(y)
constant.

Homogeneous function and Homogeneous differential equation :

A function F(x, y) is called homogeneous function of degree n if F(Ax, Ay) = A"F(x,y), where A is
non-zero real number.
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d . . L
A differential equation of the form a’_y = F(x, ) is called homogeneous differential equation, if
RS

F(x, y)is ahomogeneous function of degree zero i.e. F(Ax, Ay) =A°F(x, y)
For an example :
(P txy)dy = (x*+)?)dx
. ﬂ 3 x2 + y2
dx x+xy

In homogeneous differential equation because here

x*+y°

F(x, y)

x° + xy

/lzxz + /lzyz
x>+ AxAy

F(x, Ay)

A’ (x2 + y2)
A? (x2 + xy)
= AF(x, y)
Hence F(x, y) is homogeneous function of degree zero.
dy x4y’
Cdx o X4y

is ahomogeneous differential equation.

a)  Tosolve ahomogeneous differential equation of the type

d
—y=F(x,y)=g[X) .................................................. (1)
dx X

We make the substitution y=v.X........cccceeevvevieneeniennenne. (2)

Differentiating equation (2) with respect to x, we get

v+x—=g()
or, xﬂ =8(V) =V i 4)
dx
Separating the variables in equation (4), we get
dv dx
o e (5)
gv)—v x

Integrating both sides of equation (5), we get
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| L (6)
gv)—v X

Equation (6) gives general solution of the differential equation (1) when we replace v by 2.
x

b)  Ifthe homogeneous differential equation is in the form

dx

—=F(x,

y (02D e (1)
where F(x, ) is homogenous function of degree zero, then we make substitution
oy L. X VPt ee ettt (2)

y

Differentiating equation (2) with respect to y.

d. d
We get, d_x =v+y d_v and we proceed further to find the general solution as discussed
Yy Yy

above by writing dx =F(x,y)=h d
dy y

Linear differential equations :

Alinear differential equation is in the form of % + Py = Q where P, Q are constant or functions of
X

x only.

Here, the integrating factor is (I.F) = ej e

Now, we can write the solution of the given differential equation as

Y(LF) = [(QxL.F)dx+C

or, y.ejpdx = I(Q.ejpdx )a’x +C

. . : . L dx
Sometimes, we get linear differential equation is in the form of - + Ax=Q,,where P and O, are
Yy
constants or functions of y only.

ThenLF= ej " and the solution of the differential equation is given by

x(ILF)=[(QxI.F)dy+C

dy dy
or, x.ej " _[(Ql .ej o jdy +C, C = Integration Constant
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Exercise-9

Section-A

OBJECTIVE TYPE QUESTIONS : [1 or 2 marks for each question |

1)  Multiple choice type questions : (choose the correct option)

4 3
1) The order of differential equation d—?: + d—f =1+ dy 1s
dx dx dx

a)6 b) 4 c)3 d)7

Iy d’y (dyY d
i)  The degree of the differential equation —Z + Z N A y=6x"is
dx dx dx dx

a)4 b)3 c)2 d) 1

d’y (dyy :
i)  The order and degree of the differential equation —2] + [_y j + x° =0 respectively, are
d.

X dx

a)2 and 4 b)2 and 2 c)2and3 d)3and3
iv)  Which of the following is a second order differential equation

) (Pt by R0 )y
v)  Thedifferential equation y % + x = C represents

X
a) family of hyperbolas b) family of parabolas
c) family of ellipses d) family of circles.

2 4
: , (& d’ d
vi)  The order and degree of differential equation —Z -3 —Z +2/ 2 = y* are
dx dx dx

a)l,4 b)3,4 ¢)2,4 d)3,2

vi) Ify=e“(Acosx+Bsinx), theny is a solution of

2 2
a)d21+2d_y=0 b)dy—29+2y=0
dx dx dx? dx
d’y . dy d’y
—+2—+2y=0 d +2y=0
O ) T

viii)  The solution of differential equation xdy—ydx=0 represents

a) arectangular hyperbola b) parabola whose vertex is at origin
c) astraight line passing through origin ~ d) a circle whose centre is at origin.
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2]

d +1 )
The number of solutions of d_y = y—l ,wheny(1)=21s
x —

X
a)one b) two c)infinite d) none of these
1 2
The solution of differential equation dy 1+ y2
dx 1+x
a) y=tan'x b) y—x=K(1+xy)  c)x=tan’ly d) tan(xy)=K
dy

The integrating factor of differential equation . + ytanx—secx =0 is
X
a) cosx b) secx c) e d) e

The integrating factor of x? —y=x"-3xis
x

1
a)x b) logx C) < d) —x
. dy —x .
The solution of P +y=e " ,»0)=0is
X
a) y=e'(x—1) b) y=xe™ c) y=xe +1 d) y=(xt+1)e™

The general solution of e*cosydx—e*sinydy=0 is
a) e'‘cosy=K b) e*siny=K c) e'=Kcosy d) e’=Ksiny

. dy xz— y .
The general solution of I =2xe" 7 is

a)e’=C bye’+e"=C c)e’=e +C d) e =C

Very short answer type questions : (1 or 2 marks each)

i)

Find the order and degree of differential equation :

2 2
1+ 4 =i%
dx dx

dy
Solve : er = x*

Determine the order and degree of the following differential equation :

2
y:xﬂ+ a’ & +b’
dx dx

. . . B .
Find the differential equaton of y = Ax+—, where 4 and B are arbitrary constants.
x

d
Solve : —y=1—x+y—xy
dx
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vi)  Find the integrating factor of the differential equations :

(1+x2)%+y:tan" x

vi)  Solve: @—M:O

dx x

d
vii))  Solve: e 41

dx
: : : : : . . dy I+y
ix)  Find the integrating factor of the differential equation I +y=—-

X X
x)  Solve: (cosy+ycosx)dx+(sinx—xsiny)dy=0
Section - B
Short answer type questions : (3 marks each)
2
1)  Showthat v= A + B satisfyies the differential equation : d—: + 2dv =0
r dr” rdr

2)  From the differential equation corresponding to y*~2ay+x*=a* by eliminating a.
3)  Solve: x\/1—-y*dx+ yN1—-x’dy =0

4) Solve:@=—2x_3y
dx 3x-2y

5)  Find the solution of differential equation (2y—1)dx — (2x+3)dy =0

6)  Find the general solution of % + ytanx=secx.

X

d _ _
7)  Find the solution of differential equation d—y = +x%e.
X

8)  Solve: xﬂ+y:e"

dx
9) Solve: ﬂ+lz sin x
dx x
10)  Find the integrating factor of the differential equation (xlog x) % +y=2logx
x
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4]

Section - C

Long answer type questions : (For each question carries 4 or 6 marks)

1)  Find the particular solution of the differential equation log [? ) =3x+4y, given that y=0
X

when x=0.
2)  Solve: 2x* @_ 2xy+y> =0
dx

3)  Findthe particular solution of the following differential equation :

d
d_i)c =1+x"+y + 1"y, given that y=1, when x=0.

4)  Find the particular solution of the differential equation :

x(xz —1)?:1;)/:0 when x=2.
x

5)  Solve: xﬂ: y—xtan(zj
dx X

6)  Solve: (1+x2)ﬂ+ y=tan"' x
dx
dy . . . .
7)  Show that the differential equation x a’_y sin [X ]+ xX—ysin [l ] =0 is homogeneous. Find
X X X

the particular solution of this differential equation, given thatx=1, when y = 5

dy 1 2
__|_ .y:_
dx logx X

8)  Solve:

-y

d -y
9) Solve: xy—y—y2=(x+y)2 e
dx

10)  Find the particular solution of the differential equation (1 +x )? +6x7y = (1 +x° ) , given
x
that y =1 when x =1.
dy x—y+1

11 lve: —=—"—""T—"—
) Solve dx 2x-2y+3

d d
12) Solve: y_xﬁzz(sz Ey) Giveny =1, when x=1.

y
13)  Show that the differential equation [xex +y ]dx = xdy is homogeneous. Find the particular

solution of this differential equation, given thatx=1, when y=1.
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14)  Find the particular solution of the differential equation ? +xcoty=2y+y’coty, (y#0)
Y

given thatx =0, when y = % .
15) Find the equation of a curve passing through origin and satisfying the differential equation

(1+x2)§+2xy=4x2,
X

16) Solve: y+di(xy) = x(sin x +log x)
X

17) Find the general solution of (1+tany)(dx—dy)+2xdy=0.

d .
18) Solve: d—y =cos(x+y)+sin(x+y)
X

19) Find the equation of a curve passing through (2,1), if the slope of the tangent to the curve at

2 2

X +y
2xy '
20) Find the equation of the curve through the point (1,0), if the slope of the tangent to the curve
y—1
X+ x

any point (x, y) is

at any point (x, y) is

21) Solve: x% =y(log y—logx+1)
x

22) Findthe equation of a curve passing through the point (1, 1), if the tangent drawn at any point
P(x,y) on the curve meets the coordinate axes at 4 and B such that P is the mid point of 45.

23) Find the general solution of Z—y —3y=sin2x.
X

/4
24)  Solve the differential equation dy=cosx(2—ycosecx)dx given that y=2 when x = PR

b

25) Find the general solution of the differential equation (1 +y° ) + ( x—e™ 'Y ) y
x
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1)

2)

3)

4).

)b
vii)c
xiii) b

1) order =2 and degree = 1

iv) x?

vii) y

ANSWERS

Section-A
)c li)a v)b
viii) ¢ ix)a x)b
Xiv)a XV)C

11) y =2(xlogx—x)+c

d’y dy x?
—4+x—=—-y=0 v) log|l+y|=x——+c¢
dx’ dx Y ) log |1+ 2
=xe"’* vill) @*=x+c 1X) €x-;

X) xcosy+ysinx =c

2)
3)
4)

5)

6)
7)
8)

9)
10)

2)

3)

4)

Section-B

2%y HAxyy +ai(1-y2)=0
V-2 +\1-y* =C
y3xytx? =C

2x+3

2y—1

+ K, where K=c?

ysecx = tanx+c

x3

e’ —e'=—+C

et K
y=—t—
X X

x(y+cosx) = sinx+c
logx

Section - C
4+ 3e v =17

2
log|x|+c=—x
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v)d
xi)b

vi)d
xii) ¢
ii1) order = 1 and degree =2

-1
tan " x

Vi) e



5)

6)

7)
8)
9)

10)

11)
12)

13)

14)

15)

16)
17)

18)

19)
20)

21)
22)

23)

24)

25)

xsin2=C
X

—tan”' x

y:(tanq x—1)+C€

Y

cos—=log| x|
X

ylogx=(logx)’+C

(x+y)log |xc| = Yer

6 4 3

y(i+r) = T Tkt
6 4 3 4

x=2y=loglx—y+2|+c

(y=2)? (2x+1)*=9x

¥ 2
ex logx—ex +1:O
7_[2
xsiny=y*siny—"—
4

__ 4
Y 31+ x7)

2sinx 2cosx X

2

X )
=—Ccosx+ + +5logx—o+Cx
y 3 & 9

X X
x(siny+cosy) = siny+Ce™”

1+tan

log =Xx+c

x+y
2

2(x2—y2)=3x
O-DE+t1)+2x=0

log[ljZ Cx
x
xy=1

1 .
y :_E(ZCOS 2x+3sin ZX)+C€3X

: 1 3
ysinx =——cos2x+—
2 2

-1 -1y,
2x€[an y ZeZtan y + K
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CHAPTER- 1 0

VECTOR ALGEBRA

Some Important points and Results :

Vector :
A quantity that has magnitude as well as direction is called a vector.

4 4 B

Directed line segment is a vector, denoted as AB or simply as a@ and read as ‘vector AB’or

[3 i b
vector a .

The point A from where the vector AB starts is called its initial point, and the point B where it ends
is called its terminal point. The distance between initial and terminal point of a vector is called the

magnitude (or length) of the vector, denoted as ‘E‘ or | a | .

Position Vector :
Let O be an arbitary point. Then the position vector of the

point P w.r.t O is the vector OP . The initial point O is
called the origin of reference.

Let @ and b be the position vectors of the points P and O
respectively referred to the origin O.

.. PO = (Position vector Q) — (Position vector of P)

AR

= b-a

VA
N
If P(x, y, z) is a point in three
dimensional coordinate space,
then position vector of P w.r.t. O
. e ALAL A =0oP,”"r
asorigin 1s OP =xi+yj+zk. r=0 mox b
m~ X‘S \
. o
Modulus of OP

P(x.yz)

Z‘O—P":,/xz-l-yz-l‘zz . o *z';
AA A & <
Here, i, j and k are unit vector

along OX , OY and OZ

respectively. ¥ T
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Section formula
The position vector of a point R dividing a line segment joining the points P and Q whose position

- .
vectors are ¢ and p respectively, in the ratio m . n.

. .o mb +nd
)] internally, is given by ————
m+n

. . mb —nd
i)  externally,is given by
m—n

Direction Cosines of Vectors :

Consider the position vector opP (or 7 ) ofapoint P(x,),z) as in figure. The angles a., 3, y made by

the vector 7 with the positive directions ofx, y and z-axes respectively, are called it’s direction
angles. The cosine values of these angles i.e. cosa, cosp and cosy are called direction cosines of

the vector 7 and usually denoted by /, m and n, respectively.

VA
N
Cl_
_J90° ......................
z Pz
Foo
S va
B \) 907, >Y
o ’ B
x/
. '9’09"
4

X

In figure, the triangle OA P is right angled, triangle and in it, we have cos & = x Similarly, from the
r

right angled triangles OBP and OCP, we may write cos 8 = % and cosy = % .

Thus, the coordinates of the point P may also be expressed as (I, mr, nr). The numbers /r; mr and

nr are proportional to the direction cosines are called as direction ratios of vector 7 and denoted as
a, b and c respectively.

Types of Vectors :

Zero Vector : A vector whose initial and terminal points coincide, is called a zero vector (or null

vector), and denoted as (. Zero vector can not be assinged a definite direction as it has zero
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magnitude or, alternatively otherwise, it may be regarded as having any direction. The vector AA ,
BB represent the zero vector.

Unit Vector : A vector whose magnitude is unity (i.e. 1 unit) is called a unit vector. The unit vector

‘m

in the direction of a given vector & is denoted by & and a =

Co-initial Vectors : Two or more vectors having the same initial point are called co-initial vectors.

Ql

Collinear Vectors : Two or more vectors are said to be collinear if they are parallel to the same
lines, irrespective of their magnitudes and directions.

Equal Vectors : Two vectors g and b are said to be equal, if they have the same magnitude and

—

direction regardless of the positions of their initial points, and writtenas @ = b .

Negative of a Vector : A vector whose magnitude is the same as that of a given vector (say AB),
but direction is opposite to that of it, is called negative of the given vector. Vector BA is negatives of

the vector AB and written as BA=-AB .

Coplanar Vectors : Three or more vectors are said to be coplanar, when they are parallel to the
same plane or lie in the same plane. If m and n are two non zero scalars, then all linear combinations

ma+ nb of two given non-collinear vectors ¢ and b are coplanar.

Free Vectors : A vector drawn parallel to a given vector through a specified point in space is called
alocalized vector; but a vector, which depends only on its magnitude and direction and is independent
of'its position in space, is called a free vector.

Addition and Substraction of Vectors :

Ifthree points O, 4 and C are so chosen that OA=i , AC=b ; then the vector OC is called the

sum of the vectors@ and b i.e. OC=0A+AC =d+b
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The operation of constructing the sum of two vectors is called triangle law of addition.

The substraction of b from & is defined as the addition —b to g .

Thus a—5=a+(—b)

Sy

We have, G—b=0A—AB = a+(—ﬁ)
_oi+ac [
=0C

If we have two vectors ¢4 and

b represented by the two adjacent
sides of prallelogram in magnitude and

direction (in fig.), then their sum a + b
is represented in magnitude and
direction by the diagonal of the
parallelogram through their common
point. This is known as the
parallelogram law of vector
addition.

Properties of Vector addition :

i)  Foranytwo vectors g and b,
d+b =b+a (commutative property)
i)  Forany three vectors g b and ¢
(ﬁ +b ) +c=a+ (l; +c ) (Associative property)

For any vector ¢ ,wehave d+0=0+d=a.

106



1)

Here, the zero vector () is called the additive identity for the vector addition.
Multiplication of a vector by a scalar :

If & is vector and A is a scalar, then their product denoted by Ad or @A , is the vector

i)  Whichis collinear with & .

ii)  Whose magnitude is equal to |d||4|, where |d| and |A| are the moduli of @ and  -respectively.

i)  Whose direction is the same as that of @, when A>0 and opposite to @ and when A<0.

If2=0or d =0, then the product Ad is a zero vector. Again if a is the unit vector in the direction

N
a

— A A
of @, then Zi:|3|a or a=H.

If m and n are scalars and a is a vector then from the definition of multiplication of a vector by a

scalar it follows that m(né)= (mn)a =n(mad) and (m+n)a=ma+na
Components of a vector :

Consider the position vector OP ofa point P(x,),z) as in Fig; let P, be the foot of the perpendicular

from P on the plane XOY, we thus, see that P, P is parallel to Z-axis. As { JA and ]2 are the unit
vectors along the x, y and z axes respectively, and by the definition of the coordinates of P, we have

P7’=073 = zlAc.Similarly, @:ﬁ:yfand@:xf.
Therefore, it follows that hN

OF =0Q+QF =xi+y]

and O7’zTE+R7’zxf+yf+zl%

Hence, the position vector of P with reference to O is given by OTD(or F)==xi+ y JA'+ zk.
This form of any vector is called its component form. Here x, y and z are called the scalar components

of 7and x7, ¥ ] and 2k are called the vector components of 7 along the respective axes.

The length of any vector 7 = x i+ y }+ zkis readily determined by applying the Pythagorous
Theorem twice. We note that in the right angle triangle OQOP,

o] Jod] or] =7
@‘= JPP)2+bP) =2 +x* +y*

. The length of any vector 7 = xiA+y}+ 2k is given by ‘F‘Z‘xi+yj+ zk‘z NE R

From triangle OPP ,
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If d and p are any two vectors given in the component form a, i+a, j+ a, kand b, i+b, j+b, k
respectively; then

)] The sum (or resultant) of the vectors a and b is given by

a+b=(a,+b)i+(a,+b,) j+(a, +b,)k
i)  The difference ofthe voclor @ and Z is given by a — b= (a, —b, ) I+ (a2 —-b, ) f+ (a3 —-b, )IAc .
i)  The vectors @ and Z are equal ifand only ifa,=b,, a,=b,and a,=b,
iv)  The multiplication of vector @ by any scalar L is givenby 1 a=(1a,) i+(Aa,) j+(Aas )IAc .

v) dand b vectors are collinear if and onlyif b, 1+b, J¥bk=A (a] i+a, jrak J
& b =2a, b,=2a,, b,=Aa,
o h_b_b

a a, 4

=1

. A " A . . .
vy Ifa=a,i+a, j+ ask ;thena, a, a,are called direction ratios of a.

Vector joining two points :
IfP (x,y,z,)and P (x, y, z,) are any two points; then the vector joining P, and P, is the vector

ﬁ . The magnitude of vector ﬁ is given by

Z
e 2 2 2 N
‘PIP2 =\/(x2_x1) +(y2 _yl) +(Z2 _Zl)
L Pz(xz’yz’zz)
kA/\
.. PJ(xpypZJ)

Scalar (or dot) product of two
vectors : R Sy
The scalar product of two non-zero 0 - 5 ”
vectors @ and b , denoted by @.b -

is defined as @.b =|ad||b|cos@.

Where 0 is the angle between a and

b,0<0<r. X

) Let d@ and b be two non-zero vectors, then @.b = 0 ifand onlyif @ and b are perpendicular

to each otherie. a.b=0<d Lb.

iy  If0=0then a.b =|a||b]|.
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ii) If0=m;then a.b=—|d||b|
iv)  for mutually perpendicular unit vectors 7 , JA and IAc;
we have
fi=].j=kk=1 ,
T ;
i.j=7k=k.i=0
v)  Theangle between two non-zero vectors a and b is 0 N
given by a
i.b a.b
cosf = fl — or 6 =cos”’ qa.bﬁ
lallb] |allb|
vi)  The scalar product is commulative i.e. ab=b.ad
(viiy Iftwo vectors @ and b are given in component form as a,i+a, j+a, k and b, i+b, j+b, k

then scalar product is given by a b= ab, +a,b, + a,b,

Projection of a vector on a lines :

Suppose a vector AB makes an angle 6 with a given directed line / (say); in the anticlockwise

direction. Then the projection of AB onlisa vector p (say) with magnidute ‘E‘ |cos 9| and the

direction of p being the same (or opposite) to that of the line /, depending upon whether cos0 is

N
positive or negative. The vector p is called the projection vector, and its magnitude | P| is simply

called as the projection of the vector AB onthe directed line /.

v)

If P is the unit vector along a line /, then the projection of a vector a on the line /is given by

>

a.

. =L | b |
Projection of a vector a on other vector b , is given by a.| .= |, or E(a-b )
bl | [

I 6=0; then the projection vector of AB willbe AB itselfand if 6=m; then the projection
vector of AB willbe BA .
Ife= % or 9 = 377 , then the projection vector of AB will be zero vector,

Vector (or cross) product of two vectors :

The vector product of two non-zero vectors d and b is denoted by a xb and defined as
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axb

:|Zi”l;‘ sin@n.

Where, 0 is the angle between @ and b , 0<0<mand 7 is a unit vector perpendicular to both &

and b . A
b
n
0
— A
a
v
)  Letdand b betwonon-zero vectors. Then Gxb =0 ifand ony if @ and b are parallel (or
collinear) to each otheri.e. axb =0 d|| b
: T oo el
i) 1f6="" then laxb|=|al[5]
i)  Formutually perpendicular unit vectors f, JA and k wehave
Ixi=jxj=kxk=0
ix =k, jxk=1 kxi=]
iv)  In terms of vector product; the angle between two vectors a and b may be given as
‘ﬁ xb ‘
sinf ="—-
alle
v)  Itis always true that the vector product is not commutative, as a xb =—bxa . Indeed,
Gxb = |al b|sin @, where @, b and 7 form aright handed system.
Vi) xi=-—k kxj=—ifandi xk=—]

. ~ - : : . . . I =~ :
vi)  If a and b represent the two adjacent sides of a triangle then its area is given as E‘a xb‘ sq. units.
vii) If @ and b represent the two adjacent sides of a parallelogram, then its area is given by

‘éxl;‘ sq. units.
x) Ifa, b and ¢ are any three vectors and A be a scalar, then

) ax(b+é)=axb+axc
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i) A(axb)=(Aa)xb=ax(b)

x) Leta and b two vectors given in component form as @, i+a, j+ a, k andb, I+ b, f+ b, k
respectively. Then their cross product may be given by

a I A

I ] k
axb = a a, a,
b b, b

The magnitude (r), direction ratios (a, b, ¢) and direction cosines (/, m, n) of any vector are related
as:

b
r b

a c
[=—  m=—,n=—
r r

The scalar components of a vector are its direction ratios, and represent its projection along the
respective axes.

The vector sum of the three sides of a triangle taken in orderis 0.

The vector sum of two co-initial vectors is given by the diagonal of the parallelogram whose adjacent
sides are the given vectors.

Exercise-10
Section-A

OBJECTIVE TYPE QUESTIONS : [ 1 or 2 marks for each question ]

1y

Multiple choice type questions :
1) The vector joining the points A(-2, 1, 0) and B(—1, 2, 3) directed from A to B is
a) f-37+3k  b)-3i—j+3k  c¢)3i-j-3% d) i+ j+3k

1)  The direction cosines of the vector joining the points (3,—1, 2) and (5,4, 2) are
) 2 3 0 b) 3 2 0
a T b el b Y b T b
V13 13 V13 13

-2 -3
¢) [E’E’OJ d) none of these.

iil)  Unit vector in the direction of vector AB where A and B are the points (5,-3,2)and (3, 3,

5)is

2. 6 . 34 8i+ j+7k
a) —=i+—j+—k e
A NTE

111



2]

81+7k 2, 645 34
dy—i+=j+=k
J113 ) 7175775

iv)  The position vector of the point which divides the line joining the points (1,2,—1) and (-1, 1,
1) internally in the ratio 2:3

171 18 1 18 -1 2 3 -l
T T b T T o o o d e o T
a)[sssj )(sssj C)(ss 5] )[sssj

v)  Thevalue of & for which 2i+ -3k and 67+ 1 j—9kare collinear is —

a) % b) 3 c)-3 d) none of these
Vi) If|&| =3 and -1< K <2 then |Kﬁ| lies in the interval

vii) A regular hexagon ABCDEEF is inscribed in a circle with centre O, then

a) 2A0 b) 440 ¢) 6A0 d) 60A
viil) A vector 7 is of magnitude 34/2 units which makes angles 1 and B with y and z axes

respectively. The value of 7 is
1 AR N A A A
a) i+ b)iﬁ(ﬂj c)i(3i+3jj d) £37+37

iX) Thevalueoff.(fxfc +f.('+l§)+f<.(f+f)is

a)2 b) -1 0)3 )1
x) If|a|=2, l;‘=3, ¢|=4and G+b+¢=0 then b.c+c.d+ab isequalto
2 2 19 G

)7 U 95 )75

Very short answer type questions : [ 1 or 2 marks for each question ]

) Show that the vectors — i+ J ,—4i—6 f and 5145 ]A are the sides of a right-angled triangle.

iy Ifa=47-3]andb=-27+35 arethe positoin vectors of the points A and B respectively;
find the position vector of the middle point of the line segment AB.

i)  The position vectors of the points Aand Bare 37— j +7 kand 47 -3 j- k ; find the magnitude
and direction cosines of AB .

iv)  Show that the vectors &t =—37—2 j+ k and B =20+ ) 4k are perpendicular to each
other.

vi) Ifd=2{-j+3kandb = 37— j—2k,find the angle between the vectors (@ +5 ) and (a+5)
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3

Iftwo vectors @ and b are such that ‘ﬁ b ‘ = ‘ axb|, then find the angle between the vectors

dand b .
If G=—i+2 j+k, b=30+j+2k and ¢ =27+ j+3k find | ¢ @b |.

Find the direction cosines of the straight line joining the points :

a) (2,-1,40)and (0, 1,5)

b) (4,3,-5)and (-2, 1,-8)

Find the cosine of the angle between the lines BA and BC where A, B, C are the points
(1,2,3),(2,5,—1)and (-1, 1, 2) respectively.

Ifthe vectors X i—4 }+ 5k, #+2 j+ & and 27— j+k are coplanar, find the value of X.

Section-B

Short answer type questions : [ Each question caries 3 marks]

Find the direction cosines of the straight line joining the points (4,-3,—1) and (1,1, 5).
If projection of vector (A7 — ) 1+ j onvector f — J is zero, find A.

2

— —

Prove that (x5 ) +(@b) =[af |5
Ifa=i+2] —kandb =37 + ] 5k:fnd aunit vector in a direction parallel to Vector( ~b).

Ifa=2i+3j+k, b=i-2]+ka d*=—3f+f+21%,ﬁnd[5155]

Find a vector a. of magnitude 5+/2 , making an angle of % with X-axis, % with Y-axis and
an acute angle 0 with Z-axis.

Find the angle between X-axis and the vector i + ] + 3k.

The midpoints of the sides of a triangle are (1, 5, 1), (0, 4, -2) and (2, 3, 4). Find the
coordinates of its vertices of triangle.

If o, B,y be the direction angle of a straight line, then prove that sino+sin?+sin?y =2

If @, B,7 be three unit vectors such that ‘& + ﬁ + ]7‘ =1and & is perpendicular to § while 7

makes angles 0 and ¢ with @ and f respectively, then find the value of cos6+cos¢.

Section-C

Long answer type questions : [ Each question caries 4 or 6 marks]

Ifa= 3iA+4f—IA<, b=1-3]+ 4kand ¢ = 50-6 ]+ 4IA€,ﬁndthevect0r 7 which is perpendicular

toboth @ and b and which satisfies the relation 7.¢ =91.

If the sum of two unit vectors is a unit vector, prove that the magnitude of their difference is J3.
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1)

2)

If Gxb +bx&+¢xad=0,show that the vectors a@,b,¢ are coplanar.
If d=3i—jand b =21+ j—3k, then express b in the form b =b, +b,, where b, ||@ and
b, La.

S}

If @, b and ¢ are three mutually perpendicular vectors of the same magnitude, then prove that
G+b +¢ isequally inclined with the vectors @, b and ¢ .

The scalar product of the vector d = I+ ]+ k with a unit vector along the sum of vectors
b=21+4j-5 kand ¢ =Ai+3 i+ 3kis equal to one. Find the value of A and hence, find the

unit vectoralong b +¢ .
A straight line makes angles a, 3, y, 0 with the four diagonals of a cube; prove that

cos?ortcos’B+cos?y+cos’d= %
If 7+ j+k, 2i+57 31+2/-3kand {—6 f—lActhe position vectors of the point A, B, C, D
respectively, then find the angle between AB and CD.

The position vectors of a point Ais @+ 2b and @ divides AB internally in the ratio 2:3; then find the
position vector of the point B.

"N N A N A A A

Dot product of a vector with vectors i — j+k, 27+ j—3kand 7+ J+k are respectively 4, 0 and
2. Find the vector.

The two adjacent sides of a parallelogram are 27 —4 j—5 kand 27+2 i+ 3k . Find the two unit
vectors parallel to its diagonals. Using the diagonal vectors, find the area of the parallelogram.

Prove that [a b+¢ ﬂ = [aﬁﬂ+[a5ﬂ

Find the coordinates of the foot of the perpendicular drawn from the point A(1,8,4) on the straight
line joining the point B(0,—11,4) and C(2,-3,1)
é—¢|= 2sin9/2

— . A N A N — 1
Ifavector v is such that 2\7+17>{i+ 2] } =27+kand |v|=§\/g,thenﬁndthevalue of m.

If O be the angle between two unit vectors e, and e,, prove that,

ANSWERS

Section-A
1) d ) a 1) a ) c v) b vi) a
vii) ¢ viii) d ix) d X) b

1 -2 =8

i 2,00 i) /69 and , , w7
) 1+ ) \/_ \/@ \/@ \/@ ) é
W vii) ~10
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3)

4).

viii) a)_y’y’% or y’_y’_%
b =952 or 9590
27 J 29

X) cos [Qﬂ X) x=—

3
Section-B
p 3,28 ii) =1
7°7°7
v) -3 vi)@=51+5k

vil) (27,18, -54), (27,18, 54), (-27, 18, —54)

Section-C

3/\ N 2/\
Vl) 2,:1, ;l‘i‘ ]—;k
vil) T
X)  G-3b

X)  a=2i-j+k

xi)  2+/101 sq.units
xii) - (4,5,-2)
xv) 6
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vii) cos™ (%/5)
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CHAPTER- 11

THREE DIMENSIONAL GEOMETRY

Important points and Results :
° Direction cosines and direction ratios of a lines :

If a directed line OP passing through the orgin makes angles o, B and y with x, y and z-axes
respectively, called direction angles, then cosine of these angles, namely, cosa., cosp and cosy are
called direction cosines of the directed line OP .

If we reverse the direction of OP , then the direction angles are replaced by their supplements i.e 7—
o, m—f and m—y.

-
;o

o Direction ratios of a Lines :
Any three numbers which are proportional to the directoin cosines of a line are called the direction
ratios of the line. If [, m, n are direction cosines and a, b, ¢ are direction ratios of a lines then a=\/,
b=\m and c=An, for any nonzero AeR

° If [, m, n are direction cosines of a line, then 2+m?’+n’=1
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a

—3
Na® +b* +¢?

If ] m, n are the direction cosines and a, b, ¢ are the direction ratios of a lines then [ =

b c

M= N ———r.
a +b +c a’+b’+c’

X, =X, Yo— Y
PO ° PQ

Direction cosines of a line joining two points P(x v ,z,) and Q(x,,y,z,) are

3

X &

P—Q'When PQ=\/(x2—x,)2+(y2—y,)2+(z2—z,)2 :

The directio ratios of the line segment joining P(x,,y,z,) and Q(x,,y,z,) may be taken as x -x , y —

Yp 2572, 00 XXy VihVy 272y

Equation of a line in space :

A line is uniquely determined if

1) it passes through a given point and has given direction.
i)  itpassesthrough two given points.

Vector equaton of a line that passes through the given point whose position vector is @ and parallel

toagivenvector b is F =d+Ab .

Equation of a line through a point (x .y ,z,) and having direction cosines /, m, n is

X5 _ Y= _27%

l m n

Equation of a line passing through a point (x,y ,z,) and the direction ratio of the linbe @, b, c is

X5 _ Y= _27%
a b c
This is the cartesian equation of the line.

The vector equation of a line which passes through two points whose positon vectors are @ and b
isF=a+A(b-a), eR.

Cartesian equation of a line that passes through two points (x,y,z,) and (x,y,z,) is
X5 _ V=N _ 274

X=X Y=V L%

Ifa,b,c,anda, b, c,are the direction ratios of two lines and 0 is the acute angle between the
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a,a, +bb, +cc, ‘

2 2 2 2 2 2
\/a1 +b" +¢ .\/a2 +b," +c,

two lines, then cos @ =

If/, m,n and [, m, n,are the direction cosines of two lines, and 0 is the acute angle between the
two lines; then

cosf = | L, +mm,+nn, | and

sin@ = \/(llml _lzmz) - (m]n2 —m,n, )2 + (n]l2 —nyl, )2

|

S

72

If 0 is the acute angle between 7 =@, + Ab, and 7 = d, +Ab, , then cos 6 =

|
|

xX—x - -2 . .
= and 2 =270 2 are the equation of two lines, then the
l] m] n] lZ m2 n2

acute angle between the two lines is given by cosO =11,/ +m m +n n,|.

Two lines with direction rations a » b »C and a » b , C,are

i)  Perpendiculari.e. 6=90°thena a,+b b, +c,c,=0.

b
i)  Parallelie.if6=0then <L =2L=5
aZ bZ c2

Skew lines are lines in space which are neither parallel nor intersecting. They lie in different planes.

Angle between skew lines is the angle between two intersecting lines drawn from any point
(preferably through the origin) parallel to each of the skew lines.

The shortest distance between two lines we mean the join of a point in one line with one point on the
other line so that the length of the segment so obtained is the smallest.

For skew lines, the line of the shortest distance will be perpendicular to both the lines.

) . - o - (1;1X152)-(52—51)
Shortest distance two skew lines 7 =d, + Ab, and ¥ =a, + ub, is ‘[; <
1 2

) . X—x - 77—z
Shortest distance between two skew lines Lo YT L and = =
a, b, ¢ a, b, c,
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=X =N L%

1S

>

\/(blc2 —byc, )2 +(Cla2 — 64 )2 +(a1b2 —a,b, )

' S .~ |bx(a,-a)
Distance between two parallel lines 7 =d, + Ab and 7 =a, + ub is T )

A plane is determined uniquely if any one, of the following is known :

1) The normal to the plane and its distance from the origin is given i.e. equation of a plane in
normal form.

i)  Itpassesthrough a point and is perpendicular to a given direction.

m)  Itpasses through three given non-collinear points.

In the vector form, equation of a plane which is at a distance d from the origin, and 7 is the unit
vector normal to the plane through the originis 7.ni=d .

Equation of a plane which is at a distance d from the origin and the direction cosines of the normal to
the plane as [, m, nis Ix+tmy+nz =d

If 7. ( ai+b f+ c IAc) = d is the vector equation of a plane, then ax + by + cz = d is the cartesian

equation of the plane, where a, b and ¢ are the direction ratios of the normal to the plane.

If d is the distance from the origin and /, m, n are the direction cosines of the normal to the plane
through the origin, then the foot of the perpendicular is (/d, md, nd ).

The equation of a plane through a point whose position vector is @ and perpendicular to the vector
N is (7-a).N =0
Equation of a plane perpendicular to a given line with direction ratios 4, B, C and passing through a

given point (x, y, z,) is A(x—x,) + B(y-y,) + C(z—z,) = 0.

Vector equation of a plane that contains three non-collinear points having position vectors a, b and
¢ is (F-a).] (b-a)x(z-a)] .
Equation of a plane passing through three non collinear points (x, v, z ), (x,, v, z,) and (x,, v, z,)

X=X Y=y =%
is|lx,-x y,-y z,—-z|=0

X=X V3= L~
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Equation of a plane that cuts the co-ordinates axes at (a, 0, 0), (0, b, 0) and (0, 0, ¢) is Xy % +i=1.
a

c

Vector equation of a plane that passes through the intersection of planes 7.7, =d, and 7.7n, =d,

is 7.(7, + Ani,) = d, + Ad, , where ) is any non-zero constant.

Cartesian equation of a plane that passes through the intersection of two given planes
Apx+By+Cz+D =0and A x+B,y+Cz+D,=0is (A x+B y+C z+D )y*MA x+B y+Cz+D,)=0

Two lines 7 = a, + Ab, and 7 =, + b, are coplanar, if (d, —a, )(1;, XI;Z) =0.

: . X—x - 72—z X—X - 72—z
In the cartesian form two lines A L and R A 2 are coplaner
a, b, ¢ a, b, C,

X=X V=N L%

if | g b, ¢ |=0
a2 b2 C2
Angle between two planes :

The angle between two planes is defined as the angle between their normals. Observe that if 0 is an
angle between the two planes, then so is 180—0. We shall take the acute angle as the angles between
two planes.

If i, and 7, are normals to the planes and 6 be the angle between the planes 7.5, = d, and

7.1, = d, . Then 0 is the angle between the normals to the planes drawn from some common point.

n.n

We have, cos@ =

2 .
7|7
The planes are perpendicular to each other if 7, .7, = 0 and parallel if 7, is parallel to 7, .

The angle 6 between the planes 4 x+B y+C z+D,=0 and 4 x+B y+C z+D,=0 is given by

AA +BB,+CC,

cosO = )
JAZ+B2+C2 A} + B2 +C;

If the planes are at right angles, then 6=90° and so cos0=0. Hence cos0=4 4,+B B,+C,C,=0.

Ifthe planes are parallel, then A % 2 .
2

A

§)
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The angle ¢ between the line 7 =a + Ab and the plane F.n=d is sin@=

S>

S

S>

b

The distance of a point whose position vector is @ from the planes 7.n = d is |d —d. ﬁ| .

The distance from a point (x, ¥, z,) to the plane Ax+By+Cz+D=01s

Ax, + By, +Cz, +D‘
JA’+B*+C* |

Exercise- 11
Section-A

OBJECTIVE TYPE QUESTIONS : [ I or 2 marks for each question |

D)

Multiple choice type questions :

i

The value of m for which the planes 2x+3y—z=5 and 3x—my+3z=6 are perpendicular to
each other is

a)—1 b) % c)l d) _%

A —

Find the value of A if three vectors @ = 27 — j +k ,b=1+ 2_]A' —3% and E:3f+lf+SIA<
are coplanar.

a)—3 b)3 c)—4 d)4
-1 -2 z4+5
The line x2 =2 3 =2 meets the plane 2x+4y—z=3 at the point whose coordinates
are
a)(3,1,-1) b)(3,-1,1) c)(3,-1,-1) d) none of these

Find the angle between the planes x+y+2z=6 and 2x—y+z=9 is

a) ™, b) 7 o) % R

x=2 _y+l_z-2

The distance of the point (1, 0, 2) from the point of intersection of the line

4 12
and the plane x—y+z=161s
a) 3421 b) 13 c) 2414 d) 8
Ifthe shortest distance between the lines xl—l =2 1_1 =2 1_1 and x; 2 =2 1_ S =2 I 4 is
equal to JK unit, then the values of K is —
a)3 b) 4 c)2 d)s
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2]

The foot of the perpendicular from the point (1, 1, 2) to the plane 2x—2y+4z+5=01s —

125 2) (1252 125 =2 ; e
Nzwen e 2 e Jnone of these

-1 -2 z+3
The equation of the image of the line x9 =2 T £ 3

2x=5 2y+1 z-2

in the plane 3x—3y+10z-26=01s

2x—=5 2y-1_ z-2

b
)3 2 3 S TR
2x+5 2y-1_ z-2 d 2x=5 2y-1_ z-2
) g 2 3 ) 13 o 3

The angle between the plane 7. (zA - 3f + 2]2) =15 and the line.
r= (f+ ]A'+ IAc) +s (2f+ ]A'—3IA<) is 0, then the value of cosecO is —
a)5s b) 2 c)4 d)3

The condition for collinearity for the two parallel lines 7 = a + th and 7 = a, + sb is
a)[(@-a)-b|=0 b)|(d+d)-b|=0

¢) |(a+a)xb|=0 d) [(@-a,)xb|=0

Very short answer type questions : [Marks each questions 1 or 2]

i
i)

Write the direction cosines of the lines 6x—2=3y+1=2z-4.
Find the equation of a line passing through the point (1, 2, 3) and parallel to the line
X1 _T7-y__
2 3
Find the perpendicular distance of the point (1,1,0) from the Z-axis?

Find the equation of the plane which makes equal (non-zero) intercepts on the axes and
passes through the point (2, 3,—1).

Find the equation of the plane which passes through the point (2, 1,—1) and is orthogonal to
each the planes x—y+z=1 and 3x+4y—-2z=0.

Find the equation of the plane passing through the points (0,0,0) and (3,—1,2) and parallel to
x—4 y+3 z+1
-1 7

the line
The ratio in which the plane 7_(? _2f+3]A¢J =17 divides the line joing the points
—2i+4 ] +7kand3{-57 +8k is—

a)l:5 b) 1:10 c)3:5 d)3:10
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3)

vii)  Obtain the equation of the plane passing through the point (1,-3,-2) and perpendicular to the
planes x+2y+2z=5 and 3x+3y+2z=8.

x)  Find the distance of the point (1,-5,9) from the plane x—y+z=5 measured along the line
xX=y=z.

¥ Iftheline *_>=Y+2_z+4

lies in the plane Lx+my—z=9 then show that /°+m? is equal

-1
to 2.
Section-B
Short answer type questions : [Each quetion caries 3 marks]
: _ y _z Yy Z
1) Twolines/ :x=5, ——=—and/ :x=a, —= are coplaner. Then find the value
3-a 2 -1 2-«
of a.

N

i)  Find the angle between pair of lines ?:(2f+3f—512)+t( i+f—IA<) and

?z(ZiA—6IA<)+t’(iA+2f—21A<) :

N | =

I y+1 z-1 and x+2:y—1:z+
2 5 4 3 -2

— 1
i)  Show that the lines al 3 do not intersect.

iv)  Show thatthe lines 7 = { +¢ (5 1+2j+ IAc) and 7 = [+ (—10 i—4j-2 IAc) are coincident.
v)  Find the equation of the plane which passes through the points (1,2,3), (2,3,1) and (3,1,2).

1
vi)  Show that (— > 2, 0) is the circum-centre of the the triangle formed by the points (1,2,1),

(-2,2,~1)and (1,1,0).
vil)  Find the angles between the plane x+8y—6z+16 = 0 and the co-ordinate planes.

vii)  Find the equation of the plane parallel to the plane 2x—2y—z—3 = 0 and situated at a distance

of 7 units from it.
. . . . x—=1_2y-1_z+5 o .
x)  Ifthe cartesian equation of aline AB 1s > = T = 3 then find the direction cosines
of aline parallel to AB.

x)  Find the vector equation of the plane passing through the point (1,-1,2) and having 2, 3,2 as
direction numbers of the normal to the plane.

Section-C
Long answer type questions : [Each quetion caries 3 marks]
. . . : oox_y=l z=-2 . .
1) Find the image of the point (1, 6, 3) in the line 1 = TN = = Also, write the equation of
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the line joining the given point and its image and find the length of the segment joing the given point
and its image.
_1: y—2: z—3 andfz—:

3 4 2 3

Find the shortest distance between the lines X

y=5 z+I1
v

Find the image of the point with position vector (3 i+ + 2IA<) in the plane 7. (2 -]+ lAc) =4.

Find the distance of the point (1, -2, 3) from the plane x—y+z=5 measured along a line parallel to

r_Y_Z

2 3 -6
Find the equation of the plane passing through the line of intersection of the planes

7.(2?—3f+412): land 7.(?— f)+ 4 = 0 which is perpendicular to 7.(2f—f+12)+ 8=0

Find the question of line through (1, 2, 4), which is paralle to the planes 3x +2y —z—4=0and
x—-2y—-2z-5=0.

Find the equation of the plane containing the lines 7:f+}'+/l(f+2}'—lg) and

F=i+j+uid+j- 2k) . Find the distance of this plane from the origine and also from the point
(2,2,2).

-1 -3 z-4
Find the image of line x3 =2 1 =< 5 in the plane 2x—+z+3 =0.
Find the equation of the plane that contains the point (1, —1, 2) and is perpendicular to both the
planes 2x+3y—-2z =5 and x+2y—3z = 8. Hence, find the distance of point P(-2, 5, 5) from the plane

obtained above.

Let P be the image of the point (3, 1, 7) with respect to the plane x—y+z = 3. Then, the find the

X z
equation of the plane passing through P and containing the straight line 1 = % =71
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ANSWERS

Section-A
1)c )c li)c v)d v)b vi)c
vii)b viil)d ix)b Xx)b
) 1 2 3 i) x—=11 2-y 3-z
1 ) s 11 = =
V14714714 2 31
111) 4.18 units iv)x+ty+z=4

V) 2(x-2)+50—1)+7(z+1)=0  vi)x—19y-11z=0

vii) 766; 3:10 viii) 2x—4y+32-8 =0
ix) 10~/3 unit

Section-B
04,1 ii)0 V) x+y+z=6

_ 1 8
vii) xy plane : cos™ | ——= |; yzplane: cos™'| — |; zx plane : cos™ | —
Jop (\/101j P (\/101j b (\/101j

viil) 2x—2y—z =24 and 2x—2y—z+18=0

ix) 24.94.3, X) 7.(2?+3f+212):3

Section-C
i) (1,0,7) and 2/13 unit i) 4.817 unit iif) (?+ f+12)
1 ~ s it ) =47 vi x—-1_ y-2 z-4
iv) V) r.(—Sl—2]+12k)— vi) 6 5 3
. 2 . L X3 y-5_ z-2 :
vil) —x+y+z =0, ﬁ unit Vi) 3 = N = 5 1x) 5x—4y—z—7=0 and V42 unit

X) x—4y+7z=0
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CHAPTER- 12
LINEAR PROGRAMMING PROBLEM

Important points and Results :

Linear Progamming :

Linear programming is a powerful mathematical technique for determing the best possible (optimal)
solution in allocating limited resources (energy, machines, meterials, money, personnel, space, time
etc) to achieve maximum profit or minimum cost.

Linear Programming Problem :
A linear programming problem is an optimizatoin problem where

1) We attempt to maximize (or minimize) a linear function of decision variables (objective function).

i)  The values of the decision veriables must satisfy a set of constranints, each of which is a linear
equation or inequation.

i)  Foreach decision variable X the sign of of restriction is xJ.ZO.

A linear programming problem is an optimization problem that is concerned with the finding of the
optimal (maximum or minimum) value of linear function (called objective function) of two (or more
than two) real variables which are non-negative and satisfy a set of linear equalities and inequalities
(called constraints). The variables are called decision variables.

Now we formally define some important terms related to linear programming problem.

i) Objective function :
Linear function Z = ax+by, where a, b are constants, which has to be maximized or minimized
is called a linear objective function.

ii)  Decision variables :
If Z=ax+by is a linear objective function, then x and y are called decision variables.

iii) Constraints :
The linear inequalities or equations or restrictions on the variables of a linear programming
problem are called constraints. The conditions x>0, y>0 are called non-negetive restrictions.

iv)  Optimisation Problem :
A problem which seeks to maximise or minimise a linear function (Say of two variables x and
y) subject to certain constraints as determined by a set of linear inequalities is called an
optimisation problem. LPP are special type of optimisation problems.

Different types of Linear programming problems :

A few important linear programming problems are listed belew :

1)  Manufacturing Problems : In these problems, we determine the number of units of different
products which should be produced and sold by a firm when each product requires a fixed

manpower, machine hours, labour hour per unit of product, warehouse space per unit of the
output etc., in order to make maximum profit.
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2)  Diet Problems : In these problems, we determine the amount of different kinds of constitutents/
nutrients which should be included in a diet so as to minimise the cost of the desired diet such
that it contains a certain minimum amount of each constituents/nutrients.

3)  Transportation Problems : In these Problem, we determine a transportation schedule in
order to find the cheapest way of transporting a product from plants/factories situate at different
locations to different markets.

The common region determined by all the constraints including the non negative constraints x>0,
>0 of a linear programming problem is called the feasible region (or solution region) for the problem.

Points with in and on the boundary of the feasible region represent feasible solutions of the constraints.
Any point outside the feasible region is an infeasible solution.

Any point in the feasible region that gives the optimal value (maximum or minimum) of the objective
function is called an optimal solution.

Ifthe feasible is unbounded, then a maximum or a minimum may not exist. However, if it exists, it
must occur at a corner point of R.

Corner Point method for solving a linear programming problem. The method comprises of the
following steps —

1) Find the feasible region of the linear programming problem and determine its corner points
(vertices)

i)  Evaluate the objective function Z=ax+by at each corner point. Let M and m respectively are
the maximum and minimum values of the objective function.

Ifthe feasible region is unbounded, then

1) M is the maximum value of the objective function, if the open half plane determined by
ax+by>M has not point in common with the feasible region. Otherwise, the objective function
has no maximum value.

i)  misthe minimum value of the objective function, if the open half plane determined by ax+by<m
has no point in common with the feasible region. Otherwise, the objective function has no
minimum value.

If two corner points of the feasible region are both optimal solutions of the same type i.e. both
produce the same maximum or minimum, then any point on the line segment joining these two points
1s also an optimal solution of the same type.

An L.P.Pwith two decision variable can be solved graphically. The corner point (points) and hence
the solution of a L.P.P with two decision variables can be identified graphically.

A linear programming problem may have a unique and finite optimal solution. In some problems,
there may be more than one solution. It is also possible that a linear programming problem has no
finite solution (unbounded solution). Sometimes a linear programming problem may have no feasible
solution.

127



Al
1y

Excercise- 12
Section-A

OBJECTIVE TYPE QUESTIONS : [1 or 2 marks for each question ]

Multiple choice type questions : (Choose the correct option)

i

The objective function of an LPP is

a) irrational function of decesion variables.

b) trigonometric function of decision variables.
c¢) exponential function of decision variables.

d) linear function of decision variables.

Given the LPP, Max Z=6x+10y
Subject to the constraints ~ 3x+5y < 10,

Sx+3y <15
and x,y >0.
The number of optimal solutions of the LPP is
a) one b) two c) finite d) infinite

Any solution to an L.P.P. which satisfies the non-negative restrictions of the problem, is called
a) optimal solution b) feasible solution  ¢) basic solution d) none of these.

In an LPP, the decision variables can take
a) any real values b) integer values only
¢) any non-negative real values d) none of these

Aninfeasible linear programming problem has
a) aunique solution b) many solutions
c) two distinct solutions d) no solution

If the value of the objective function of an LPP can be increased or decreased indefinitely,
then the LPP is said to have

a) an unbounded solution b) an infinite solution

c¢) abounded solution d) no solution

Anunbounded solution of a linear programming problem is a solution whose objective function
is

a) zero b) a large positive real number

c) a large negative real number d) infinite

Which of the following is true in an LPP ?

a) Min.Z =—-Max (-Z) b) Min.Z =—Max.Z

c)Min.Z=Max(-Z) d) none of these

In an LPP, the equation 2x+3y=12 in two unknown has number of solutions equal to —
a) a particular value of x and y b) maximum value of x and minimum value of y
¢) infinite d) none of these
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x)  Giventhe LPP, Max. Z =3x+4y
subject to the constraints —2x+3y <9

x=5y = =20,
and x,y=>0
The LPP has —
a) aunique optimal solution b) alternative optional solutions
¢) an unbounded solution d) none of these

xi)  Given the LPP, Min.Z=3x—y
Subject to the constraints ~ 2x+3y > 1,
and x,y=>0
The optimal solution of the LPP is—

) 0 ! b) 0 ! ) x ! 0 d)x—1 y=0
a) x=0, y=— x=0, y=— C) X=—=,y= ==, y=

y > y 3 3 Yy >
xi)  Giventhe LPP, Max.Z=x+y

Subject to the constrains  x+2y < 4,

x+2y > 6
and x,y=>0

The given LPP has —

a) unique feasible solution b) infinite number of feasible solution

¢) no feasible solution d) none of these
xi) Anunbounded feasible region

a) admits bounded feasible solution b) admits unbounded solution

¢) may admit bounded as well as unbounded feasible solution

d) none of these

xiv)  State which of the following statement is false ?

a) The most important feature of an LPP is the presence of linearity in the problem.

b) The objective function may assume its optimal value at more than one corner point of the
feasible region.

c¢) Multiple solutions of linear programming problem are solutions each of which maximize or
minimize the objective function.

d) An infeasible LPP has no feasible solution.

Very short answer type questions :

1) What is Linear programming? Explain with an example.
i)  Define Linear programming problem.

i)  Write down two advantages of an LPP.

iv)  Define feasible solution and feasible region.

v)  Define objective function.

vi)  Define decision variables.

vi)  What is constraints ?

vii)  What do you mean by optimization problem ?

ix)  Define optimal solution.

x)  Explain extreme or corner point.
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Section-B

Short answer type questions : [3 marks for each question |

1) Given the LPP, Max.Z = 2x+3y
Subject to the constraints
3xty<3, x>0, y>0
Show that the corner points of the LPP are (0, 0), (1, 0) and (0, 3).

i)  Find the optimal solution of the above LPP and the maximum value of Z.

i)  Giventhe LPP, Max.Z = 3x +2x,

Subject to the constraints ~ 2x +x, < 2
3x,+4x, =2 12
x,20,x,20

Draw the graph of the constraints.

iv)  Find graphically the feasible region, if any for the following inequations
x<2,y<3,x+y>landx, y>0
v)  Find the corner points of the LPP, Max.Z = x+2y
Subject to the constraints ~ 3x+5y < 10
S5x+3y <15
x,y=0
vi)  Find the corner points of the LPP, Max.Z=2x+5y
Subject to the constraints 0 <x <4
0<y<3
xty <6

vi)  Determine the maximum value of Z=3x+4y, if the feasible region (shaded) for an LPPin
shown in the following figure.
Y

4

N

B

2x+2y=104

~] .

D2
(0.38) % q
E (144.16)
0 A C >X
(0,0) (52.0)

vii)  Feasible region (shaded) for a LPP is shown in following figure. Find the maximam value of
Z=5x+Ty.
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A
BG.4
C
©,2)
0 A >X
0,0) (7,0)

Section-C

Long answer type questions : (Each question carries 4 or 6 marks)

) ) Solve the following LPP graphically
MaxZ = 2x, +x,
Subject to the constraints x, +3x, < 15
3x—4x, <12
x, 20, x,20

Find the corner points of the convex set of feasible solution.

i)  Solvethe following LPP graphically.
MinZ = 5x+7y
Subject to the constraints 3x+2y > 12
2x+3y =13
and x>0,y>0

2) A furniture manufacturing company plans to make two products, chairs and tables from its available
resources of 400 board feet of mahogany timber and 450 man-hours. A chair requirs 5 board feet
of timber and 10 man-hours and yields a profit of R45, while each table uses 20 board feet of timber
and 15 man-hours and a profit of R0, formulate the problem as an LPP to maximize profit.

[l board feet :% cubic feet}

3)  Make a graphical representation of the set of constraints in the following LPP —
MaximizeZ =x + y
Subject to the constraints 5x+10y < 50
xty>1
y<4
and x>0,y>0
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4)

5)

6)

7)

8)

9)

Show that the LPP has unique optimal solution.

Food F, contains 5 units of vitamin A and 6 units of vitamin B per gram and costs 20p/gm. Food F,
contains 8 units of vitamin A and 10 units of vitamin B per gram and costs 30 p/gm. The daily
requirements of A and B are at least 80 and 100 units respectively. Formulate the problem as a linear
programming problem to minimize cost.

Given the LPP, Max Z = 2x+3y
Subject to the constraints 3x —y < -3
x—2y22
and x>0,y>0
Graphically show that the LPP has no feasible solution.

There are two factories located one at place A and the other at B. From these locations, a certain
commodity is to be delivered to each of the three depots situated at C, D, E. The weekly requirements
of the depots are reseptively 5, 5 and 4 units of the commodity while the production capacity of the
factories at A and B are respectively 8 and 6 units. The cost of transportation per unit is given below:

CostinR
To
C D E
From A R 160 R 100 R 150
B R 100 R 120 R 100

How many units should be transported from each factory to each depot in order to minimize the
transportation cost. Pose the problem as an LPP.

Show by graphical method that the feasible region of the following LPP is unbounded but it has
unique optimal solution x =3,y =18.
Minimize Z =4x + 2y
Subject to the constraints 3x +y > 27
—x -y <21
x +2y2>30
and x>0, y=>0

Show graphically that the following LPP has an unbounded solution
Maximize Z =3x + 4y
Subject to the constraints — 2x + 3y <9
x—5y2>-20
and x>0, y=>0

A company manufactures two types of toys A and B. Type A requires 5 minutes each for cutting and
10 minutes each for assembling.

Type B requires 8 minutes each for cutting and 8 minutes each for assembling. There are 3 hours
available for cutting and 4 hours available for assembling in a day. He earns a proft of R50 each on
type A and R60 each on type B. How many toys of each type should the company manufacture in a
day to maximize the profit ?
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10)

11)

12)

13)

14)

Ahouse wife wishes to mix together two kinds of food, X and Y, in such a way that the mixture
contains at least 10 units of vitamin A, 12 units of vitamin B and 8 units of vitamin C.
The vitamin contents of 1 kg of each food are given below :

Vitamin A Vitamin B Vitamin C
Food X 1 2 3
FoodY 2 2 1

If 1 kg of food X costs R6 and 1 kig of food Y costs R10, find the minimum cost of the mixture which
will produce the diet.

A transport company has offices in five localities A, B, C, D and E. Some day the offices located at
Aand B has 8 and 10 spare trucks whereas offices at C, D, E required 6, 8 and 4 trucks respectively.
The distance in kilometres between the five locations are given below :

To C D E
A 2 5 3
B 4 2 7

How should the trucks from A and B be sent to C, D and E so that the total distance covered by the
trucks is minimum. Formulate the problem as an LPP and solve it graphically.

A firm manufactures two types of products, A and B, and sells them at a a profit of RS per unit of
type A .and R3 per unit to type B. Each product is processed on two machines, M, and M. One unit
of type A requires one minute of processing time on M, and two minutes of processing time on M,;
Whereas one unit of type B requires one minute of processing time on M, and one minute on M.,
Machines M, and M, are respectively available for at most 5 hours and 6 hours in a day. Find out
how many units of each type of product the firm should produce a day in order to maximize the
profit. Solve the problem graphically.

Solve the following LPP Graphically :
Maximise Z=x +y
Subjectto x +4y <8,
2x+3y<12
3x+y<9,
and x>0, y2>0

Solving graphically, show that the following LPP has an infinite number of optimal solutions.
Minimize Z=x +y
Subject to the constraints 5x + 9y < 45
x+ty>2
x<4
and x>0, y2>0
Find also the minimum value of the objective function Z.
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15)  Solve the following LPP by the graphical method

1)

3)

1)

2)

Min. Z=3x+y
Subject to the constraints 2x +y > 14
x—y=>4
and x>0, y=>0

ANSWERS
Section-A
Multiple Choice type questions : (Choose the correct answer)
)d i)a iii)b v)c v)d
vii)d viii)a ix)c X) C xi)b
Xiii) ¢ Xiv)c
Section-B

Short Answer type question :
m (0,3), 9

iif) Y
N

\Q ©.3)

A
4, 0)
0 (1,0 \' X

45 5
v)  (0,0)(3,0)(0,2) [E’ E]

vi) (0, 0)(4,0)(4,2)(3,3)(0,3)
vii) (44, 16), 196

viil) 43 at (3, 4)
Section - C

0,5 9—62 4,0)and (0, 0

D (,)13,13,(,)311(,)

i) (2,3)andZ_ =31
Max Z = 45x + 80y
Subject to the constraints 5x + 20y < 400

10x + 15y <450
and x20,y2>0
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4)

6)

9)

10)
11)
12)
13)

14)
15)

Where x and y are the number of chairs and tables respectively.

Min Z =20x + 30y
Subject to the constraints 5x + 8y > 80
6x + 10y > 100
and x>0, 20
Where x gms food F and y gms of food F, are purchased.

Min Z =10(x — 7y + 190)
Subject to the constraints x +y < 8
x<5,y<5,
x+ty=>4
and x>0, >0
Where x units and y units of the commodity are transported from the factory A to the depots at C
and D respectively.

12 toys of type A and 15 toys of type B to earn maximum proft R1500.

R52

The optimal solution is givenbyx=4,y=0and Z_ =44

Z is maximum at P(60, 240) and its maximum value is R1020.

The maximum value is 3 % .
Zmin: 2
Z =20andx=6,y=2.
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CHAPTER- 1 3

PROBABILITY

Important points and Results :

Conditional probability :

If E and F are two events associated with the sample space of a random experiment, then the
conditional probability of the event E under the conditon that the event F has already occured and

P(F)=0 is called the condition probability and it is denoted by P (%) :

P(ENF) _n(ENF)
P(F) n(F)

Thus, we have, P(%) =

Similarly, P(£/,] when P(E)# 0 is defined as the probability of occurance of event F when E has
Y E

already occured.

Infact, the meanings of symbols P (%) and P(%) depend on the nature of the events E&F and

also on the nature of the random experiment.

Properties :
1) Let E and F be two events associated with a sample space S, then 0< P (%) <I.

i)  IfEandF be events associated with the sample space of a random experiment, then
AR
P(E/p)=1-(5)

m) IfEandF be two events associated with a random experiment and S be the sample space. If
G is an event such that P(G)=0, then

((EUF%;) % +P % ((EOF%;)

In particular, if E and F are mutually exclusive events, then
(E UF) p(E F
PEV )=l r(a)

Multiplication Theorem on probability :

Let E and F be two events associated with a sample space of an experiment. Then

PENF)=P(E)P(FE). P
or,  PIENF)=P(F)P(7) . P
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If E, F and G are three events associated with a sample space, then

P(ENFNG)=P(E).P(E/). (%np)

P(ENF) P(ENF)
N . F/\_ E/\ =

ote : P( /E)_ P(E) and P(A‘) p(F)
Extension of multiplication theorem :

IfE,E,,........ , E_aren events associated with a random experiment, then

E
PENENNE)=PE)P( 5 (D, oo ? ..o, )

where P(%lm E, .. N Eil) represents the conditional probability of the occurance

ofevent E, given thatthe eventsE ,E......... ,E_, have already occured.

Independent Events :

Let E and F be two events associated with a sample space S. If the probability of occurance of one
ofthem is not affected by the occurance of the other, then we say that the two events are independent.
Thus, two events E and F will be independent, if

P(%)=P(F), Povided P(E) # 0

p(%) = P(E), provided P(F) # 0

For example : Suppose a bag contains 6 white and 3 red balls. Two balls are drawn from the bag
one after the other.

We consider the following events :
E = drawing a white ball in first draw.
F =drawing a red ball in second draw.

Ifthe ball drawn in the first draw is not replaced back in the bag, then events E and F are dependent
events. On the other hand, if the ball drawn in first draw is replaced back in the bag, then E and F are
independent events.

IfE and F are independent events associated with a random experiment, then P(ENF) =P(E).P(F)
Three events E, F and G are said to be mutually independent if all the following conditions hold :
P(ENF)=P(E) P(F)
P(ENG)=P(E) P(G)
P(FNG) =P(F) P(G)
and P(ENFNG)=P(E)P(F)P(G).
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IfE,E,...... ,E_ben events associated to a random experiment, then these events are said to be
mutually independent if the probability of the simultaneous occurance of any finite number of them is
equal to the product of their separate probabilities i.e.,

P(EiﬂEj) = P(Ei)P(Ej), fori=j;1,j=1,2, .......... n

P(ENENE,) = P(E)P(E)P(E,), fori=jk; i,j,k=1,2, e n.
P(ENEN........ NE) = P(E)P(E).......... P(E)

IfE E,...... ,E_are independent events associated with a random experiment, then
P(ENEN........... NE )=P(E )P(E)).....P(E )

Pairwise independent events :

IfE,E,......... ,E_be nevents associated to arandom experiment, then these events are said to be

pairwise independent if P(EiﬂEj) = P(Ei)P(EJ.), fori#j;1,j=1,2,......,n.
Remark :

1) IfE,E.,......E_are pairwise independent events, then the total number of conditions for their

pairwise independence is "c, whereas for their mutual independencies there must be
"c, e t..... ¢ =2"—n—1 conditions.

i)  Mutually independent events are always pairwise independent but the converse need not be
true.

i) Incase of two events only associated to a random experiment, there is no distinction between
their mutual independence and pairwise independence

If A and B are independent events associated with a random experiment, then
1) A and B are independent events.
i)  Aand B areindependent events.

i) A and B are also independent events.

Remark :

1) Independent events will mean mutually independent events.

i)  IfAand B are independent events associated to a random experiment, then probability of
occurance at least one=P(AUB)=1-P (Z ) P (E )

i) ForneventsA ,A...... ,A_associated with a random experiment, then probability of
occurance of at least one = P(A UA U.......... UA)=1- P(K1 )P(Kz) .......... P(Kn )
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Independent experiments :

Two random experiments are independent if for every pair of events A and B where A is associated
with the first experiment and B with the second experiment, we have P(ANB) =P(A)P(B)

Partition of a sample space :

AsetofeventsE ,E , .......... ,E_is said to represent EN E N\ E
a partition of a sample space S if

1) EiﬂEj=¢, i#;1,j=1,2,.....,n
i) EUEU..... UE, =S, and
ii) EachE=¢,i.e., P(E)>0foralli=1,2,....... ,n

Theorem of Total Probability :

Let{E,E,,........... , E,) be a partition of the sample AME,| ANE, | ANE, AE,
space S. Let A be any event associated with S, then

P(A):jzn_;P(Ej)P(%Ej]

Baye’s Theorem :

IfE,E,,...... , E_are mutually exclusive an exhaustive events associated with a sample space, and

Ais any event of non-zero probability, then

4 Fun

Random variable and its probability distribution :

A random vairable is a real valued function whose domain is the sample space of a random experiment.

Ifarandom variable X takes values x , x,............. , X with respective pobabilities p , p,,............. ,
p, then

X : X, D S X

PX) : p, P, | e P,

is known as the probability distribution of X where, p>0,1=1,2,.....,n, Z p,=1.
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From the above probability distribution —

P(X<x) = P(X=x))+P(X=x)+.... +P(X=x)
= p,+P,+ e TP,

P(X<x) = P(X=x)+P(X=x)+...... +P(X=x_)
= P, +P,F e TP,

P(X>x) = P(X=x)+P(X=x_)*...... +P(X=x)
= p,tp,, T +p,

PX>x) = P(X=x,)+tPX=x_)*.......... +P(X=x )
= PPyt P,

Also,

P(X>x) = 1-P(X<x), P(X>x) =1 -P(X=x),

P(X<x) = 1 -P(X>x)and P(X<x) =1-P(X>x)

P(XiSXSXj) = P(X=x)+P(X=x_ )t...... +P(X=Xj)
P(Xi<X<Xj) = P(X=x,_ )t P(X=x_)*...... + P(XZXH)

Mean of a discrete random variable :

If X be a discrete random variable which assumes values x , x........, X_with respective probabilities
10 RS , p,» then the mean X of X is defined as
X =pX, + PoXy e +p,x,

Remark:

1) The mean of a random variable X is also known as its mathematical expectation or expected
value and is denoted by E(X).

i)  Incaseofafrequency distribution, the mean X is given by

= 1
X =—(fix, + foX) + v, +f,x,)
N
f:£&+ﬁ%+ .............. +&%
N N N
c_ _f
= X =pX tP,X teinn +p,x,, where p, = I

Note : The mean of a random variable means the mean of its probability distribution.
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Variance of a discrete random variable :

If X is a discrete random variable which assumes values x , x.......... X with the respective probabilities
P> Py--os P, then variance of X is defined as

Var(X )= Xn‘,pixiz _(Xn‘, PiX; J

Binomial distribution :

A random variable X which takes values 0, 1, 2,........ ,n s said to follow binomial distribution if its
probability distribution function is given by

P(X=r)="cp'q"",r=0,1,2,..... ,n where p, ¢>0 such that p+q=1.
The two contants n & p in the distribution are known as the parameters of the distribution.

The notation X~B(n, p) is generally used to denote that the random variable X follows binomial
disribution with parameters n and p.

The probability distritution of the random variable X is given by
X 0 1 2 T n

PX) : "ep’q™® e p'qt! e, piQt o, "CPQT e "c p'q "

Ifn trials constitute an experiment and the experiment is repeated N times, then the frequencies of 0,
1,2, , successes are given by

N.P(x=0), NP(x=1), N.P(x=2),......., N.P(x=n)
The mean and variance of a binomial variate with parameters n and p are np and npq respectively

If (n+1)p isnot an integer :
P(X=0),P(X=1), .ccccerueu. ,P(X=n)
a)  Then, P(X=r)is maximum whenr=m=[(n+1)p]

b)  If(nt1)pisaninteger, then P(X =r) is maximum when r=m-1 or r =m where m = (n+1)p
is an integer.
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Exercise- 13
Section-A

OBJECTIVE TYPE QUESTIONS : [ I or 2 marks for each question |

1y

Multiple choice type questions :

i

A card is picked at random from a pack of 52 playing cards. Given that the picked card is a
King, the probability of this card to be a card of spade is

1 4 1 1
a) 3 b) 3 C) 1 d) B
A die is thrown once. Let A be the event that the number obtained is greater than 3 and B be
the event that the number obtained is less than 5. Then P(AUB) is
2 3
a) 5 b) 5 c)0 d)1

A number is choosen randomly from numbers 1 to 60. The probability that the chosen number
isamultiple of 2 or 5 is

2 b3 7 02
D53 )5 ° 1o ) 10
From the set {1, 2, 3, 4, 5}, two numbers a and b (a#b) are choosen at random. The
a
probabilty that b is an integer is
1 . 1 02
2 3 )5 0 5 )3

A bag contains 3 white, 4 black and 2 red balls. If 2 balls are drawn at random (without
replacement), then the probability that both the balls are white is

1 oL 1 oL

) T8 ) 36 2T ) 24

Three dice are thrown simultaneously. The probability of obtaining a total score of 5 is
El . 1 oL

2 216 )6 ° 36 ) %9

If one ball is drawn at random from each of three boxes containing 3 white & 1 black, 2 white
& 2 black, 1 white & 3 black balls, then the probability that 2 white and 1 black balls will be
drawn is

13 by L 1 N
)35 ) % °) 35 ) 16

A and B draw two cards each, one after another, from a pack of well-shuffled pack of 52
cards. The probability that all the four cards drawn are of the same suit is

44 5 11 13x24
2) 85%49 ) 85%49 ) T7x25%49

d) none of these
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A and B are two events such that P(A)=0.25 and P(B)=0.50. The probability of both
happening together is 0.14. The probability of both A and B not happening is

a) 0.39 b) 0.25 ¢)0.11 d) none of these
. : L _ 13 1
The probalities of a student getting I, Il and I1I division in an examination are 10’5 an nd 1

respectively. The probability that the student fails in the examination is

197 27 83

a) —— 200 b) — 100 C) T 100 d) none of these

The probability that a leap year will have 53 Fridays or 53 Saturdays is

2 3 4 ol
27 )7 2 )7
A speaks truth in 75% cases and B speaks truth in 80% cases. Probability that they contradict
each other in a statement is

7 13 3 02
%) 20 ) 20 3 )5
Three integers are choosen at random from the first 20 integers. The probability that their

product is even is

2 b = 7 or
) 19 ) 59 °) 19 T

A coin is tossed three times. If events A and B are defined as A= Two heads come, B =Last
should be head. Then, A and B are
a)independent  b)dependent c) both d) none of these

Abag contains 5 brown and 4 white socks. A man pulls out two socks. The probability that

these are of the same colour is
18 30 48

®) Tos 108 % 108 108 D Tos 108

2 108 108

1
If'S be the sample space and P(A)= 3 P(B) and S=AUB, where A and B are two mutually

exclusive events, then P(A) =
a) Y, DA OB d) %
If A and B are two events, then =

a) P(A)P(B) b)1-P(AX-P(B)  ¢)P(A)+P(B)-P(ANB)  d)P(B)—P(ANB)

If P(AUB)=0.8 and P(ANB)=0.3, then P(A)+P(B) =
a) 0.3 b)0.5 ©)0.7 d)0.9

143



xix) The probability that in a year of 22nd century chosen at random, there will be 53 Sunday is

2 ¥ig b) g o) Vg d) Yag

xx) Fromaset of 100 cards numbered 1 to 100, one card is drawn at random. The probability
that the number obtained on the card is divisible by 6 or 8 but not by 24 is

a) 6 b Y 0) % A

xxi) A random variable X has the following probability distribution :
X 1 2 3 4 5 6 7 8

P(X): | 0.15{0.2310.12{0.10|0.20(0.08 { 0.07 | 0.05

For the events E={X is a prime number}, F={X<4}, the probability P(EUF) is
a) 0.50 b) 0.77 c)0.35 d) 0.87

xxil) A random variable X takes the values 0, 1, 2, 3 and its mean is 1.3. If P(X=3)=2P(X=1) and
P(X=2)=0.3, then P(X=0) is

a)0.1 b) 0.2 c)0.3 d) 0.4
xxiii) A random variable has the following probability distribution :
X 0 1 2 3 4 5 6 7
px) : | 0 |2p |2p |3p | p*|2p*| 7P| 2p
The value of pis
a) %O b) -1 c) — %0 d) none of these.

xxiv) IfXisarandom variable with probability distribution as given below :
X : 0 1 2 3

P(X=x) : K 3K 3K K

The value of K and its variance are
1/ 22 1/ 23 1/ 24 1/ 3
) )% 0 %P o g M ) Yo ¥4

1
xxv) If X follows a binomial distribution with parametersn=_8 and p = 5 then PQX - 4| < 2)

equals
118 o) 19 17 D one ot
a) 123 ) 128 c) 18 ) none of these

16
xxvi) Ifinabinomial distributionn=4,P(X=0)= L then P(X =4) equals
1 oL 1 ol
) T6 ) 81 © 27 )3
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xxvii) Let X denote the number of times heads occur in n tosses of a fair coin. f P(X =4), P(X=5)

and P(X =6) are in A.P; the value of n is/are —
a)7, 14 b) 10, 14 c)12,7 d) 14, 12

1
xxviil) In a binomial distribution, the probability of getting success is 1 and standard deviation is 3.

Then, its mean is
a)6 b) 8 c)12 d) 10

The least number of times a fair coin must be tossed so that the probability of getting at least
one head is at least 0.8, is

a)7 b) 6 0)5 d)3

1
If X follows a binomial distribution with parameters n =100 and p =3 then P(x =r1) is
maximum whenr=

a) 32 b) 34 ¢)33 d) 31

Very short answer type questions :

A die is thrown three times, if the first throw is a four, find the chance of getting 15 as the sum.

A coin s tossed three times, if head occurs on first two tosses, find the probability of getting
head on third toss.

A coin is tossed, then a die is thrown. Find the probability of obtaining a ‘6’ given that head
came up.

5
If A and B are two events such that 2P(A) =P(B) = I and P (%) = % , find P(AUB).

A dieismarked 1, 2,3 inred and 4, 5, 6 in green is tossed. Let E be the event ‘number is
even’and O be the event ‘number is red’. Are E & O independent ?

A four digit number is formed using the digits 1, 2, 3, 5 with no repeations. Write the probability
that the number is divisible by 5.

6 boys and 6 girls sit in a row at random. Find the probability that all the girls sit together.

If A and B are two independent events such that P(A)=0.3 and P (A U ]_3) =0.8. Find P(B).

If A and B are two events then write the expression for the probability of occurance of exactly
one of two events.

Write the probability that a number selected at random from the set of first 100 natural numbers
is a perfect cube.

In a competition A, B and C are participating. The probability that A wins is twice that of B,
the probability that B wins is twice that of C. Find the probability that A losses.
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Xiv)

IfA, B, C are mutually exclusive and exhaustive events associated to a random experiment,
then write the value of P(A)+P(B)+P(C).

If two events A and B are such that P(Z) = 0.3, P(B)=0.4 and P(Aﬂ E) = 0.5, find

P85 05)

For what value of K the following distribution is a probability distribution ?
X=x. : 0 1 2 3

1

P(X=x) : 2K* 3K*-5K3 2K-3K? 3K-1

If X denotes the number on the upper face of a cubical die when it is thrown; find E(X).
If for a binomial distribution P(X=1)=P(X=2)=a., write P(X=4) in terms of c.

Ifin a binomial distributionn=4 and P(X =0) = ‘18_? ,findq.

Ifthe mean and variance of a binomial variate X are 2 and 1 respectively, find P(X>1).
Ifthe mean of a binomial distribution is 20 and its standard deviation is 4, find p.

Determine the binomial distribution, whose mean is 20 and variance is 16.
Section-B

Short answer type questions : [3 marks for each questions]

i

)

The probability that it will rain on any particular day is 50%. Find the probability that it rains
only on first 4 days of the week.

Arefrigerator box contains 2 milk chocolates and 4 dark chocolates. Two chocolates are
drawn at random. Find the probability distribution of the number of milk chocolates. What is
the most likely outcomes.

Given that E and F are events such that P(E)=0.8, P(F)=0.7, P(ENF)=0.6. Find P (E |F ) .

Ablack and ared die are rolled together. Find the conditional probability of obtaining the sum
8, given that the red die resulted in a number less than 4.

If A and B are two independent events, then prove that the probability of occurance of atleast
one of Aand B is givenby 1—- P(A”).P(B’).

If A and B are two events such that P(A)=0 and P (%) =1, then show that A — B.

Given two independent events A and B such that P(A)=0.3 and P(B) = 0.6, find P(A' N B') .
IfP(not A)=0.7, P(B)=0.7 and P(%) =0.5, then find P(%) .

Suppose that 5 men out of 100 and 25 women out of 1000 are good orators. Assuming that
there are equal number of men and women, find the probability of choosing a good orator.

If A and B are two events such that AcB and P(B)=0, then prove that P ( %) >P(A).
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xi)  Three distinct numbers are chosen randomly from the first 50 natural numbers. Find the
probability that all the three numbers are divisible by both 2 and 3.

xil) A speaks truth in 80% cases and B speaks truth in 90% cases. In what percentage of cases
are they likely to agree with each other in stating the same fact ?

xii) If P(A) :%, P(B) :% and P(AUB) =§,thenﬁnd P(B/,)+P(4).

. 7 9 4 A'
xiv) Let P(A):B’ P(B)ZB and P(AﬂB)ZE.Thenﬁnd P( é)

xv) LetAand B be two given mutually exclusive events. Then find P ( %) .
2 3 1 , ,
; — — == A B
xvi) I P(4) =2, P(B) = and P(ANB)= 5 »then find P(A) P(B/y)-

xvii) Three balls are drawn from a bag containing 2 red and 5 black balls. If the random variable x
represents the number of red balls drawn, then find the value of x and its probability distribution.

Section-C
Long answer type questions : [4 or 6 marks]

Three balls are drawn one by one with replacement from a bag containing 5 white and 4 red balls.
Find the probability distribution of the number of red balls drawn.

The probabilities of A, B and C hitting a target are % , % and % respectively. If all the three try to
shoot the target simultaneously, find the probatility that exactly one of them can shoot it.

A and B take turns in throwing two dice, the first to throw a 9 is awarded the prize. If A throws first
then what is the chance that B gets the prize ?

A husband and a wife appear for an interview for two vacancies for the same post. The probability

of husband’s selection is % and that if wife’s selection is % . What is the probability that (a) only one

of them will be selected ? (b) at least one of them will be selected ?

Bag I contains 4 white and 2 black balls and bag II contains 4 black and 3 white balls. A die is
thrown once, if it shows a multiple of 3, bag Il is chosen otherwise bag I is chosen and a ball is
drawn from the chosen bag. Find the probability that the chosen ball is white ?

For 6 trials of an experiment let x be a binomial variate which satisfies the relation 9P(x=4)=P(x=2).
Find P(x=3).

There is a group of 20 persons who are rich, out of these 5 are helpful to poor people. Three
persons are selected at random, write the probability distribution for the selected persons who are
helpful to poor people. Also find the mean of the distribution.

A coin is tossed once. If it shows a head, it is tossed again but if it shows a tail, then a die is thrown.
If all the possible outcomes are equally likely, find the probability that the die shows a number
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2)

greater than 4, if it is known that the first throw of the coin results in a tail.

There are three coins in which one fair with probability % and two biased with probabilities % and

% for a head. One of the coins is tossed twice. If head appears both times, what is the probability

that the biased coin with probability % for a head is chosen ?

Ifthe probabilities that A and B will die with in a year are x and y respectively, find the probability
that exactly one of them will be alive at the end of the year.

The probability that a randomly selected voter will vote for party A is 0.2 and the probability that he
will vote for party B is 0.5, otherwise he will vote for independent parties. What is the probability
that out of 6 voters, 3 or more will vote for party B?

A speaks truth in 75% cases and B speaks truth in 80% cases. In how many cases out of 1000 do
you expect them contradict each other in stating the same fact?

A and B throw alternatively with a pair of dice. A wins if he throws 6 before B and B wins if he
throws 7 before A throws 6. If A begins, show that the odds in favour of A are 30:31.

Aletter is known to have come either from TATANAGAR or CALCUTTA. On the envelope just
two consecutive letters TA are visible. What is the probability that the letter has come from (a)
Calcutta, (b) Tatanagar.

In a class, 5% of the boys and 10% of the girls have an IQ of more than 150. In this class, 60% of
the students are boys. If a student is selected at random and found to have an IQ of more than 150,
find the probability that the student is a boy.

ANSWERS
Section-A

i)c i)d iii)b iv)b v)c vi)c
vii)a viii)a ix)a x)b xi)b Xii)a
xiii)c xiv) b xv)d xvi)a xvil)d xviii)d
xix)d XX)a xxi) b xxil)d xxiii)a xxiv)d
XxV)b xxvi) b xxvil)a XXviil) ¢ xxix)d XXX) €
. L1 o1 11 .
1) T 11) 5 1i) 5 1v) bY3 v) No vi) 1

L1 o 2 : 1 .3
Vvii) 132 Viil) 7 ix) P(A)+P(B)-2P(ANB) X) 25 X1) 7

. o1 : 1 Lo 2
xii) 1 Xiii) 1 xiv) K = 5 xv) 3.5 XVi) 3 XVii) 3

148



3)

4)

i) ) = P w (1[4 - 0,1,2,....,100

Xviii) T XiX) 5 XX) P(x=r)="c, S5 :r=0,1,2,....,
Section-B

L 3 : o o]
1) 128 11) Most likely outcome is getting one chocolate of each type  iii) 3

1 s 3 3 1 -~
1v) 9 vii) 0. Viil) 7 1X) 20 X1) 350 xi1) 74%
Xiil) 2 X1v) 9 xv) 0 XVi) 1 xvii) X can take values 0, 1, 2

Section-C
1) X 0 1 2 3
oy | 125 | 30 | 240 | 64
X) 729 729 729 729
75 8 o2 37 (1Y
i) 163 1ii) 17 iv) a) 7 ) 35 V) 3 vi) 540 "
vi) | X 0 1 2 3
o | 2L | mes | 30 |2 |3
) 228 228 228 228 | VM Ty

1 16 e 2L B
Viil) 3 1X) 29 X)xty-2xy  Xi) 0 xii)

4T3
Xiv) a) T ) XV) 5
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